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Operations Research, What Is It?’ 


Poitier M. Morse 


Massachusetts Institute of Technology, Cambridge, Massachusetts 


HE question in the title of this talk is a real one, 
not a rhetorical one. Here is an activity! which 
helped save lives and helped win battles during the war, 
which is now included as a matter of course in all the 
staffs of all the major Atlantic pact military forces, 
which is being used with success in an increasing number 
of industrial staffs; yet discussions as to what it is seem 
to come to nothing more definite than fist fights. 

Personally, I would prefer to forget about definitions 
and get on with the work. After all, who cares what it’s 
called, what it is, or what it is not, as long as it’s useful 
and is used. But I am afraid we can’t quite let it go at 
that. For one thing, operations research is growing 
faster than there are experienced men available. If the 
work is to develop in a healthy way, more men must be 
trained. In order to do this we will have to decide how 
best to do the training. Is on-the-job training the only 
sort of training which counts, and must we continually 
bleed our present operations research teams to start 
new ones? Or can we at least partially prepare men in 
college for this work? At least three large universities 
are now proposing to find the answer to this question. 
To do it they must decide what training for operations 
research should include. 

In addition, many industrial firms are just learning 
about operations research. In order to determine more 
clearly the limitations as well as the possibilities of the 
technique, some of these firms should try it out. They 
certainly won’t buy a pig in the dark, so to speak; they 
must know what it is in order to try it out effectively. 


A DEFINITION IS DIFFICULT 


I suppose it was nearly as difficult to define any 
branch of science when it was started. For that matter, 


* Presented at a conference on Applications of Operations Re- 
search in Industry at Case Institute of Technology, Cleveland, 
Ohio, November 8-10, 1951. 


can you define what physics is right now—or chemistry? 
Try it. Chemists study the reactions between sub- 
stances? So does the housewife when she cooks. Physi- 
cists study the forces between bodies? So do wrestlers. 
Operations research can’t be defined entirely in terms 
of subject matter either. The operations research worker 
studies the behavior of organizations, the operations 
of men and equipment in combination, but so does any 
competent administrator, so do efficiency experts. Oper- 
ations research involves a study of problems of interest 
to management, but certainly these are the problems 
which interest any management expert. Evidently such 
a definition is too broad; it doesn’t differentiate. 
Part of the definition must be in the way the problems 
are looked at. The housewife is not a chemist unless she 
becomes more interested in the baking of the cake than 
in the eating, unless she tries to find out just why the 
cake comes out the way it does and unless she carries 
out her investigations in a particular way. For instance, 
if she tries to find out the relationship between baking 
temperature and the texture of the cake, she will turn 
into a physicist rather than a chemist! The physicist, 
or the chemist, employs a characteristic method of at- 
tack on a problem, uses certain techniques which by 
now are known well enough to be capable of being 
taught in regular courses. The physical scientist uses 
the quantitative language of mathematics, employs 
the well-known but difficult-to-describe procedures of 
experimentation and theory-making. He looks at the 
phenomenon he is studying in a certain impersonal way 
being more interested in how than in whither, more in- 
terested in why than in for what use. Many centuries of 
experience have taught him that this impersonal view- 
point, this dual employment of theory and experiment, 
will usually procure for him results of value in his science 
and that too great a preoccupation with questions of 
the worth of the result, or the immediacy of the need, 
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will actually hinder his progress. This is not to say that 
questions of worth or immediacy are trivial, or to say 
that the results of science are the only worthwhile re- 
sults to obtain. Far from it. What I do wish to say is 
that the results of scientific activity have not been with- 
out value and that to obtain these results one must use 
the techniques and viewpoint of the physical scientist, 
not the techniques and viewpoint of the lawyer or the 
major general or even of the engineer. 

Operations research has been defined? as the applica- 
tion of the techniques of the physical scientist to the 
study of the operations of war and peace. This may also 
be only a partial definition; let us see what it would 
imply. It would mean, for example, that the operations 
research worker should look at the operation under 
study with the same impersonal objectivity with which 
he looks at the problem of the diffraction of light, for 
example. He must put aside, for the time, questions of 
usefulness and urgency and must seek to understand 
what goes on in the sense in which the scientist uses 
the word understand. 


ESTABLISHING A POINT OF VIEW 


This very requirement of viewpoint has been one of 
the greatest sources of friction and misunderstanding 
in the, development of operations research. The execu- 
tive, whether he is military or industrial, is anxious to 
have a particular problem solved, so as to help him 
reach a decision. He finds it difficult to understand why 
the operations research worker insists on wandering 
all over the shop, why he does not stick to the point. 
But in scientific research in general, one does not reach 
new discoveries by sticking to the point. If Faraday 
had stuck to the point of trying to develop easily trans- 
portable power, he wouldn’t have mooned around with 
such uninteresting things as electric induction. As you 
probably know, England’s prime minister, Gladstone, 
once asked Faraday what earthly good this electricity 
would ever be, and Faraday answered that it might 
eventually be something Mr. Gladstone might be able 
to tax. Such questions and answers, or their equivalent, 
are common at the start in any branch of research. 

Administrators in general, even the high brass, have 
resigned themselves to letting the physical scientist 
putter around with odd ideas and carry out impractical 
experiments, as long as the things experimented with 
are solutions or alloys or neutrons or cosmic rays. But 
when one or more of them start prying into the work- 
ings of his own smoothly running organization, asking 
him and others embarrassing questions not related to 
the problem he wants them to solve, then there’s hell 
to pay. It takes a great deal of self-restraint on the part 
of the executive, and requires a great deal of tact on the 
part of the operations research worker to get safely 
through this first several months of apparently aimless 
prying, until the picture begins to come clear to the 
research worker and his first theories are ready for 


testing. It says a great deal for the flexibility of our 
senior military men and of some of our industrialists 
that they have been willing to put up with this long 
enough to get results. 

In operations research it isn’t possible to shut the 
worker off in his laboratory and forget about him til] 
he is done. The thing he is studying is, in part, the 
organization itself and the executive, in a way, is part 
of the experiment. In fact, the research can only be 
successful if the operations research group is in frequent, 
face-to-face contact with the executive in charge of the 
operation. All the facts about the operations must be 
available, and usually these cannot be obtained from 
subordinates, Security restrictions, military or commer- 
cial, must not hamper the collection of data. (Believe 
me when I say that commercial security is just as 
hampering and just as hard to break through, as is the 
military brand.) 


CURIOSITY UNLIMITED 


In some brands of fiction the scientific point-of-view 
is pictured as cold, impersonal, and somehow basically 
cruel. I don’t believe this is so, or at least that it has to 
be so. What is needed is a driving curiosity and an 
almost complete refusal to take anyone’s word for any- 
thing. The curiosity need not appear cold, and with a 
bit of tact, the “I’m from Missouri” attitude need not 
be cruel. Nevertheless, both can be irritating when an 
organization is being investigated. I can remember the 
trying time Admiral Low had when we were trying to 
find out about German submarine tactics in the Carib- 
bean. We suggested trying certain variations of the use 
of search radar in our antisubmarine planes to see what 
the U-boat reaction might be. The Admiral finally con- 
sented and sent out the order by dispatch, requesting 
special reports on the results. When the first reports 
came in, they didn’t make sense, and we suggested may- 
be the variations weren’t being done properly. This, of 
course, was heresy—the Admiral had sent an order, of 
course it was being carried out! We persisted, however, 
and were allowed to send a man down to find out him- 
self what was happening. He found that the dispatch 
had not been understood correctly. By personal inter- 
views he explained the change desired, so we got our 
data and were able to say that the U-boats’ radar 
listening equipment was less than fifty percent effective. 
After that experience we tried out dispatches before 
they were sent; we would ask several naval officers not 
closely connected with the work to tell what he would 
do if he got such an order. This procedure was never 
understood by the Navy, but by its means we avoided 
a good many misunderstandings. 


APPLICATION OF SCIENTIFIC ANALYSIS 


This example was meant to illustrate, in a very simple 
case, the “I’m from Missouri” attitude. But it also 
brings me to my next point. If operations research is 
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OPERATIONS 


the application of the methods of physical science to 
the study of operations, it must involve the peculiar 
duality of experiment and theory which runs through 
all such research. The phenomena under study are 
observed first, observed in a random sort of way, and 
a simplified and idealized model of the phenomena, 
amenable to mathematical analysis, is constructed 
from this first observation, at first a very crude model 
with some of its properties conveniently vague. If this 
model is reasonably correct in its main outlines, then 
certain deductions which may be drawn from it should 
be verifiable. If these deductions are not borne out by 
the suggested experiment, the model is scrapped; if 
they are borne out, the model can be made more de- 
tailed and further predictions can be made for further 
experimental verification, and so on till the theory is 
well enough checked to turn over to the engineers for 
use as a law of nature. 

The model of a gas as a conglomerate of helter-skelter 
atoms was a very crude model seventy-five years ago. 
By now, by the alternating stages of experimental veri- 
fication and theory elaboration, we can predict the be- 
havior of various gases under a wide variety of con- 
ditions. 

One does the same thing in operations research. In 
studying the effectiveness of an actual railway signaling 
system, one first sets up an ideal system with which to 
compare the actual one. Never mind what the ideal 
system would cost, it is supposed to represent the ab- 
solutely best possible. If it turns out that the ideal 
system is much better than the actual one, as far as 
safety or speed is concerned, then it will pay to study the 
differences between ideal and actual and to see whether 
these differences suggest ways of improving the present 
system. If, however, the actual system is nearly as good 
as the ideal, then it probably will be best to drop the 
whole problem and turn to another which will pay off 
better. 

In studying the effect of a change of manufacturing 
process of the proper location of new factories, one can 
set up a sort of standard market area, with a specified 
range of customers, so many taking so much, so many 
close at hand and others at distances requiring rail 
shipments, and so on. The relative numbers to put into 
this model could be taken from previously collected 
data or it might have to be taken—at first the figures 
would not have to be very accurate. Next we would wish 
to manipulate the model to see what would happen if 
we should require each factory to serve a larger region. 
How would the shipping services have to be modified, 
how would the ratio of manufacturing to warehousing 
facilities have to be changed, when would it pay to have 
branch warehouses, and so on? Some of the conclusions, 
based on this very simple model, can perhaps be checked 
from data collected in the past, some indirect conclu- 
sions can possibly be tried out on the present system of 
factories. In this manner the model may be brought 
closer to the existing state of things and may eventually 
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be detailed enough to enable predictions to be made 
from it. In a very similar way a new distribution system 
for mail-order catalogues was worked out for a large 
mail-order company. The idealized model, in this case 
a model of a consumer market, with “mean spans of 
interest” and various rates of change of frequency of 
buying, was checked by a number of means until it was 
complete enough to allow predictions to be made. 


NEED FOR STATISTICAL ANALYSIS 


Statistical analysis will often be basic in this process 
of theory and experimental verification. But the statis- 
tics are used as tools, not as an end in themselves. Oper- 
ations research is not a branch of history, it uses past 
performance in order to predict what might happen in 
the future under changed circumstances. If operations 
research is an application of the techniques of the phys- 
ical sciences to problems of management, it must also 
be experimental as well as observational. If past opera- 
tions do not provide a sufficient check on the correctness 
of a model, some of the minor conclusions of the theory 
can often be tried out before major changes are made. 
If the subject of study, for example, is the maintenance 
and overhaul procedures in a chain of factories, perhaps 
a new schedule can be tried out in one factory, for a 
year or so, or perhaps just one type of machine can be 
experimented with. Often quite small experiments may 
provide the additional data needed. Often apparently 
extraneous experiments will extend one’s understanding. 

The study of automobile traffic flow may provide an 
example of some of the methods in initial attack on a 
problem. The retardation of flow at the intersections 
of major arteries is an important aspect of such a 
problem. Several methods of study are being carried 
out. One is the straight statistical one: Data from a 
number of intersections are being taken of the number 
of cars passing through the intersection, per traffic- 
light cycle, to find how this depends on the fraction of 
right- and left-hand turns, for example. From the re- 
sultant results, their similarities and differences, one 
can begin to form a model of a “standard-car and 
driver,” which may suggest trying a different time or 
sequence cycle of the traffic light. Results from these 
tests would suggest further elaboration and so on. 

Another mode of attack, to be carried on in parallel, 
is to study the dynamics of start-stop of a line of traffic. 
When the light turns green, the whole line of cars does 
not start as a unit, the first one starts, then the next 
and so on, a wave of starting travels down the line. 
Preliminary and very fragmentary observation seems 
to indicate a remarkable constancy of this wave veloc- 
ity, it seems to move at about thirty miles an hour 
along the row of cars. 

If further measurements confirm first impressions, 
it would imply some interrelation between car design 
and human reaction time which certainly plays an im- 
portant part in traffic congestion. Such an analysis of 
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waves of starting is not exactly “sticking to the point” 
of studying traffic flow through an intersection, but a 
thorough understanding of its mechanism might well 
produce results of much greater value than the purely 
statistical study of flow. It may suggest changes in 
automobile design as well as in road design. 


SEARCH FOR ENEMY SUBMARINES, FOR EXAMPLE 


Another example of the interplay of observation, 
experiment, and theory-making occurs in the problem of 
the search for enemy submarines by aircraft. It turned 
out that, of the U-boats sighted in daylight by British 
aircraft during the summer of 1941, about 40 percent 
were attacked by the aircraft before they managed to 
submerge; the other 60 percent managed to get below 
the surface before the aircraft was in a position to drop 
its depth charge. This fraction of submarines caught on 
the surface by the attacking aircraft turned out to be 
surprisingly constant for a long time during the war. 
When the United States entered the war, sighting re- 
ports on this side of the Atlantic showed that for all of 
1942 this fraction was between 40 and 45 percent, even 
though our type of plane and our training methods 
differed from those of the British. 

This was the first step in the cycle of research. Once 
this empirical observation had been made, of the con- 
stancy of the fraction of U-boats caught on the surface, 
use could be made of it in planning tactics and in the 
design of depth-charge fuses. For instance, 40 percent 
was a large enough fraction of the attacks to make it 
worth while to equip antisubmarine planes with ord- 
nance which was primarily effective on surfaced sub- 
marines. Depth-charge settings were made extra shallow, 
for instance, and forward firing rockets were installed. 
Already the research was beginning to pay off. The 
change to shallow settings on the depth-charges, by 
itself, increased the number of U-boat sinkings by 
more than 50 percent. 


INTRODUCTION OF PSYCHOLOGICAL QUANTITIES 


The next stage in the research was to go behind this 
empirical fact, to discover why it was that the fraction 
of submarines caught on the surface remained so con- 
stant. In this phase all branches of science were called 
into play. The laws governing the sighting of a sub- 
marine by an aircraft observer depend on the visual 
contrast between the normal ocean surface and the 
wake of the submarine, the optical transmission pro- 
perties of the atmosphere, the methods by which a 
person’s eye scans a large area, the sensitivity of the 
eye retina to contrast, and the altitude and speed of 
the plane. Some of these quantities are physical, some 
physiological; they are all measurable. The sighting of 
the oncoming aircraft from the submarine depends on 
a similar set of physical and physiological quantities. 
The relationship between these two sets of quantities 
determines the fraction of U-boats which have in- 
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sufficient time to submerge before the aircraft attacks 
them. 

From this point of view, the statement that 40 per- 
cent of the submarines are attacked on the surface 
corresponds to an interrelation between physical and 
physiological optics and the physical capabilities of 
submarines and aircraft. The interesting and important 
point of the study was that this over-all quantity re- 
mained remarkably constant, in spite of wide varia- 
tions of extraneous circumstances, as long as the equip- 
ment involved remained approximately the same. Of 
course, as soon as the Germans made a radical change 
in submarine design the fraction mentioned above 
changed appreciably. 

It then was necessary to set up physiological ex- 
periments to determine the behavior of the human eye 
when scanning the horizon. Curiously enough, such 


experiments had not been done in detail before and the 


work resulted in important and valuable new data 
concerning the use of the eye as a search mechanism. 
This new knowledge could then be employed in the 
original problem to gain a much broader picture of the 
mechanism of sighting submarines from aircraft and 
vice versa. Finally, when the new visual data were 
combined with optical measurements of the atmos- 
phere and of the properties of the ocean surface, it 
became possible to put together a fairly complete theory 
of visual aircraft search, by means of which one could 
predict what would happen in case the equipment 
were changed. 

At this point, it was possible to design the operation 
of search by eye so as to make it most effective. It was 
possible, for instance, to specify the way an observer 
on the ground should look for an enemy aircraft, which 
turned out to be different from the way an observer in 
an antisubmarine plane should look for the submarine 
wake. Moreover, the results of the measurements could 
be expressed in mathematical form by use of the cal- 
culus of probability. Objects are not usually seen the 
first time they are looked at. There is a certain proba- 
bility of actually seeing an object each time the eye 
glances that way. The calculus of probabilities provides 
just the kind of analytical machinery to express this 
behavior. 


PROBABILITY FUNCTIONS 


In addition, it was seen that the same mathematical 
techniques, which expressed the probability of visual 
sighting, could also be used to express the probability 
of detection by means of radar or sonar. In each case, 
there was a certain probability function, which de- 
pended on the physical or physiological properties of 
the detection instrument, and which could be measured 
in the laboratory. This probability function was then 
a measure of the effectiveness of the search instrument 
against the object which is searched for; an enemy plane 
in the sky, an enemy U-boat on the ocean surface, or 
a submerged U-boat. Actual operational data on number 
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of sightings could then be checked with the laboratory 
results to determine operational factors measuring the 
degree of training of the operator and the average in- 
attentiveness of human beings. These then could all 
be combined mathematically to give an over-all proba- 
bility of discovering the target vessel as a function of 
range, speed, and other properties of the searching 
vessel. 

Finally then, the mathematics of probability could 
be used to compute the probability of sighting the 
target for various choices of courses for the searching 
vessel. When we reached this point in our research, 
we could say that the theory of search was established 
and that we were in a position to design optimum 
search tactics for any situation and optimum equip- 
ment for any tactic. For example, a search plan was 
designed, using the theory by which only two squadrons 
of planes were able to patrol a band across the whole 
South Atlantic from Brazil to Africa. This band was 
“watertight” enough to catch five out of six German 
blockade runners trying to carry rubber from Japan 
to occupied France. 

This then is the general procedure of operations re- 
search. First is the recognition of the constancy of 
certain quantities typical of the operation, by means 
of which one can predict the outcome of future opera- 
tions as long as the equipment is unchanged. Next 
.comes an analysis of the properties of various elements 
of the operation and perhaps subsidiary laboratory 
measurements. Out of this comes a fairly detailed theory 
of the whole operation, a working model, from which 
one can predict the outcome of future operations even 
if equipment or conditions be changed. When this 
stage has been reached, one has obtained a truly scien- 
tific insight into the details of the operation and it is 
possible to design the operation to give the results 
desired and to advise as to the best equipment and 
personnel to use. One can envisage exactly the same 
development in the study of automobile traffic, for 
example. 


WHAT ABOUT QUANTITATIVE ANALYSIS? 


A good many attempts at defining operations re- 
search include the word “‘quantitative.” If the methods 
of operations research are those of the physical sciences, 
they must involve quantitative analysis and they must 
rely heavily on the tools of mathematics. To be quanti- 
tative does not require being exact of course. It often 
is more fruitfu¥ to state that a certain result occurs 
more than three times and less than ten times oftener 
than another than it is to state that the ratio between 
the two frequencies is 4.5738, or whatever. There is an 
important qualitative difference between the statement, 
“this quantity is two orders of magnitude larger than 
that” and the statement “this is very much larger 
than that.” 

The fact that the field of study of operations research 
is highly variable and includes many factors beyond 
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our control certainly does not hamper our use of mathe- 
matics. The physical sciences have long ago outgrown 
rigid determinism. Acoustics might be called an exact 
science, but it deals with the average effects of clouds 
of atoms, moving at random. The speed of sound, 
acoustics’ fundamental constant, is only the average 
resultant of a wide variety of possible atomic inter- 
actions. All atomic and nuclear phenomena are random 
events, often occurring quite infrequently, yet the 
mathematics of the quantum theory makes their pre- 
diction as possible and the theory as tractable as the 
classical dynamics of planetary orbits. An atom of 
radium may not disintegrate for thousands of years, 
but from the mean lifetimes of many such atoms we 
can reconstruct a model of the nucleus which enables 
us to predict other reactions. The initiation of an atom- 
bomb explosion is a highly random process, there is a 
definite probability that it will be a “dud”; but such 
considerations need not keep us from computing this 
probability and designing things to minimize its value. 
The physical sciences have developed their own brands 
of mathematics to take into account high degrees of 
variability; the quantum theory is based on a principle 
of uncertainty. 


TWO ILLUSTRATIVE PROBLEMS 


Operations research uses these concepts and these 
same mathematical techniques to study a new subject 
matter. The concepts, as usual, are more important 
and more difficult to master than the techniques. Two 
simple problems, taken from a course in operations re- 
search, will perhaps illustrate what I mean. 

Subway express trains go past the center platform 
at the Penn Station stop of the New York 7th Avenue 
subway line with equal numbers in each direction each 
hour of the day. A man arrives on the platform some- 
time between 9 and 9:30 each weekday morning, having 
business both uptown and downtown, so he takes which- 
ever directed train comes in first. After a month’s 
routine he finds he takes a downtown train three times 
as often as he takes an uptown train. What does this 
result imply concerning the nature and the rigidity of 
the scheduling of express trains on the 7th Avenue line? 

The second problem deals with the installation of 
aircraft-warning radar on our submarines during the 
past war. A radar set which could see a Jap plane 
farther off than a lookout could, would enable our subs 
to dive in time to escape detection or attack. On the 
other hand, if the Jap planes had receivers to hear our 
radar signals, the new radar would increase our danger 
of detection, not decrease it. Suppose the average range 
of detection of Jap planes by the new radar is twice the 
average distance at which a lookout sees a plane. How 
much more often must planes be sighted when the radar 
is on than when it is off (and lookouts are used) before 
one should conclude that Jap planes are hearing our 
radar sets? We got the right answer to this question 
during the war, and kept our radar on, thereby pro- 
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viding adequate warning against Jap planes in most 
cases. The Germans came to the wrong conclusion, 
their subs were often caught by surprise by our air- 
craft and several hundred were thus sunk. 

A similar balance of probabilities also turns up in a 
study of hotel reservations. At any given time a hotel 
has so many guests in residence and has so many re- 
servations for a week from that day, for instance. How 
many more reservations should the booking clerk ac- 
cept? If he turns away all reservations when he has his 
hotel full on paper, he will never have a full hotel, for 
about one out of five reservations never show up. On 
the other hand, he cannot always accept all reservations, 
for occasionally he will be called on to house more 
people than the hotel has room for. He must somehow 
balance the gain in having a larger number of rooms 
rented against the loss in good will of occasionally 
failing some one who has been given a reservation. 

As soon as the hotel manager has decided how much 
such a failure costs the hotel, the other factors in the 
analysis are straightfoward probability analysis. The 
computation of the mean stay of a guest and its relation 
to the check-out rate of guests already present, the 
curve for reservation cancellations, the dependence of 
fluctuations on time of week and so on; all these can be 
reduced to a fairly simple set of rules for the booking 
clerk to follow in making his day by day decisions. 
One hotel chain is now trying out such a set of rules 
for a year at one of its hotels to see what bugs develop 
and to see what improvement results. 


OPERATIONS RESEARCH AND COMMUNICATIONS 
THEORY 


Some of the newer applications of mathematics have 
even more direct connection with the problems of 
operations research. Communications theory,’ as 
developed by Shannon and others, should become a 
very powerful tool for analyzing the flow of orders in 
an organization, for example. Even in its simpler aspects 
the concept of the entropy of an information source 
and of its communication channel at once makes avail- 
able the conception machinery of statistical mechanics 
to such new fields as automatic switching, cryptography, 
and multi-channel telephony; at the same time it gives 
these subjects a quantitative base. But they are trivial 
compared to the possibilities for future application—in 
the field of language, for example. How much redun- 
dancy must there be in a language in order that the 
meaning to be imparted will survive lapses in attention 
of the’ listener? A radar operator sees the screen he is 
supposed to be watching less than half the time, ac- 
cording to wartime data; we must all of us really receive 
but a fraction of the words we hear or read. Things 
must be said twice or thrice over to have a good chance 
of transmission from mind to mind. Natural languages 
have this necessary redundancy built into them. Cer- 
tainly the wording of orders to be understood should be 
based on a quantitative understanding of redundancy. 


The theory of communication enables us to compute 
the following interesting facts: that the statistical] re. 
dundancy of the English language is about 50 percent 
and that for a redundancy larger than this, two-dimen- 
sional crossword puzzles are prohibitively difficult to 
devise, whereas for a redundancy of about 30 percent 
or less, three-dimensional crossword puzzles should be 
possible. No doubt such statements appear trivial at 
first, but a little thought should convince us that they 
are really very deep and fruitful statements concerning 
the structure of our written language, and should even. 
tually form the basis for decisions as to how concise 
one can make orders and still have them understood, 
for example. ; 

The experiments of Bavelas* on the transmission of 
ideas and orders in task-oriented groups points the way 
to other applications of communications theory. Bave- 
las restricts the channels of communication between 
members of the group to some specified pattern and 
then observes group action as the members try to solve 
some cooperative task. Some of the action, the nature 
and number of the person-to-person messages sent, 
the emergence of leadership in the group and the fre- 
quency of failures, for example, show a definite corre- 
lation with the nature of the prescribed communication 
net. As yet the experiments have not developed to a 
stage where any but the most rudimentary analysis is 
required, but further extension of the work to larger 
groups or more complex tasks will probably need a 
combination of communication theory and topology 
to unravel. The combination should throw considerable 
light on problems of organization, which are now solved 
(sometimes effectively, sometimes very poorly) by 
rule-of-thumb. 


THEORY OF GAMES 


In addition to these new techniques of mathematics, 
which are shared with other applications of science, 
operations research has its own branch of mathematics, 
called the Theory of Games, first developed by von 
Neumann’ and since worked on intensively by Project 
Rand and other military operations research groups. 
Here the aspects of competition are specifically in- 
cluded in the mathematics. For specific situations, for 
example, one can now calculate how often one should 
bluff and how often one should call what appears to be 
the opponent’s bluff. 

The cases so far worked out in detail are very elemen- 
tary ones and the applications of value have been so 
far chiefly in the field of military tactics. The duel 
problem is a simple example of the sort of problem 
amenable to game theory analysis. Each duellist starts 
for his opponent with one bullet in his pistol. When 
should he shoot? If he shoots too soon, he will run the 
risk of missing his opponent, and if he waits too long 
his opponent may shoot him first. 

When the two pistols are identical the problem is 
simple, but what is the answer when the pistols differ 
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OPERATIONS 


in range or accuracy? What is the answer when one op- 
ponent is the pilot of a jet fighter plane and the other 
is the tail gunner of a bomber? Airplane battle tactics 
are now worked out by the use of game theory. One can 
see that many problems in industrial operations would 
also be proper subjects for game theory analysis. Any 
operation involves some elements of competition, either 
within the organization or in its contacts with other 
organizations. As game theory is developed, it should 
be of use in analyzing such elements of the operation. 

I have now reviewed a few of the attempts at defining 
operations research; I will not attempt to give you a 
definition of my own. I am quite sure that any such 
attempt would not change the probability of my being 
asked, tonight or tomorrow, to give a one-sentence de- 
finition of the subject and, as I hope I have indicated, 
I can’t think of a good short definition. It is quite 
possible that it is too early to give a good definition. 
Chemistry and physics must have been difficult to 
define in the early days. 


OPERATIONS RESEARCH, A PROFESSION? 


It is possible that operations research will develop 
into a well-recognized branch of applied science, with 
degrees being given in it and with operations research 
groups being regular parts of any large industrial staff, 
as they are now of military staffs. It is also possible 
that the techniques and point of view I have been dis- 
cussing in this talk will be merged with those of econo- 
mics and psychology and administration theory to 
form a larger field, called something else. All I am sure 
of is that the techniques I have described are making 
contributions of value and will continue to so do. 

It is possible that operations research is but one 
manifestation of the increased utilization of the physical 
sciences and of physical scientists in new fields of in- 
vestigation. A certain amount of research in psychology 
and psychiatry, carried on the last five years, vaguely 
indicates that there are considerable differences in the 
way different scientists think. A detailed psychological 
analysis of 20 outstanding physicists, 20 biologists, 
and a corresponding number of psychologists, anthro- 
pologists, mathematicians and so on, indicates that the 
methods of reasoning and the mental reactions to pro- 
blems differ quite widely between scientists in different 
fields,* differ much less between workers in the same 
field. Most physicists think in terms of visual images, 
whereas most psychologists think in terms of spoken 
or acoustical images, for example. Whether the training 
in a given science has imposed its way of reasoning on 
the expert, or whether those who already think in a 
given way have a better chance of success in a given 
science is not yet clear; indeed the whole study has so 
far produced only a few tentative conclusions. Never- 
theless, these first results are quite suggestive. 

It may just be that our knowledge of psychology and 
of economics and of management practice has developed 
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to a stage where workers who think the way physical 
scientists think can be of use in the solution of problems 
of management. It may be that what is needed is to 
drain off a certain fraction of these young men who can 
think this way, who at present are attracted to the 
physical sciences, and set them to work on the problems 
involved in running an organization, no matter what 
the activity is called. 

Don’t get me wrong, I am not saying that the tech- 
niques of physical science are any better than any other, 
nor am I implying that men in this field are any brighter 
than others. I am not saying or implying that physicists 
should take over the jobs of the big administrators. 
I am only raising the point that the techniques and 
ways of thinking of the physical scientists seem to be 
of use in helping the administrator to do his job better. 


SCIENCE ATTEMPTS TO INCREASE 
UNDERSTANDING 


Science and the scientific method have often been 
criticized for producing machines and weapons and 
then not seeing that these products are wisely or effec- 
tively used. In a rather fundamental sense, however, 
this criticism involves a contradiction in terms. Science 
and scientific techniques are not designed to make de- 
cisions, to carry on the basic operations of administration 
such as running an army or a business. They have been 
designed to increase our understanding about some 
facet of nature, and while this increased understanding 
will make the task of some administrator wider in scope 
or will enable him to make his decisions more wisely 
or will reveal to him more fully the consequences of 
his decisions, it seldom will make the decision for him. 
The administrative decisions concerning the use of the 
products of science should be based on all the data avail- 
able, but they nearly always involve other factors of 
politics or morale or personalities, which are nonscienti- 
fic and which must be decided in an arbitrary sort of 
way. In many such cases it is more important that a 
decision be made than how it is made, which, of course, 
is a thoroughly unscientific attitude. It is not surprising, 
therefore, that the training and temperament of the 
usual administrator, military or nonmilitary, are quite 
different from those of the usual scientist. Science re- 
quires an attitude of skepticism and an impatience with 
arbitrary decisions; administration must eventually 
make arbitrary decisions and often is impatient with 
criticism. Scientists, as scientists, cannot contribute 
directly to the making of decisions concerning the use 
of the gadgets they have helped create. Some scientists, 
of course, have turned into very good administrators 
and it may be that all administrators would be helped 
by scientific training, but this is beside the point of the 
present discussion, which is that the process of making 
an executive decision is not a scientific activity. 

But if science is reduced to helping in these decisions 
only indirectly, is the physical scientist’s only contri- 
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bution a continual production of new gadgets, to further 
complicate the problem? I believe not. I believe it is 
possible for a physicist to make an important contri- 


M. 


bution, as a scientist, in the running of the operations’ 


of civilization. He can provide this assistance by study- 
ing these operations rather than trying directly to make 
decisions about them, by helping to understand them 
as quantitatively and impersenally as possible. Here 
the object of study is the operation itself; the flow of 
goods and people in a city, the operation of strategic 
bombing, the requirements and limitations of a whole 
communication system are examples. This is not to say 
that the physicist should not contribute directly, as a 
citizen, to the reaching of decisions concerning these 
operations, nor is it meant to imply that there is no 
social value in physics itself; it is to say that the phy- 
sical scientists has in addition the opportunity (and 
perhaps the duty) to contribute as a@ scientist to the 
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clarification of the factual basis for these decisions, so 
that they may be made as wisely as possible. 
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The following gives a method for the evaluation of errors in the numerical solution of systems of differen- 


tial equations. 


Under certain assumptions the errors can be obtained by finding the difference r(x) between the computed 
solution y(x) passing through the given initial point, and the solution V(x) passing through a neighboring 
point—that is, by solving the same equations repeatedly with different initial conditions. 


I. INTRODUCTION 


OR the numerical solution of the differential equa- 
tion dy/dx=f(x, y) with the initial condition (a) 
=o, the given interval (a, b) is divided into m parts 
with the points a=x)<a#,1<-+-+-<x,=0; and from the 
value yx-1 of the function at x=x,_; and possibly 
values of y in preceding points, the value y, of the 
function at the following point x; is obtained. In this 
process the following errors are made: 

1. Truncation error resulting from the fact that the 
given function is approximated in the interval (a,—1, xx) 
by another, usually a polynomial, passing through the 
point (x,-1, Ye-1); with this approximation the value 
y, is obtained from y,-; with a small number of nu- 
merical operations. The magnitude of this error can 
easily be estimated; it depends on the choice of the 
approximating function. 

2. Round-off-error resulting from the fact that in 
computing we use a finite number of decimal places. 
It can also easily be estimated and it is usually of the 
order of the last available decimal place. 

Let us denote by f; the difference between the value 
of the correct solution of our equation at «=x, which 
passes through the point (x,_1, yx-1), and the computed 
value y, at x= 2x;; 8; is the sum of the errors 1 and 2. 

If we assume that y(x) is correct up to the point x;,_; 
and from x, to 6 (correct in the sense that it satisfies 
the given differential equation), then we shall have 
committed at x=b an error E;,=y()—yn, between the 
computed y, and the desired y(5), because of the error 
at x= xX. 

Under the assumption A, as will presently be stated, 
the total error R resulting from the errors in all steps 
is the sum of the errors E; of each step. Thus knowledge 
of the E,’s enable us to find the total error R at x=b 
resulting from all the errors at each point x,. 

For the determination of the E;,’s we first find r(x) 
=Y(x)—y(x) where Y(x) is a solution of (1) with the 
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initial condition Y(%)=yo+M, where M is a constant; 
then it is shown that E,=8;,[r(b)/r(x,) ] and hence 


Bx 


R= r(b)- 


k=l r(xp) 





The quantity r(x) satisfies Eq. (3), and it can be 
obtained by approximately solving this equation. 

But under assumption B, as stated later, r(x) can be 
obtained by determining y(x) and Y(x), that is, by 
solving (1) twice with different initial conditions. Thus 
solution of auxiliary equations for the determination 
of the total error R is avoided. 

The method also applies for a system of more than 
one equation. We shall first discuss the simple case 
(1) to illustrate the method. 


Il. THE EQUATION OF THE FIRST ORDER 
dy/dx=f(x, y). (1) 


Suppose y(x) and Y(x) are two solutions of (1); with 
r(x)= Y(x)—y(x), we have 
(dr(x)/dx ]=f(x, Y)—f(x, y). (2) 


Assumption A. With r(x)=YV(x)—y(x), f(x, Y(x)) 
—f(x, y(x))=r(x)e(x), where (x)= (0/dx)f(x, y(x) 
+6(x)r(x))O<0<1, we assume r(x) small compared to 
y(x); then o(x)~(0/dx)f(x, y(x)). 

Thus we have from (2) 

dr(x) 
= o(x)r(x) (3) 
dx 


x 
r(x)=C exp( (ode) (4) 
fe 


where C is a constant. 
Suppose that 7:(x) and r2(x) are two different solu- 
tions of (3); then as it can be seen from (4) 


ro(x)=kri(x), (5) 
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_—n 
k=[ro(%0)/r1(xo) J. 


In the following by y(x) we shall mean the desired 
solution of (1) with the initial condition y(x) = yo, and 
by r(x) the difference Y(x)—y(x) where Y(x) is another 
solution of (1) such that assumption A is satisfied. 
Thus r(x) is a solution of (3). 

Suppose that Y,(x) is a solution of (1) such that 
Y ,(x1) = y(%1)+81; then, since Y(x)—-y(x) is a solution 
of (3), it follows from (5) that 


Y (x) — y(x) = kr(x). (6) 
If we replace x by x; in (6), we obtain 


k=[B1/r(x1) J; 


thus 
V (x) — y(«) = [Bir (x)/r(x1) J. (7) 
Similarly, with Y,(x) a solution of (1) such that 
V .(x%) = Ve_s(x)+Bx, (8) 


we must have 


V(x) — Vn_a(x) = [Bir (x) /r (xx) J. (9) 


This being true for every k, we have after h such 
relations 


nh Be 
Y,(x)=y(x)+r(x)>> ’ (10) 


k=1 7(X, 





Suppose that Y,_:(x) is the true solution of (1) in 
the interval (x,_1, x.) whose value at the beginning 
of this interval equals the computed value y,_,; of y at 
this point. In computing Y,_:(x,) an error 6; is com- 
mitted so that the true solution Y,(x) of (1) in the 
following interval satisfies (8) in the beginning of that 
interval. Thus from the preceding material it follows 
that the computed value of y at x= x» is related to the 
true value y(x;) 


h Bx 
Vn(xn)=y(en) +1 (xa) ’ 


k=1 F(X, 





and for h=n we have with R=y,—~y(x,) the total 
error at the point x, =), 


n By 
R=r(b)>~ ; (11) 


k=l r(x) 





Relation (11) gives us the total error R by means of 
r(x) and of the errors §; at the different steps. 

The sum can be used to give a statistical or maximum 
value of the error. If m is large, it can easily be changed 
into an integral whose approximate value can be ob- 
tained with a number of steps much smaller than n. 
Indeed, with (b—a)/n= Ax, (11) becomes 


r(b) 7 B(x) 
=—| —dx, 


4 (11a) 
Ax J, r(x) 
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where A(x) is the value of the error committed at the 
step near x. If the errors are only the result of round-off 
and if they are random with the same dispersion @ 
then (11a) gives for the dispersion of R 


d’r*(b) pr? dx 
a*(R)= ' 
(R) a J Az) (11b) 








r(x) can be obtained either from (4), that is by solving 
(3), or by the following method, if we can satisfy 
assumption B. 

Assumption B. We can find our r(x) satisfying as- 
sumption A, but such that r(x,)>Ri, where R,=y, 
— y(x,) is the total error at the point x,. 

With this assumption satisfied, we find numerically 
a solution of (1) with initial condition Y(xo)=y+M, 
where M to be so chosen that V(x)—~y(x) satisfies 
assumption B, then 


r(x) = V(x)— y(x) 


is the desired function. 

Assumption B is necessary because Y(x) and y(x) 
are computed numerically, and in order to have a 
satisfactory estimate of r(x), this difference must be 
large compared to the error committed in their 
evaluation. 

If the magnitude of r(x) increases with increasing x 
so that assumption A is not satisfied or decreases so 
that assumption B is not satisfied, we can divide the 
given interval (a, 6) into a suitable number of pieces, 
obtain in each of them one r(x), and then combine 
them into one r(x), changing their scale since they are 
proportional (see (5)). 


Ill. THE SYSTEM OF TWO EQUATIONS 
(dx/dt)=f(x, y, t), 
(dy/dt) = g(x, y, t). 


Suppose that [a(t), y(t)] and [X(t), Y(¢)] are two 
solutions of (13); with r(t) = X(t)— x(t), s(t) = Y(t) —y(1) 
we have 


(12) 


(dr/dt)=f(X, y, t)—f(zx, ¥; t), (13) 
(ds/dt)=g(X, Y, t)—g(x, y, t). 
Assumption A. [X(t), Y(t)] is close enough to 
[x(t), y(t)] so as to neglect the higher powers of r(t) 
and s(t) in the series-expansion of f(X, Y, t)—f(x, y, !) 
and g(X, Y, t)—g(x, y, ¢). 
Under this assumption we obtain from (13) 


(dr/di) = (8/ax\f(x, ¥, r+ (8/ay f(x, ¥, 03), gy 
(ds/dt) = (8/ax)g(x, y, tr(t) + (8/Ay)g(s, y, 1s). 


Suppose that [7,(¢), si(t)] and [72(t), so(t)] are two 
solutions of (14); then, with k and h two arbitrary 
constants, [kri(t)+Aro(t) ], [ks1(t)+-hs2(t) ] must also be 
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a solution. Indeed, 





d(krithre) dri dre of of 
— <b = #(—rt—s) 
dt dt dt ox ody 


of of of of 
+i(—rrt—ss) = —(kry+ hre)+-—(ks1+ Ase). 
Ox ov Ox ! 


dy 


Similarly for ksi+hs2; we shall say that the two 
solutions [71(¢), si(t) ] and [ve(t), so(t) ] are linearly in- 
dependent if with 


D(t)=r1(t)se(t)—re(t)si(), (15) 


we have 


D(t)#0 for every 1. (16) 


If (16) is not true for one value of /, say t=¢,, that is 
if D(t,) =0, then D(t)=0 for every 1. 

Conversely, suppose that [7,(¢), si(t)] and [r2(?), 
s(t)] are two independent solutions of (14), and 
[r(t), s(t) ] a third solution. Then two constants k and 
h can be determined such that 


kr(t)+hr2(t)=r(t), 
ksy(t)+hs2(t)=s(t). 


The foregoing statements follow from well-known 
properties of fundamental systems of solutions of linear 
equations. 

In the following by [x(t), y(t)] we shall mean the 
desired solution of (12) with the initial conditions 
x(to) = xo, (to) = yo, and by [1i(¢), s1(¢) ] and [r2(t), se(t)] 
the differences [X’(t)—-x(t), Y’()—y(t)] and [X’(d) 
—x(t), Y’’(t)—y(t)], respectively, where 


CxO), VO), LX"O, VY") 


are solutions of (12) such that assumption A is satisfied, 
and [71(t), si(i) ], [re(t), so(t)] are linearly independent; 
thus [r1(t), s1(t) ] and [72(t), se(t) ] are solutions of (14). 
D(t) we define as in (15). 

Suppose that [X,(t), Y1(¢)] is a solution of (12) such 
that 


(17) 


Xi(ts)=x(t) +61 Vilts)=y(ts)+Ai, 


then, since [X,(t)—x(t), ¥i(t)—y(t)] is a solution of 
(14), we must have (see (17)) 


X(t) wae x(t) = kri(t)+Are(t), 
V,(t)—2x(t) = ksy(t)+hs2(t). 


(18) 


(19) 


If we give to ¢ the value /; in (19) and solve the 
system for k and h using (18), we obtain 


sas §182(t1) — Bira(tr) 
D(ty) 
— 6151(4:) +Biri(th) 
Diu) 





7= 
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Similarly with [.X,(t), Y(t) ] a solution of (12) such 
that 

















Xi(te)—Xnr(te) = 5x,  Vielte)—Va-rte)=Bx, (21) 
we must have 
. , 54 S2(te) — Bxra(tx) 
X x(t) = Xip-(t)+ ae ————-—r,(t) 
D(t,) 
— 6451 (te) + Bari(te) ' 
—_—_—+_———r,(t), 
D(t,) 
: (22) 
a , 5xSo(te) — Barr(te) 
| ¥.(t)= Vin(t)+ s(t) 
D(ty) 
— 6451 (te) + Ber i(te) 
5 gs So(t); 
D(t,) 


this being true for every k, we have after m such rela- 
tions 


{ 


{ m 5,S2(t,) — Brre(t,) 











Xn(t)=x(t)+n(Oo~ — = 
k=l D(tx) 

| a — S(t) + Bier il(ts) 
| +ro(t) —— ss 
| = D(t) 


(23) 
. m bxS2(te) —Bero(te) 
Y,,.()=yO+si()>- 








k=1 D(t,) 
m — bx5y(te)+Beri(ty) 
il ene 


hand D(tx) 

Suppose that [X,_:(¢), ¥,-:(¢)] is the true solution 
of (12) in the interval (¢,_:, t,), whose value in the be- 
ginning of this interval equals the computed value 
(xp-1, Ve-1) at this point. In computing [X,_:(¢;), 
Y,—1(t,) ] an error (5;, 8) is committed, so that the true 
solution [X;,(t), Y(t) ] in the following interval satisfies 
(21) in the beginning of that interval. From the fore- 
going it follows that the computed value of [x(t), y(t) ] 
at t=1», is related to its true value [x(tm), y(tm)_] by 


4, ti.) —Bxro(tx) 
tana 
k=1 











D(t,) 
m O45 (te) +Biri(te) 
+ ro(tm)>_ = 
k=l Dit.) 
; — mm biSo(te) — Br o(te) 
Y m(tm) = V(tm)+ 51(tm) 2. . 
k=1 D(t,) 
tL salle) — 6481(ti) + Biri(ti) 
k=1 D(tx) 
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and for m=n we have with R= X,—x(t,), S= Vn-—y(tn) 
the total errors at the point /,=6. 


nm 54So(te)—Bero(te) 











R=r,(b)>- 
nan Basa (te) +Bera(te) 
i: be ry\le 
+70) ——___—— 
ims "= (24) 
n6t a 
Pr Bus: (tu)-+Bura(te) 
+59(b)5- RS 10k KM) k) 
bal D(tx) 


(24) gives us the total errors (R, S) by means of (rn, 51) 
and (re, s2) and of the errors (6,,8,) at the different 
steps. 

The sum can be used to give a statistical or maxi- 
mum value of the error. For large m it can be written 
as an integral easy to evaluate approximately; with 
(b—a)/n= Al, (24) becomes 


ri(b) c? 5(t)s2(t)—B(Oro(t) 
R= —f _ dt 
At 4, D(t) 











r(b) pe? —6(4)si(t)+-B(r2(t) 
+p f- dt, 


At Dit) 
(24a) 








51(b) f° 5(t)so(t)—B(E)ro(t) 
S= f dt 
At J, Dit) 
so(t) fr? —6()s1(O+BOn() 
+—— dt 
At J, Dit) 





’ 


where [4(¢), B(¢) ] the value of the errors committed at 
the step near /. 

For random error, we obtain expressions similar to 
(11b). 

The functions [7;(¢), si(¢)] and [r2(t), so(t)] can be 
obtained either by solving approximately (14) or by the 
following method, if we can satisfy assumption B. 

Assumption B. We can find two solutions [7;(¢), si(¢) ] 
and [72(¢), s2(¢) ] satisfying assumption A but such that 
ri(ty), (tx) >>Risi(te), Si(te), So(ti)>>Sx, where R,=X; 
— x(t,), Se=yi—“v(t,) are the total errors at the point ¢,. 





PAPOULIS 


With this assumption satisfied we find numerical] 
the solutions [X’(#), Y’(#)] and [X”(t), Y’’(d)] of (12) 
with the initial conditions 


X"(to)=xot+Mi Y"(to)=yor Ni 
X" (to.)=xot+Me2 YV"(to)=yotNo, 


where (M;,, Ni) and (M2, N2) are so chosen that (X’, Y’) 
and (X’’, Y”’) satisfy assumption B and further M,/N, 
# M>/N:2; then the functions 


n=X'()—x) siQ=YV'O-—yO 
ro(t)=X"(t)—x(t) so =V" ()—y(0) 


satisfy our requirements. 

The total errors in (11) and (24) are given in terms 
of the 8;’s; they apply to any step by step method of 
solution, but do not show how to calculate the quan- 
tities 8,, which depend on the specific method used. 

The foregoing method is similar to the one developed 
by Professor H. Rademacher,'~ for the Moore School of 
Electrical Engineering, University of Pennsylvania. 

In this paper two auxiliary functions A(/) and (i) 
are introduced satisfying the “‘adjoint equations” simi- 
lar to Eq. (14). The expressions for the errors R and § 
are similar to (24a). For their determination, knowledge 
of these functions is necessary, and hence the need of 
solving a system of two new equations of different form 
than the given ones. 

In the previous discussion the functions r(/) and s(?) 
can be determined simply by solving repeatedly the 
given Eq. (12) with different initial conditions, under 
assumption B. 

The foregoing can also simply be extended to the 
solution of more than two equations; in the case of 
three equations it will be necessary to determine three 
triplets of functions [7;(¢), s.(t), we(t)] with k=1, 2, 3, 
and these functions can again be obtained by solving 
the given system of equations with 3 new initial condi- 
tions. The expressions for the final errors are similar 
to (24) and (24a). 

Hans A. Rademacher, “On the Accumulation of Errors in 
Process of Integration of High-Speed Calculating Machines,” 
Proceedings of a Symposium on Large Scale Digital Calculating 


Machinery (1948), pp. 176-187. Harvard Computational Labora- 
tory Series, Vol. 16. 


' 2F, Schlesinger, Astronom. J. 30, 183-190 (1917). 


3 Dirk Brouwer, Astronom. J. 46, 149-153 (1937). 
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The Forbes bar method has been modified and adapted to the problem of measuring the thermal conduc- 
tivity of metals and alloys in the temperature range from 25°C to 1000°C. A mathematical analysis is pre- 
sented which indicates the error involved by assuming plane isothermals in the sample. The electrical and 
thermal conductivities of commercial “A” nickel, inconel, several stainless steel alloys, and 1010 steel are 
reported, and the results are compared, qualitatively at least, with the theory presented by Wilson! and 


Makinson? 


EXPERIMENTAL PROCEDURE 


HE material whose thermal conductivity is to be 

measured is prepared as a cylindrical sample 
0.375 cm in radius and 30 cm long. Chromel-alumel 
thermocouples of A. W. G. No. 24 wire are tightly 
peened into small holes at 2 cm intervals along the 
sample. A small heater (about 2 cm axial length) is 
wound on the top end of the specimen using A. W. G. 
No. 26 asbestos-covered Nichrome wire, and No. 12 
copper wires are brazed to each end of the sample. 
Figure 1 indicates the position of these various wires. 
Before placing the sample in the furnace, the thermo- 
couple wires are placed in fine quartz tubes, and the 
entire sample is then covered with a thin layer of 
Alundum cement. The sample is then centered in a 
cylindrical furnace as shown in Fig. 2. The thermocouple 
wires are led out of the bottom of the furnace and the 
Nichrome heater wires out the top. A reference thermo- 
couple is placed in the furnace below the sample and 
usually in contact with the heavy-walled copper tube 
which forms the inside lining of the furnace. The furnace 
tube is then packed with screened Sil-O-Cel. 
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Fic. 1. Specimen showing location of heating 
coils and thermocouples. 
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* A summary of a dissertation presented by C. L. Hogan to the 
Graduate Faculty of Lehigh University in candidacy for the de- 


gree of Doctor of Philosophy. 
t Now at Bell Telephone Laboratories, Murrzy Hill, New Jersey. 
‘A. H. Wilson, Proc. Cambridge Phil. Soc. 33, 371 (1937). 
*R. E. B. Makinson, Proc. Cambridge Phil. Soc. 34, 474 (1938) 


All thermocouples are connected to a switchboard so 
that each thermocouple on the sample can be con- 
nected in turn differentially with the reference and the 
resulting emf connected across a Leeds and Northrup 
type R galvanometer. The deflection of the galvanom- 
eter is thus a measure of the difference in temperature 
between the reference thermocouple and the particular 
location on the sample where the second thermocouple is 
attached. 

The furnace construction is clearly indicated in 
Fig. (2). 

The furnace is brought to any desired temperature by 
means of the chromel furnace winding. The furnace 
voltage is controlled by means of two Sola constant 
voltage transformers. When a steady state condition is 
reached, a current of 5-10 amperes dc is passed through 
the specimen by means of the copper wires brazed to 
each end. The potential drop per centimeter is measured 
by connecting the chromel-p wires of each pair of 
thermocouples in turn to a potentiometer. When the 
specimen comes to equilibrium with the furnace, the 
thermocouple in the center of the 30-cm long specimen 
is connected in differential with the reference, and the 
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Fic. 2. General construction of furnace showing 
location of specimen. 
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178 C. L. HOGAN AND R. B. SAWYER 
TABLE I. Analyses of specimens. 

Cc Mn Si Ni Cr P Ss Cu N Al Cb Fe 
Inconel X 0.03 0.47 0.39 73.19 14.38 0.007 0.03 tee 0.83 ove 6.99 
Nickel 0.06 0.22 0.02 99.48 vee 0.005 0.05 hee ets 0.14 
Type 303 0.17 0.61 0.51 8.97 18.42 cee eee vee “ee ve sina Bal. 
Type 310 0.10 1.83 0.84 20.68 25.54 0.025 0.005 ore one oon “<9 50.98 
Type 347 0.069 1.80 0.70 11.20 18.00 0.021 0.007 vee vee cee 0.77 Bal. 
Type 446 0.13 0.56 0.50 0.10 26.00 0.012 0.007 oes 0.14 cee eee Bal. 


1010 steel 








galvanometer is connected in series with them. The 
galvanometer deflection is then proportional to the 
temperature difference between the specimen and the 
furnace lining. The specimen is raised to a temperature 
of about 1°C above the furnace temperature in this 
part of the experiment. 

The power input per centimeter along the sample is 
given by 

VI 2xk,AT 


JL in(ro/r;)' 


where: V=potential drop (volts) along rod between 
points ZL cm apart, 7=current in rod (amperes), 
J=Joule’s constant, k,=thermal conductivity of fur- 
nace packing, AT=temperature difference between 
specimen and copper furnace lining when specimen is in 
equilibrium carrying a current of J amperes (°C), 
r2=radius of copper tube lining furnace, and r;= radius 
of specimen. 

It is not necessary that all these constants be meas- 
ured explicitly. If we let 


k, 
—_——=rf,H, 
In(ro/r) 


then H will have the dimensions (calories per second 
per cm” per degree) and the significance of a heat transfer 
coefficient, and the equation becomes 


VI/JL= 2ar, HAT. 
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Fic. 3. Thermal conductivity of inconel “X” 
versus temperature. 


Further, if we let 
R=2H/n, 
then 
R=V1I/LJxrPAT. 


After the preceding data (V/L, I, AT) are taken, the 
current through the cylindrical sample is turned off, 
and the sample again returns to furnace temperature. 
At this time a current of approximately 0.5 ampere is 
passed through the nichrome heater at the top of the 
sample. When the steady state is attained, the tempera- 
ture gradient existing along the sample is measured by 
the method indicated above. The top of the sample is 
never raised to a temperature of more than 5°C above 
the bottom during this part of the experiment. 

The temperature (recorded as cm of galvanometer 
deflection) of each thermocouple is then plotted against 
distance down the sample. On semi-log paper this plot 
is a straight line. If we denote the slope of this line as m, 
then the thermal conductivity of the sample is: 


k= R/m’. 
MATHEMATICAL ANALYSIS OF EXPERIMENT 


The problem is essentially that of determining the 
steady state temperature in a semi-infinite rod if one 
end of the rod is maintained at temperature 7» and the 
rod loses heat through its surface at a rate proportional 
to the temperature difference between the surface of the 
rod and the furnace. (Because of its large heat capacity, 
the heavy-walled copper tube used as a furnace liner 
never. measurably changes its temperature during the 
experiment.) 


TABLE II. Thermal conductivity (calories/cm sec °C). 











Tem- 

pera- 

ture Inconel 1010 
S x Nickel 303 310 347 446 steel 





0 0.032 0.174 0.034 0.031 0.046 0.054 0.173 
100 0.038 0.156 0.036 0.034 0.049 0.057 0.163 
200 0.043 0.138 0.038 0.039 0.053 0.061 0.153 
300 0.048 0.120 0.042 0.044 0.056 0.065 0.144 
400 0.054 0.114 0.047 0.048 0.061 0.068 0.136 
500 0.060 0.121 0.051 0.054 0.066 0.072 0.130 
600 0.065 0.128 0.055 0.070 0.076 0.123 
700 0.073 0.136 0.059 0.066 0.075 0.080 0.117 
800 0.081 0.143 0.064 0.072 0.081 0.084 0.111 
900 0.089 0.150 0.068 0.078 0.087 0.087 one 











The 


or 


or 


wher 
cond 
=tel 


whe 


and 


the 
duc 
rod 
0.0 




















THERMAL CONDUCTIVITY OF ME 
The heat flow problem can be stated as: 
au lou Pu . 
SL ea = 0, ( 1 ) 
Or? ror d2 
u(r, 0)=To, (2) 
lim u(r, Z)=0, (3) 
du(C, Z) 
2aCkh————= — 2rCHu, (4) 
or 
or 
du(C, Z) CH 
C———_= -—_«(C, Z), 
or k 
or 


Codu(C, Z)/dr= —hu(C, Z), 


where h=>CH/k, where C=radius of rod, k= thermal 
conductivity, H=heat transfer coefficient, «u(r, Z) 
=temperature function, and 7)>=temperature at Z=0. 


TABLE III. Electrical conductivity (mho/cm) X 10™4. 











Tem- 
pera- 

‘ ture Inconel 1010 
os x Nickel 303 310 347 446 steel 
0 see 11.3 1.38 ee 1.27 1.75 tee 

100 0.814 7.56 1.25 0.999 1.18 1.44 4.30 
200 0.804 S32 1.13 0.951 1.11 1.25 2.82 
300 0.794 3.87 1.05 0.908 1.07 5.32 2.05 
400 0.784 2.87 0.988 0.870 1.03 1.02 1.60 
500 0.774 2.62 0.940 0.841 1.00 0.940 1.20 
600 0.764 2.40 0.900 0.818 0.984 0.880 0.95 
700 ~=0.770 2.25 0.870 0.800 0.967 0.840 0.80 
800 0.782 2.10 0.846 0.785 0.950 0.820 0.70 
900 2.02 0.824 0.933 ee 


0.795 


0.771 


0.810 


This problem can be solved easily. The solution is: 


u(r, Z)= >> AjJo(ajr) exp(—a;Z), 


]=1 
where 
2a;CT oJ \(a;C) 


A= 
(a7C?+ h*)[To(a;C) FP 





and a; are the positive roots of 


CajJo'(a;C) a wae hJ (aC). ( 


wm 


It has been experimentally determined that: 
h=(3.024X 10) /k. 


Hence the roots of the foregoing Eq. (5) depend upon 
the thermal conductivity of the sample. The lowest con- 
ductivity measured was 0.03 (calories/sec cm °C). For a 
rod 0.3175-cm radius whose thermal conductivity is 
0.03 cal/sec cm °C, the roots of Eq. (5) are: 


ay= 0.4467 
a= 12.07 


a3z>= 22.1 1 
aq= 32.05, etc. 
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Fic. 4. Thermal conductivity of commercial “A” 
nickel versus temperature. 


For the previous conditions, then, the steady state 
temperature function is: 


u(0.3175, Z)=0.997T, exp(—0.4467Z) 


+ > (RT o/ka;) exp(— a;Z). 
j=2 
This series converges so rapidly that only the first term 
need be considered. Hence 


u(0.3175, Z)~0.997T» exp(— a:Z) = Ty exp(—ayZ). 


It is easily seen from this solution that a rod 30-cm long 

is essentially semi-infinite, provided the thermal con- 

ductivity does not exceed 0.25 calories/sec cm °C. 
Since the series for the temperature function con- 

verges so rapidly that only the first root of Eq. (5) is 

required, it is possible to find an expression for this root 

in terms of the thermal conductivity of the sample. 
This can be shown to be 


a,=(R/k)}, 
where 
R=2H/C=2kh/C°. 


Thus the temperature function can be written as 
u(0.3175, Z)=T, expl —Z(R/k)'], 


which is the exact solution for the problem of a thin 
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Fic. 5. Thermal conductivity of stainless steel 
type 446 versus temperature. 
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wire losing heat to its surroundings and with one end 
maintained at a temperature 7. It represents the tem- 
perature distribution, with an error of less than 1 per- 
cent, for a rod 0.3175 cm in radius whose thermal 
conductivity lies between 0.03 and 0.25 calories/cm 
°C sec. 

RESULTS 


There are reported herewith, the values of the thermal 
conductivity and electrical conductivity of inconel X, 
commercial “A” nickel, stainless steel alloys type 303, 
type 310, type 347, and type 446, and 1010 steel. The 
analyses of these specimens are given in Table I. 

The values of the thermal conductivity of these alloys 
are tabulated in Table II. 

The values of the electrical conductivity of these 
alloys are listed in Table III. 

The values of the thermal conductivity of inconel, 
nickel, and type 446 stainless steel are shown graphi- 
cally in Figs. 3, 4, and 5. 
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Fic. 6. Lorentz plot (k vs oT) for inconel “X”’. 


Smith and Palmer,’ after having investigated the 
electrical and thermal conductivities of a number of 
copper alloys, found that the thermal conductivity could 
be represented by a straight line relationship of the 
form: 

k= LoT+a, 


where “ and a were constants for a particular set of 
alloys. This relation has been found to hold for all 
metals reported on in this paper. As examples, Figs. 6 
and 7 show the result of plotting & vs oT for inconel and 
type 446 stainless. 

As pointed out in Makinson’s paper’ the thermal 
conductivity of metal can be considered to be made up 
of two terms: k=k,+k,, where k, represents the heat 
transported per unit time by the conduction electrons 
and k, represents the heat transported by the lattice 
vibrations. If we define L, such that L,=k,/T; then 
following Wilson! it can be shown that for iron L, should 
be always less than the classical Lorentz constant 
Lo=(2?/3 \[(k/e)?] and L, should approach Ly for 


4, St. A. Smith and E. W. Palmer, Am. Inst. Mech. Engrs. 
Trans. 117, 225 (1935). 
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Fic. 7. Lorentz plot (k vs a7) for stainless steel type 446, 


1/@>1, where @ is the Debye characteristic tempera- 
ture. The addition of impurities to iron should, when 
present in small amounts, tend to make L, approach 
Lo more rapidly. It is a question as to how L, should 
behave for alloys such as stainless steel and inconel, 
but it is not unreasonable to assume from Makinson’s 
work that 
L.~L,y for 1/0>1, 


Lo=0.58X 10. 
Thus we should expect for type 446 stainless, for in- 
stance, that 
k=0.585 X 10a T+ ky. 
Empirically it is found from Fig. 7 that for this alloy 
k=0.73X 10-*a T+-0.018, 
which can be written as 
k=0.585 XK 10°-*o T+-0.14X 10° T+-0.018. 


For the temperature region from 0°C to 1000°C the 
electrical conductivity of type 446 stainless can be very 
closely approximated by: 


a1 =0.51X 10°'T+ 3.36X 10°. 


Hence our empirical equation linking the thermal and 
electrical conductivities can be written as: 


k=0.585X 10-°o 7 +0.023+0.071 X 107, 


where we can identify 
Tr k - » 
k,=0.585 X10 T = (-) oT 
se 


and 
k, =0.0234+0.071 107. 


Similar calculations can be carried out for all the 
alloys reported and reasonable values for the lattice 
conductivity of all are obtained. 
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Cathodic Sputtering for Micro-Diffusion Studies 


Tuomas F. FisHER AND C. E. WEBER 
General Electric Company, Knolls Atomic Power Laboratory, Schenectady, New York* 


(Received June 18, 1951) 


A method which has been developed to allow uniform removal of micro-layers of metal from cylindrical 
specimens is based on sputtering of the metal from the cathode of a gas glow discharge tube. This technique 
is directly applicable to diffusion studies and offers many advantages over other more common methods. 


INTRODUCTION 


F a metal specimen is made the cathode in a gas 

glow discharge tube, metal can be stripped from the 
surface in extremely thin, uniform layers. This method 
is being applied to diffusion studies by chemically 
analyzing the sputtered metal which is deposited on a 
collecting anode. 
. Cathodic sputtering has many advantages over the 
more common methods of uniformly removing surface 
layers of metal. Machining generally requires that 
relatively thick layers be removed. Although chemical 
and electrochemical methods permit the removal of 
thin layers, extensive experimentation may be required 
to determine the proper solutions and concentrations, 
and further, the subsequent chemical analysis may be 
impeded by the presence of undesirable foreign ions. 
Sputtering is a generally applicable method and the 
sputtered metal can be collected on an inert or chemi- 
cally compatible anode and dissolved in a minimum 
amount of solution. Sputtering can also be applied to 
the study of radioactive. specimens where normal 
handling procedures are difficult or hazardous; it is 
easy to restrict spread of contaminating amounts of 
activity in a closed glass system during the sputtering 
operation, and the method is readily adaptable to 
remote operation. 

A detailed discussion of the nature and theories of 
the mechanism of cathodic sputtering is available in 
the literature’? and will not be presented in this article. 
However, a brief resumé may demonstrate how such a 
method can give a highly uniform removal of metal. 
In a steady state glow discharge, positively ionized 
gas atoms are accelerated to the cathode where they 
give up their energy. The surface atoms of the metal 
receive a portion of this energy and escape, diffusing to 
the walls of the system or to the anode*~*. The Crookes 
dark space, the region surrounding the cathode through 
which the incoming positive ions are accelerated, is a 

*The Knolls Atomic Power Laboratory is operated by the 
General Electric Company for the AEC. The work reported here 
was Carried out under contract No. W-31-109 Eng-52. 

'L. B. Loeb, Fundamental Processes of Electrical Discharge in 
Gases (John Wiley and Sons, Inc., New York, 1939). 

*J. D. Cobine, Gaseous Conductors, Theory and Engineering 


Applications (McGraw-Hill Book Company, Inc., New York, 
1941), first edition. 


* A. V. Hippel, Ann. Physik 82, 1043 (1936). 

‘K. H. Kingdon and I. Langmuir, Phys. Rev. 22, 148 (1923). 
°C. Starr, Phys. Rev. 56, 216 (1939). 

°C. H. Townes, Phys. Rev. 65, 325 (1944). 


region of uniform electrical field where most of the 
voltage drop across the discharge tube occurs. In falling 
through this potential, the ions make a number of 
collisions so that their arrival at the cathode is neither 
mono-energetic nor uni-directional. The sputtering 
which occurs should be sub-microscopic in nature since 
the penetration of each incident ion is, at most, only a 
few atom layers. Due to the randomness of the events, 
the macroscopic dimension changes should be highly 
uniform. 


EXPERIMENTAL PROCEDURE 


The geometry of the sputtering system used in this 
investigation proved to be more critical than was first 
anticipated. Attempts to use planar geometry were not 
successful ; cylindrical symmetry was necessary in order 
to achieve uniform metal removal. With flat specimens, 
the sputtering was not uniform across the specimen 
surface and proved to be dependent upon the shape and 
size of the glass system. When a large glass system was 
used, the removal of metal was principally on the edges 
of the specimen, while attack occurred in a small central 
region of the specimen when a small system was used. 

With cylindrical geometry, the size of the system is 
apparently not critical, but the gas pressure, electrical 
potential, and cathode-anode distance are functionally 
related variables. It has been shown’ that the product 
of the mass of sputtered materials, m (milligrams per 
ampere hour), the gas pressure, p (millimeters of mer- 
cury), and the distance between cathode and anode, 
D (centimeters), is a constant. In our work, the experi- 
mental apparatus and the sputtering conditions have 
been standardized. These conditions are given in 
Table I. 

Under the above conditions, the cathode glow com- 
pletely covered the cathode with the Crookes dark 


TABLE I. Conditions for cathodic sputtering. 











Sputtering gas 
Gas pressure 
Cathode to anode potential 


Krypton 
300 microns 
1500 volts 


Cathode to anode distance 0.5 inch 
Specimen diameter 0.050-0.100 in. 
Specimen length 0.50-0.75 in. 


Current 1 milliampere 











7 A. Giintherschulze, Z. Physik 36, 563 (1926). 
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BOTTOM SAMPLE POSITIONER 
(GAS OPERATED) 


NEGATIVE TERMINAL 











Fic. 1. Sputtering apparatus. (The cylindrical sample, which 
acted as the cathode, was centered vertically and radially in the 
cylindrical collecting anode. The supporting rods were cylindrical 
and had about the same diameter as the sample. The small di- 
ameter sample supports were attached to larger diameter pistons 
which operated vertically inside of glass cylinders. 

The bottom piston was air operated for ease in loading the 
unit. With the top half of the sputterer removed, the lower piston 
could be forced down against the return spring by air pumped 
past the piston and into the connecting vacuum system. The piston 
retracted far enough into a glass collar to provide a space in the 
glass cylinder above the top of the lower supporting rod into which 
the sample was loaded. The sputterer top was then lowered into 
position, the top supporting cylinder in the down position fell 
directly on the glass cylinder containing the sample. When a 
vacuum seal was made and the gas pressure equalized on both 
sides of the lower piston, the return spring forced the piston up- 
ward and brought the sample into the sputtering position.) 


space nearly filling the void between the cathode and 
the anode. 

The sputterer used in these experiments (Fig. 1) was 
designed and constructed around a 45/50 standard 
taper ground glass joint. 

During sputtering, most of the sputtered metal dif- 
fused to the collecting anode where it deposited. The 
inner surface of this anode ring was conveniently lined 
with a thin foil of metal which was easily removed 
after removal of each layer of metal, and the relative 
amount of each component was determined by chemical 
analysis. To date, the foil liner has been made of 
aluminum, which is easily dissolved and does not inter- 
fere with most chemical analyses. Any source of direct 
current was found to be suitable (partially rectified ac 
was satisfactory) with a protective resistance in series 
to prevent occurrence of excessively high currents 
during minor fluctuations in the glow discharge. The 


Ane? CC. &. 
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usual precautions to insure high purity krypton for 
sputtering were observed. 


UNIFORMITY OF THE SPUTTERING PROCESS 


Up to the present time, no prolonged attempt has 
been made to establish the limiting degree of uni- 
formity attainable by cathodic sputtering. However, 
it is at least as good as the roundness of the best speci- 
mens available (i.e., +0.0001 inch on the diameter). 
Typical data are shown in Table II. 

The samples were solid metal cylinders 0.50 in. in 
length, and the diameters were measured at random 
positions along the length of the sample. The minimum 
thickness that can be removed has yet to be deter- 
mined, due to the eccentricity of the samples and re- 
solving power limits on the optical measuring method 
used. 

Preliminary runs showed that it is necessary to sup- 
port the specimens at both ends to achieve uniform 
metal removal. A specimen originally 0.0740 in. O.D. 
was supported at one end and sputtered. The final 
diameters were 0.0680 in. near the supported end and 
0.0625 in. near the unsupported end, a difference of 8 
percent. This effect must have been due to the differ- 
ence in electrical field around the exposed end of the 
sample resulting in a higher positive ion current in this 
region. 


TABLE II. Uniformity of sputtering. 








Diameter. 
(after sputtering) 


Diameter 


Sample (before sputtering) 





Stainless steel 
(S.A.E. Type 347) 
Nickel on copper 


0.0750 in.+0.0001 in. 0.0574 in.+0.0001 in. 


0.0735 in.+0.0001 in. 0.0606 in.+-0.0001 in. 








SURFACE APPEARANCE AFTER SPUTTERING 


A typical surface of a sputtered specimen is shown in 
Fig. 2. While it appears rough in the photograph, close 
inspection has shown the surface to be smooth. The 
depth of these irregularities appears to be less than 
1X 10~ inches, but the manner in which light is reflec- 
ted magnifies the surface. 

A metallographic polishing action during sputtering 
has not been found. Apparently the incident ions are 
not affected by small electrical field differences resulting 
from the small surface irregularities, or at least not in 
a manner to cause polishing. The method has, however, 
been used to etch polished specimens such as zirconium, 
titanium, and beryllium in a method analogous to that 
described by McCutcheon.’ Different grains and phases 
develop different appearances due to the sputtering 
action. 


°D. M. McCutcheon and W. Pahl, Metals Progress 56, 674 
(1949). 
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CATHODIC SPUTTERING FOR 


SPUTTERING RATES 


The factors which determine the rate of sputtering of 
the cathode in a gas glow discharge tube have been 
studied,*~? and perhaps the rate can be expressed most 
fundamentally as the atom yield (atoms sputtered per 
incident gas ion). However, for the purposes of this 
paper, an arbitrary rate expressed as mils of metal re- 
moved from the diameter of the specimen per milli- 
ampere-hour will be used, since theory alone does not 
permit calculation of atom yields from weight losses. 


a. Specimen Temperature 


Under any fixed set of conditions, sputtering rates 
increase rapidly with an increase in the specimen tem- 
perature. The application of sputtering to diffusion 
studies is experimentally restricted because the average 
specimen temperature must not be high enough for an 
appreciable amount of thermal diffusion to occur during 
sputtering. It should be noted that the average tempera- 
ture of the specimen is mentioned rather than the high 
local temperature assumed to exist in the surface layer 
wherein the incident gas ions lose their energy. Pre- 
liminary experiments which were made to check the 
average temperature during sputtering by means of a 

TABLE III. Sputtering rates. 


Sputtering rate 











Specimen (mils/ma —hr) 
Be 0.01 +0.003 
Mg 0.04 +0.02 
Al (S.A.E. 17S) 0.03 +0.004 
Cu 0.04 --- 
Zr 0.05 +0.01 
Stainless steel (Type 347) 0.05 +0.01 
Ti 0.03 +0.01 
Ni* 0.049+0.001 

* Closer control over gas purity and pressure in this series. 


thermocouple inserted into a hollow specimen gave 
temperatures of 225°C to 325°C with a current of one 
milliampere, under standard conditions. At this tem- 
perature, thermal diffusion is negligible for most metals. 


b. Experimental Sputtering Rates 


To apply the sputtering technique to controlled re- 
moval of metal, the sputtering rate must be prede- 
termined. A number of metals have been examined 
(Table III). With the exception of nickel, sputtering 
rates were measured with an accuracy of approximately 
20 percent. The rate for nickel was obtained with ex- 
tremely close control of the gas pressure and the gas 
purity, and is accurate to a few percent. However, any 
specific amount of metal can be removed using these 
rates as a basis for predicting sputtering times combined 
with intermittent determinations of the specimen di- 
ameter during sputtering. In operation, the amount of 
metal that can be removed at any one time is limited 
to two to three mils because the sputtered metal also 
deposits on the glass shield below the specimen and 
eventually shorts the system electrically. This shield is 
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Fic. 2. Surface appearance after sputtering. 


used to confine the sputtered metal, and if cleaned be- 
tween runs can be used indefinitely. 

The metals were of commercial purity in all cases. 
Beryllium metal, which sputtered more slowly than any 
of the other metals examined, was used for the sample 
supports in the sputtering apparatus and provided a 
longer life before replacement. 

Pure metals sputter at different rates under similar 
conditions, which raises the question as to whether 
homogeneous metal alloys can be uniformly sputtered. 
For example, the selective removal of one component 
from an alloy surface may invalidate the method for 
diffusion studies. One can easily convince himself that 
no such effect can occur and this conclusion has been 
confirmed by experiments upon the two alloys, type 
347 stainless steel, and 70-30 brass. The sputtered 
material from each of these alloys has been found to 
have the composition of the original material. The 
sputtering rates of the constituents of type 347 stainless 
steel (Fe, Ni, and Cr with a small amount of Cb) are 
probably about the same, but this is not at all true for 
copper and zinc, which make up the brass. In a hetero- 
geneous system with large regions (compared to the gas 
ion penetrations) having dissimilar compositions, one 
region might, however, sputter faster than the other. 


CONCLUSION 


The general applicability of cathodic sputtering to 
qualitative removal of micro-quantities of metal has 
been demonstrated. Work is in progress to determine 
the limiting accuracy of the method and to apply it to 
thermal diffusion studies on metallic systems. 
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Unsteady-State Separation Performance of Cascades. I 


Extiotr W. MoNTROLL AND GorpDON F. NEWELL 
Institute for Fluid Dynamics and A pplied Mathematics, University of Maryland, College Park, Maryland 
(Received July 2, 1951) 


This paper concerns the exact solution of the nonlinear differential equations which describe the time 
dependent behavior of multistage cascade separating processes for separation of two vety similar molecular 
species. The Rayleigh separation law is postulated for each stage. 

The main questions of interest in the nonstationary operation of cascades involve (a) their behavior while 
the concentration of the required component is being built up to the desired value; (b) the behavior of the 
cascade during the transition from one stationary mode of operation to another; and (c) the manner in which 
local concentration fluctuations are propagated through the cascade. We have derived analytical expressions 
that are suitable for the discussion of all of these points in square cascades. The cases of finite, half infinite, 
and infinite cascades are considered with and without product withdrawal. 

A brief discussion of the linearization of a class of nonlinear second-order partial differential equations 


is given in Appendix I. 





HE fractionation of mixtures of nearly identical 

components by multistage cascades is of con- 
siderable industrial importance. Several large scale 
multistage isotope separation plants which use the 
principles of thermal diffusion and molecular effusion 
have been built.’ Distillation columns capable of sepa- 
rating isomers and other closely related components 
whose boiling points are almost the same and whose 
relative volatilities are close to unity are becoming more 
and more common. Solvent extraction processes for 
separating similar materials have been developed, and 
separation of similar gases by molecular diffusion is 
being investigated.” 

The quantity of material in large cascades is fre- 
quently much greater than the normal daily output. 
Under such conditions the plant responds very slowly 
to changes in operating procedures or of equipment 
characteristics. The effect of the changes may not be 
reflected in the output for several weeks or even months. 
Compensating resettings of the operating characteristics 
might not restore the plant’s normal output until several 
weeks later. 

A significant fraction of the operating life of a large 
sluggish cascade is spent in the starting operation, in 
the transition from one set of operating conditions to 
another, and in recovering from transient disturbances 
(if there is a regular plant maintenance program, 
transient disturbances might occur frequently). Hence 
it is as important to develop optimum start-up and 
transition procedures and to be able to minimize transi- 
ent losses in output as it is to set optimum steady-state 
operating conditions in the initial plant design. 


1H. D. Smyth, Atomic Energy for Military Purposes (Princeton 
University Press, Princeton, New Jersey, 1945). See also J. F. 
Hogerton, Chem. Eng. 52, 98 (1945) and P. C. Keith, Chem. Eng. 
53, 112 (1946). 

2Cf. M. Benedict and A. Boas, Chem. Eng. Progress 47, 111 
(1951). Many general aspects of the engineering of cascade proc- 
esses are discussed in these papers and in the article on Diffusion 
Separation Methods by M. Benedict in the Encyclopedia of 
Chemical Technology (Interscience Press, New York, 1950), Vol. 
V, p. 76. 


In principle the unsteady-state behavior of a cascade 
can be deduced from the partial differential equations 
derived in Section 1. Unfortunately these equations are 
nonlinear, and in a typical cascade with stripper, a 
variable withdrawal rate, and sections with different 
characteristics, they are quite difficult to solve. Even 
when exact solutions can be obtained, they are suffi- 
ciently complicated so that they are not suited for 
approximate engineering calculations. It is therefore of 
interest to seek semi-quantitative methods of simply 
describing unsteady-state behavior of cascades as well 
as exact solutions of the time dependent separation 
equations. 

This paper will be concerned with the determination 
of exact solutions of the nonlinear separation equations 
by making a transformation in the dependent variables 
of the type recently developed by H. Thomas,® E. 
Hopf,’ and C. D. Majumdar. 

Since it is relatively easy to deduce the steady-state 
behavior of a cascade under almost any conditions, we 
shall, in the second paper of this series (by Dr. A. M. 
Squires and one of the authors E.W.M.), develop ap- 
proximate formulas for the nonstationary behavior in 
terms of sets of related steady-state situations. Roughly 
speaking, we shall show that the steady state resulting 
from a nonstationary situation can be approached 
through a sequence of steady states corresponding to 
different production rates. 

Since general discussions of cascade processes can be 
obtained in the literature, we shall give only a brief 
derivation of the fundamental equations which describe 
the variation in the concentration of one component of 
a binary mixture as a function of time and stage 
number. For detailed analyses of the considerations 
which must go into the selection of the cascade charac- 
teristics for a particular separation the reader is referred 
to the comprehensive reviews of R. Jones and W. Furry’ 
(this review contains an extensive bibliography also), 


*R. C. Jones and W. H. Furry, Revs. Modern Phys. 18, 151 
(1946). 
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UNSTEADY-STATE 


K. Cohen,‘ and M. Benedict.? Although the Jones and 
Furry article is concerned mostly with separation by 
thermal diffusion, many of the results are applicable to 
other separation processes. Cohen’s work contains the 
general theory of stationary operation of cascades. 
Benedict’s report is given from more of an engineering 
point of view than either of the other two. 

In this paper we shall consider the separation of a 
binary mixture whose components are represented by 
A and B. A is chosen to be the component of interest 
that is to be isolated from B. The part of the cascade 
where material enriched in A is to be withdrawn will 
be called the top; the part most depleted of A (in the 
stationary state), the bottom. It will be assumed that 
the unseparated mixture of A and B is fed into the 
bottom of the cascade. The authors hope to discuss the 
effect of a stripping section on the unsteady behavior of 
cascades at a later date. 


1. DESCRIPTION OF CASCADE AND DERIVATION OF 
FUNDAMENTAL EQUATIONS 


Let us consider a cascade of V separators (which we 
shall refer to as “‘stages’”) connected in the linear 
manner sketched in Fig. 1. A mixture of components 
A and B is fed into each stage and two streams, one 
enriched in A and one depleted of A are emitted from 
each stage. The enriched stream is fed into a “higher’’ 
stage and the depleted into a “‘lower”’ one. The following 
quantities characterize the operation of the mth stage 
at time 7: 


W,(n) = total rate of flow of material (A and B) in the 
nth enriched stream 
W.(n) = total rate of flow of material (A and B) in the 
nth depleted stream 
yn(T)= mol fraction of A in enriched stream 
(1—y,(7)=that of B) 
c,(T)=mol fraction of A in depleted stream 
(1—c,(T)=that of B) 
U,,=net flow of component A through dotted line 
which cuts cascade above the mth stage 
in Fig. 1. 
H,,=capacity of nth stage. 


If P is the rate at which material is withdrawn from 
the top of the plant we see that at all times 


P= W ,(n)—W.(n+1), (1.1) 


if the mixture of A and B in all concentrations is an 


incompressible fluid. The net flow U, of component A 
at time / is 


U n= ynW 1(n) —CayiWe(n+1). (1.2) 
“K. Cohen, Science and Engineering of Nuclear Power (Addison- 
Wesley Press Inc., Cambridge, Mass., 1949), Vol. 2, Chapter 2, 


p. 19. See also R. Peierls, Science News (Penguin Books, London, 
1947), Vol. 2, p. 41. 


SEPARATION 
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We shall postulate the law of separation of a given 


stage to be given by Rayleigh’s formula® 


Yn/(1— yn) 
———=e’, (1.3a) 

Cn/(1—€n) 

where y is a constant independent of the concentrations’ 

yn and ¢,. W is called the over-all separation factor of the 

stage. It will be assumed that it is the same for every 

stage. 

The over-all separation factor, y, is a very small 
number in cascades which require a large number of 
stages to perform the desired separation. The ratio 
yn/(1—yx) is called the abundance ratio of A in the 
enriched stream of the mth stage; c,/(1—cn), that in 
the depleted stream. As y,—0, the abundance ratio 
approaches y,. 

When y is very small the following alternative form 
of (1.3a) is useful 


n= Cr(expy)/[1—c,(1—expy) ] 
=¢,+ycn(1—c,)+0(v). 


We shall assume in the remainder of this paper that y 
is so small that terms of order ¥y* can be neglected 
in (1.3b). 

The rate of accumulation of A in the mth stage is the 
difference between the rate of inflow and that of emis- 
sion of A from that stage. That is, 


(1.3b) 


H,,0¢n/OT = yn1Wi(n—1)+¢nyiW2(n+1) 
—¢nW2(n)—ynW1(n) 


=A{c,W2(n)—yn iWi(n—-1)}, (1.4) 


where A represents the difference operator with the 
property A@d,=@n41—d,. By substituting (1.1) and 
(1.3b) into (1.4) we obtain an equation which involves 
only Hn, Cn, Wi(n) and the constants P and y. Then 


H,,0c,/0T 
= A{W,(n—1)[Acni—Wen1(1—¢n-1) ]— Pen}. (1.5) 


One can find the concentration of A as a function 
of n and T by solving (1.5) with the appropriate bound- 
ary conditions. Now c, is a very slowly varying function 
of n (as is W,(m)) in cascades with small over-all separa- 
tion per stage. Under these conditions the difference 
operator can be replaced by a differential operator and 
(1.5) becomes the differential equation 


Hdc/dT = 0/dn{W,Ldc/dn—Yc(1—c) ]—Pc}. (1.6) 


This is our fundamental equation. 

The boundary condition at the top of a cascade is a 
statement of the observation that yy=cw4. in Fig. 1. 
That is, the enriched material at the top stage is partly 
withdrawn and partly recycled into the top stage. Then 


5 Lord Rayleigh, Phil. Mag. 42, 493 (1896) or Collected Works 
(Cambridge University Press, London), Vol. 4, p. 261. 
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Fic. 1. Flow diagram of cascade of separators. W»’s represent 
flow rates of depleted streams, W;,’s that of enriched streams, 
¥n’s and ¢,’s the mol fraction of component of interest in enriched 
stream. 





the Rayleigh separation formula (1.3b) is equivalent to 
Cn41—¢n = Acy=yen(1—cy). (1.7a) 


Again we replace the difference operator by the differ- 
ential operator to obtain 


dc/On=yYc(1—c) when n=N and T>0. (1.7b) 


We shall use the boundary condition at the Oth stage 
(bottom of cascade) which corresponds to a cascade fed 
from an infinite reservoir of material whose concentra- 
tion of A is yr. Since for small y the concentration of A 
in the depleted stream is almost yr, we can write 


c(0)=yr for T>0. (1.8) 


2. STATIONARY OPERATION OF CASCADES 


During stationary cascade operation dc/dT=0. 
Hence 


W 1(n){ (dc/dn)—Wc(1—c)} = Pc+constant. (2.1) 


The physical significance of the constant can be deter- 
mined from the boundary condition (1.7). We find 


W1(n){(c/dn)—Ye(1—c)}=P(c—y,y), (2.2) 


where y, is the mol fraction of A in the product with- 
drawn from the top of the cascade. 


MONTROLL AND 





GORDON F. NEWELL 
In a cascade from which no product is withdrawn 
(P=0) and in which W,(n)¥0 for 0<n<N, (2.2) 
reduces to 
dc/dn=yYc(1—c), (2.3) 


with the boundary condition c(0) = yr= feed concentra- 
tion. Then at the mth stage 


c/(1—c)=[yr/(1—yr) ] expyn, 
so that 
c(n)=yre"¥/[1+yr(e"¥—1)]. (2.4) 
It is sometimes convenient to number the stages from 


the top, calling m=0 the top stage, m= —1, the stage 
next to the top, etc. Then m=n—WN and 


c(m)=yre™"/Le-*¥(1—yr)+yre™]. (2.5) 
As No (i.e., in a semi-infinite plant) 
c(m)=1 for m>—»o. (2.6) 


Equation (2.2) can also be integrated easily when 
W,(n)=constant=L. A cascade with this property is 
called a square cascade. The remaining sections of this 
paper will be concerned mainly with the nonequilibrium 
behavior of square cascades. 

The combinations 


k=P/Ly, om=}(1—«), and a2=3(1+k«), (2.7a) 


will appear frequently. It will also be convenient to use 
the quantities 


u(n)=c(n)— a, (2.7b) 
and 
v= fa2—Kyp}?. (2.8) 
Since 0< y,<1, we have 
ans ¥< A». (2.9) 


In most cases of interest xX1. The differential Eq. (2.2) 
is equivalent to 
du/d(ny) = 7*— wv, (2.10) 


and the boundary condition (1.7b) at n= NV becomes 
dn/O(ny)= —(u—ay)(u+az) at n=N. (2.10a) 
The solution of (2.10) is 


u(n) =v tanh(npy+ bo) =c(n)— an, (2.11) 
where 
59= tanh—'(uo/y¥), (2.12a) 
with 
(2.12b) 


Un= VF— Qe. 


One can see from the Rayleigh separation formula 
(1.3b) that it is desirable to choose W,(n) to be large 
when is small and vice versa. When c, and y, are 
both small compared with 1, as they would be near the 
feed stages, y,/cn~(1+y). On the other hand, when 
c, and y, are close to unity, as they would be near the 
top of a long cascade, y,,/c,1+y(1—c,). Hence, there 
is a much greater relative separation per stage at the 
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UNSTEADY-STATE 


bottom stages than there is at the top. On this basis one 
should recycle with a greater frequency at the lower 
stages than in the upper ones. If a given amount of 
power is available for cascade operation, the larger 
fraction of it should be directed toward recycling in the 
lower stages. This is equivalent to saying that W,(n) 
should be largest at stages in the neighborhood of the 
feed. Also, when highly separated material is valuable, 
it is desirable to make the hold up H, small for large n. 

A rational choice of the function W,(”) can be made 
by designing the cascade in such a way that no mixing 
of materials of different concentrations occurs at the 
feed point of the mth stage where the stream depleted 
of A from the (w+1)-st stage mixes with the enriched 
fraction from the (n—1)-st. A cascade with this property 
at every stage is called an ideal cascade. It can be 
shown‘ that in this case W (7) is a monotone decreasing 
function of #. For the sake of over-all economy and 
operating flexibility it is desirable to make cascades 
neither ideal nor square, but rather as a hybrid of the 
two. In order to make W,(m)'a continuous decreasing 
function of n when_\V is large (say O(10*)), a tremendous 
number of equipment sizes or control settings, or both, 
is required. Since W,(m) in an ideal cascade depends on 
the withdrawal rate, P, all flow rates must be changed 
to preserve ideality when P is changed. The economical 
hybrid cascade consists of several square cascades in 
series. The theory of such a system is complicated 
because a set of connecting conditions exists at the 
points where one square cascade ends and another 
begins. The theory would be analogous to that of heat 
flow through laminated material in which each layer 
had a different thermal conductivity. 


3. LINEARIZATION OF FUNDAMENTAL EQUATION 


In a square cascade with W,(n)=L and H,=H for 
0<n<N, the fundamental differential equation (1.6) is 


(3.1) 


where r= H/2L=“‘hold up time”’~average time spent 
by a molecule in a given stage during one passage 
through the stage. The boundary conditions in a cascade 
over an infinite reservoir are 


(0, T)=yr 
dc/On=Yc(1—c) for 


27dc/dT = 0/dn}{ dc/On—WeA—c)+ Pc/L}, 





forall T>0, (3.2) 


(3.3) 


We shall postulate the initial concentration distribu- 
tion to be 


a= N, T>0. 


c(n, 0)=co(n) at T=0. (3.4) 


Although (3.1) is nonlinear, it can easily be linearized 
by a transformation of the independent variable. Appar- 
ently this technique was first used in a separation 
problem by H. Thomas’ in his paper on ion exchange in 
flowing systems: By making the transformation to a 


°H. Thomas, J. Am. Chem. Soc. 66, 1664 (1944). 
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new variable ®(x, y) 


Cf=log{e~@**4Y (x, y)}, 
he solves the nonlinear equation 


feytAfzt+ Bfzt+Cfzf,=9, 


where f{,=0f/dx, etc., and A, B, and C are constants. 
The equation which describes the Burgers’ one dimen- 
sional model of turbulence u,=(uu,—4u’), (with pu 
constant) has been linearized by E. Hopf.§ C. D. 
Majumdar’ used essentially the same transformation to 
solve the problem in thermal diffusion separation which 
is equivalent to the determination of concentration as 
a function of m and T in a square cascade filled with 
material of mol fraction yr of A. He considers only the 
case of no withdrawal from the top of the thermal 
diffusion column. It is interesting that all the workers 
mentioned above independently used essentially the 
same methods to solve three different problems. We will 
make a few remarks about the general linearization 
schemes in Appendix I. 

Equation (3.1) can be transformed into a more con- 
venient form by introducing the variables defined in 
(2.7) and the two new variables 

x=ny and t=Ty*/2r. 
Then (3.1) becomes 
Ur= (uz+u?),. (3.6) 


Proceeding in the manner of Hopf and Majumdar we 
introduce a new dependent variable which is defined by 


(3.5) 


o(x, exp f ud (3.7a) 
The inverse of this substitution is 
u= (log) z. (3.7b) 
Then (3.6) becomes 
(log¢):2= (gz2/¢)2; (3.8) 


which, upon integration with respect to x, yields 


gt= Pzzt+c(t) Y; 


where c(¢) is an arbitrary function of ¢. This function 
could be eliminated by introducing a new variable 
¢g*= g exp{ — fc(t)dt}, which would satisfy ¢,*= ¢.:*. 
However, since (logy*),=(logy)., Eq. (3.7b) shows 
that « and hence the concentration, c, is independent 
of c(t). We can therefore choose c(#)=0 for all ¢. Then 
our fundamental differential equation (3.1) is reduced 
to the heat conduction equation 


Gt= Prz- (3.9) 


7J. M. Burgers, Proc. Acad. Sci. Amsterdam 43, 2 (1940); 53, 
247 (1950). 

8 E. Hopf, Comm. Pure Ap. Math. 3, 201 (1950). Apparently 
the required transformation has also been known to C. D. Cole 
and V. Bargmann (see footnote on p. 252 of Burgers’ 1950 paper). 

°C. D. Majumdar, Phys. Rev. 81, 844 (1951). Majumdar also 
linearized 2V*9= ¢,2+ ¢,?+ 97 which occurs in a problem in 
theory ofjgeneral relativity Phys. Rev. 72, 390 (1947). 
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Fortunately (3.7) also linearizes the boundary condi- 
tions (3.3) to 


Gert kg:—aa.g=0 at x=Ny=/1, t>0, (3.10a) 
g:=(yr—a2)g at x=0, ¢>0, (3.10b) 


o(x, 0) = exp| f [co(z/P) ome ae |dz ’ 


t=0, x>0. (3.10c) 


Since these boundary conditions contain second deriva- 
tives, they are not of the usual Sturm-Liouville type. 
We shall make transformations which put them in a 
more classical form. 


4. INFINITE CASCADE 


The manner in which a concentration fluctuation in 
a region of a cascade far from either end is propagated 
through the cascade can be discussed in terms of an 
infinite cascade. Then one must solve (3.9) with the 
initial condition (3.10c). The range of x is —-27 <x<om. 

Before finding the exact solution of the nonlinear 
separation equation let us consider the case of an infinite 
cascade whose mole fraction of A at every stage is 
initially <1. Under this condition we can use the 
linearized form of (3.1) which is obtained by neglecting 
c? as compared with c: 


C:= {cz—c(1+x«)}-. (4.1) 


Since this equation is linear, we can interpret c as either 
the concentration of A or as the deviation of the con- 
centration of A from any stationary solution of (4.1). 
Equation (4.1) can be transformed into the heat con- 
duction equation in the new variable f defined by 


f=cexp{az2t—acx}. 


By employing the method of Fourier transforms it is 
easy to show” that in an infinite cascade 


c(x, t) = 4(at)~be- 22"! 
xf Co(z)e— 222-2) (1/40) (2-2) ge (4.2) 


= 





c(x, t)= a2t+[logy(x, #) J. 


f 


—o 


where ¢o(x) is the initial concentration distribution of 
A at time ‘=0, or the deviation of the initial concentra- 
tion distribution from a stationary state. Equation (4.2) 
is equivalent to 


c(x, D=Ha- co(Lx—t(1+ x) ]+v)e-O/49%" dy, 


—@ 


To see how a packet of A is propagated through the 
cascade we choose ¢o(x) to be proportional to a 6-func- 
tion. co(x)=€5(x)=0 unless x=0, and f5(x)dx=1 (ce 
is a small constant). Then 


c(x, t)=he(at)—) exp— {(1/4t)[x—1(1+«)*]}. 


Initially the peak of the distribution is at x=0. At time 
t it is at the point which makes the argument of the 
exponential function vanish, x=/(1+«). Hence, in our 
original time and stage number scale the rate at which 
the peak is propagated up the cascade is 


dn/dT =(p/2r)[1+(P/Fy) }. 


A measure of the spread of the packet with time is 
given by the standard deviation of c(x,/) from the 
mean. This is c=y(7/r)', so that the rate of spread of 
the packet is do/dT=})(rT)~!. Similar results have 
been obtained by A. Squires and H. Callen for the mode 
of propagation of contaminant through a cascade. 

The exact variation of c(x,/) if an infinite cascade 
is determined by solving g:=¢:: with the initial 
distribution 


ol, 0)=exp f (cola!) — ees), 


by the usual Fourier transform method" to obtain 


ol, 0)=4 60-9) fo exp| ff Cote/v)— ass 


—1(u—x)*/t i (4.3) 


The concentration of A as a function of x and ¢ is then 


(x— 1) exp| [o(s/¥)— asds—4(2—1)*/t} du 





(4.4) 


7 f. exp| ” ~e- otf [co(z/W)— ae ]dz \an 


Transient local fluctuations in concentration can be followed through the application of this formula." 


Titchmarsh, Theory of Fourier Integrals (Oxford University Press, London, 1937), p. 281. 

“ An analogous result has been obtained independently by W. H. Stockmayer in a problem concerning the theory of moving 
concentration boundaries in electrolytic cells. Such processes are also described by an equation similar to (3.6). This work is to be 
published in the Annals of the New York Academy of Science. 
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5. SEMI-INFINITE CASCADE 


Suppose we consider a finite cascade that is initially 
uniformly filled with feed material whose mole fraction 
of A is yr. The separation equation indicates that if 
c=constant for all x, then dc/8T=0 and c does not 
change with time. How then can separation start in this 
cascade if its feed stage is connected to an infinite 
reservoir whose concentration of A is yr? From the 
boundary condition (3.3), dc/dn=Yc(1—c) at the top 
of the cascade, we see that at the top stage dc/dn+0 
except at /=0. Hence, separation starts at the top and 
works its way down the cascade. If one wishes to deter- 
mine the manner in which separation of feed material 
starts, he needs only to determine the behavior of a 
semi-infinite cascade. This simplifies calculations con- 
siderably because the effect of the boundary condition 
at the feed stage can be ignored. The separating per- 
formance of a finite cascade can be approximated by 
that of a semi-infinite one until the variation of the 
concentration gradient from zero or its stationary value 
has been propagated to the feed stage. If T<2rN/yp 
this condition is satisfied. 

We number the stages of a semi-infinite cascade in 
such a way that »=0 (or x=0) corresponds to the top 
stage, n= —1 to that next to the top, etc. The boundary 
condition at the top is then 

OrrtkGz=1(1-—K)g=ajag at x=0. (5.1a) 
We let go(x) correspond to the initial concentration dis- 
tribution. The behavior of the cascade is then to be 
deduced from the “heat conduction equation”’ 


Prz= $1, (5.1b) 
with the initial condition, 
¢(x, 0) = go(x), (5.1c) 


and the boundary condition (5.1a). 
To find the complete solution of (5.1) we introduce 
the new function 2(x, ¢) defined by 
v(x, t)= grrt kgz—{(1—K)¢. (5.2) 


Then 2(x, ¢) is the solution of the classical problem” 


Vez= Vt, (5.3) 
v(0, 2) =0, (5.4) 
v(x, 0) = to(x) = go" +Kgo' —F(1—K*) go, (5.5) 


which corresponds to the flow of heat in a semi-infinite 
rod with one end kept at zero temperature and with the 
initial temperature distribution v(x, 0) =29(x). 


2 Carslaw, Conduction of Heat in Solids (Dover Publications, 
Inc., New York, 1945), p. 33. 
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The solution of (5.3) is!” 
v(x, t) = (1/2(at)}) f vo(x’) {expl— (x—«’)?/4¢] 
—exp[— (x-+a’)?/4t]} dx" 
v(z, #)= (1/2(xt)!) f Leo” (x’)+ x go’ (x’) 
—}(1—x*) go(x’) ]fexpl— (¢—2’)?/4¢] 
—exp[—(ct+2’)°/4t]}} dx’. (5.6) 


Given the analytical expression for v(x, /) we can 
determine ¢(x, /) by solving the nonhomogeneous equa- 
tion (5.2) which yields 


(x, t)=A(te™*+ B(t)e-™ 


+f v(z, t)Lea'e-2) — e222)" dz, (5.7) 
0 


where 


a= 3(1—Kx) and as=3(1+kx). (5.8) 


The arbitrary functions A(/) and B(t) are to be de- 
termined so that (5.7) actually satisfies (5.1a-5.1c). 
The following three identities will be useful in this 
determination: 


2200, )=Hatf so(y)(o/1) exp(—s/4)dy, (5.9) 


—=05 


z 
f erl2—2)(y,,—va1")dz 
0 


=v2(x, t)—v,(0, t)e7™ + ay0(x, t), (5.10a) 
f e~ 222-2) (9, — var2") dz 
0 
=v,(x, t)—v,(0, t)e-**— asv(x, t). (5.10b) 


Equations (5.9) follows directly from (5.6) whereas 
(5.10a) and (5.10b) are obtained by an integration by 
parts (with the use of 2(0, /)=0). 

Since v,=v,2, one obtains by differentiation of (5.7) 
and application of (5.9-5.10). 


A'(t)—a2A(2) 


=n f v9(z)(z/t) exp(—2?/4t)dz, (5.11a) 


—2o 


B'(t)—a?B(t) 


= = Hr f v9(z)(2/t) exp(—2?/4t)dz. (5.11b) 
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The solutions of these first-order linear equations are 


A (t)=exp(ta;’) A(0)— mf 74 exp(— ra;’)dr 
0 


| wo) f vo (2) exp(—#/4r)d}, (5.12a) 


— 


B()=exp(tax)} B(O)+ mf 7 exp(—raz*)dr 


0 


| co f V9 (z) exp(—#/4r)d | (5.12b) 


—e 


The constants A(0) and B(O) are found by substitut- 
ing (5.12a), (5.12b), and (5.5) into (5.7) when ‘=0. 
Then (after several integrations by parts) 
go(x) = e*™ [A (0)— go’ (0) — a2¢1(0) ] 

+e-=#[ B(O)+ go’ (0)— argo(0) ]+ ¢o(x). 


This equation can be satisfied for all x only if 
A(0)= ¢0'(0)+ a2¢0(0), (5.13a) 
B(O) = — ¢o'(0)+- a1 ¢0(0). (5.13b) 


The complete solution of the main boundary value 
problem (5.1) is (5.7) with v(z, ¢) given by (5.6), A(é) 
and B(t) by (5.12), and A(0) and B(0) by (5.13). The 
mol fraction of A, c(x, /) is the logarithmic derivative 
of (x, ?). 

As a special application of these results let us con- 
sider the early time behavior of a cascade initially filled 
with feed of concentration yr and with no withdrawal 
from the top. Then co= yr, uo= yr—}= —o and 


¢(x, 0) = go(x) = exp [ (ye—43)dx=exp—ox. (5.14) 
0 


Clearly when x=0, 

vo(x)= go" — ft go(x) = (o°—}) exp(—ox), 
so that 
v(z, t) = (0? —4)/2(xt)! 


0 


| xf exp(— ox’) {exp — (x’—z)?/4t] 
; —exp[— (x’+2)*/4t]}dx’, (5.15) 


A (0) = (3 — a) = VF; 


= a2=}3; 


(5.16) 
B(0)= (+0) = 1— yr. 
Then (5.11) implies that 
A (t)e7™'+ B(t)e~702 = e}*+1'— 29-4 sinhdx 
ya ot! 
xfer f eMdut dor'e [ exp(—«*)du}. (5.17a) 
4(t)? =a 
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We also have — 


f v(x, t)[[e12-2) — e-a2(2—-2) dz = (1/2(at)4) 


0 


x |4o sinh [ e~“? exp(— u?/4t)du 
+enf e-“? exp(— u?/4t)du 


z 
— ete f e—“? exp(— u?/4t)du 


—2 


+e f e}” exp(—u?/4t)du 
0 


ter f e*" exp(—1?/4t)du ; (5.17b) 
0 
Hence (after expressing the terms in (5.17b) as integrals 
of Gaussian functions) 


g(x, t)= ee?! 


® 


tater f exp(—1?)du 
if) —ixi~4 


zx 


—e f exp(—1#)dn ) 
sf +4217 


x 


trctet(ew f exp(—«*)du 
ixt) —ot) 
nih f 


— xt b_o/} 


x 


exp(—#)du), (5.18) 


Equation (5.18) can be simplified by introducing 
the function 


x 


O(a) =e f exp(— u?)du 
= exp(x*)(1—erfcx) =} exp(a*)erfx, (5.19) 
where 


erfam da f exp(— u*)du, 
0 


and erfcx is the so-called complementary error function 
(1—erfx). 


In terms of O(x) we have 


g(x, t)=exp[3x+ 41] 
+e 24} O(42!— 4d at-})— O(4+ 440-3) 
+ O($xt-)— ot!) — O(—4xt-?— at) }. 


(5.20) 
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To determine the mol fraction of A as a function of x and ¢ we use the relations (2.7) and (3.7b). Then 


for x<0, 


c(x, 2)=1-—— 


(1—yr)O(3at-!— ot) — yrO(—3at-— ot!) + O(4t!—}at-) 





O(3at-}— ot!) — O(— 3at-!— at!) + O(— fat +- 444) — OS at-?+ 41) + exp(Jat—}+ 4p)? 


The mol fraction of A at the top stage (x=0) at time ¢ 
has an especially simple form 


c(0, t)=3+4erf($0)— oe O-) "(1+ er f(ot}) ]. (5.22) 


6. FINITE CASCADE OVER INFINITE RESERVOIR 


In this section we consider the variation of the mol 
fraction of A as a function of time and stage number in 
a finite square cascade fed from an infinite reservoir. 
For the general problem of the variation from an arbi- 
trary initial distribution in a cascade with withdrawal 


rate P (corresponding to x= P/Ly) the fundamental 


equations are (after. linearization) 


t= Prez (3.9) 
Cret KGr—aja.g=0 at x=NY=/ for t>0, (3.10a) 
g:=(vyr—az)o at x=0, t>0, (3.10b) 


v(x, 0) =exp f [ co(x/wW) — ae Jdx at t=0, x>0. (3.10c) 
0 


Unfortunately, if one attempts to separate the variables 
in the usual way, the linear ordinary differential equa- 
tion in x with the boundary conditions (3.10a) and 
(3.10b) is not self-adjoint. This means that the charac- 
teristic functions of the appropriate linear operator do 
not form an orthogonal set. Hence, as the problem now 
stands, one has difficulty in fitting the initial condi- 
tions (3.10c). 

In order to reduce 3.9-3.10 to a more classical self- 
adjoint problem'* we follow the philosophy of Section 5 
and introduce a new variable w(x, /) which is defined in 
such a way that (3.10a) and (3.10b) are transformed to 
the more classical boundary conditions 


w(0,./)=0, (6.1a) 
w:+tdw=0 for (>0, x=1. (6.1b) 
Here 6 is a constant which is to be chosen later. 
Let 
w(x, L)= g2— f(x) ¢(x, t), (6.2) 


where f(x) is an arbitrary function of «. Then from (3.9) 
w(x, /) satisfies the differential equation 


Wrr= wr— 2wfz—[Lfrzt 2ffz le. (6.3) 

This is simplified by choosing f(x) to be a solution of the 
ordinary differential equation 

fest 2ff-=0 or 0/dxLf.+f?]=0, (6.4) 


13 A similar reduction has been made in a heat conduction 
problem, cf. A. N. Lowan, Phil. Mag. 17, 849 (1934). 


(5.21) 





for otherwise (6.3) would be an integro-differential 
equation in w(x, /). 


The boundary condition (3.10b) is equivalent to 
(6.1a) if 


f(0)= (yr— a2). (6.5) 
The boundary condition (3.10a) is equivalent to 


wat (f+x)wt ol fat f(f+x)—aia.]=0. (6.6) 


Hence, if 


b= fY+«, (6.7) 


and 


frtfUf+n)—a1a.=0 for x=/, (6.8) 


then w(x, /) satisfies our desired condition (6.1b). Now 
it is to be noticed that the differential equation (6.4) for 
f(x), and the boundary conditions (6.5) and (6.8) are 
exactly the same as those satisfied by the stationary 
solution of the fundamental equation (2.10), (2.12), and 
(2.10a). Hence from (2.11) 


f(x)=y tanh(xy+4o), (6.9) 


where po is given by (2.12) and vy by (2.8). 
The differential equation (6.3) is then 
Wt= Wert 2y*w sech?(xy+ do). (6.10) 


We separate the variables in the usual manner by letting 


w(x, t)= X(x)T (2). (6.11a) 

Then 
7’ = )°T, (6.11b) 
X"+[2y? sech*?(xy+69)—A2]X=0. (6.11c) 


Obviously 
T=exp(t)’). 


To find the solution of (6.11c) we note that the x-de- 
pendent factor of (3.9) is exp+Ax. This and (6.2) sug- 
gest the solution of (6.11c) to be 


X(x)=e**([+A— vy tanh(xy+5o)]. (6.12a) 


This can be verified by direct substitution into (6.11c). 
The general solution of (6.11c) is any linear combina- 
tion of the two solutions given by (6.12a) or 


X(x)=ALA coshAx+ B sinhAx ] 
—7[A sinhAx+ B cosh\x] tanh(xy+ 40). 


The constants A and B are to be determined from the 
boundary conditions (6.1). Since 


X(0)=AA—yBtanhd) and y tanhdip=yr—a2= uo, 
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(Eq. 2.11), we have A= Bup/d and 


X (x)= B’{ [wo coshAx+A sinhaAx ] 


— y[uo sinhAx+A coshdx] tanh(xy+69)}, (6.12b) 


where B’ is a new constant. In order for X(x) to satisfy 
the second boundary condition, \ must be a root of the 
transcendental equation (here we have used (2.11) 
and (2.8)) 


tanh A2(uo+ k) — Upc a2 | 


+dAlA2+ KU — aa |=0. (6.13) 
The general expression for w(x, ¢) is then 
w(x, )= >> Bye™*d;(uo coshxd;+ A; sinhdA;x) 
— y(uo sinhx\;+ A; coshxA,;) tanh(xy+4o) ], (6.14) 


where the constants { B;} are to be determined from the 
initial concentration distribution of A. 

We still have the problem of finding g(x, ¢) when 
w(x, ¢) is known. This is done by considering (6.2) as a 
linear differential equation for g(x, /) with w(x, ) as a 
nonhomogeneous term. The solution of this problem and 
the formula for the B,’s are derived in Appendix II. It 
is found that 


¢(x, t)= Bo cosh(xy+ doe’? + >> Bye*0,(x), 


7>0 


(6.15) 


where the \,’s are solutions of the characteristic Eq. 
(6.13), the B;’s are given by 


B= f w(x, ox,ade/ f X?(x)dx, 


(6.16a) 





with 
l 
if w(x, 0)X;(x)dx= (7y?—d,;) 
0 
l 
X | 2 el /ict f a(a)eole)de}, (6.16b) 
0 
v;(x) = uo sinhx\;+ A; coshxd,, (6.16c) 
eo(t)=exp f [olt/¥)—asldx, (6.164) 
0 
and 
l 
f X(x)dx=4(AZ—7) 
0 
X 2 )(u a > ?/) 
" {et Hut—27)— es Laeeronneet, Ghilte) 
(ay’—A?)(a2?—d,) 


The fina! constant By is chosen to make ¢/(x, /) go con- 
tinuously into go(x) as +0. Only one value of x needs 
to be used for this purpose. For completeness it might 
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be pointed out that 


vj(1)/x= dj(Aj?— uo?) 
Xcoshld;/[A;?(uo+ k) —_ Uyaias |. 


(6.17) 


Hence, there is no problem of (6.16b) becoming infinite 
as x—0 (i.e., in the case of no production). 

When no material is withdrawn from the top of the 
cascade the expression for (x, 1) becomes considerably 
simpler. Under this condition x=0, a:=a2=}, w= yr 


—}=—o, y=}, and tanhé)= — 2c. Then the character- 
istic Eq. (6.13) becomes 
o tanhX/=X. (6.18a) 


An equivalent form is 


cosh?\l= ¢?/(¢?— ?). (6.18b) 
These equations and (6.6c) imply that 
v;(x) cosh/A;= o sinhdA,;(/— <x). (6.19) 
Then 
g(x, t) = Boe** cosh(4x+ do) 
+o > (B;/cosh/d;) exp(td,?) sinhdA,(/—x). (6.20) 


We find By by noting that when x«=/ and t=0 


g(l, 0) = eo(l)=exp f Loala/¥ —} dx 


= Bo cosh(3/+ bo). 
But 
[cosh(}x+ 59)/cosh(3/+ 60) ] 
=[yrel+ (1—yr eV Lyrel+(1—yr)e"], 


Hence, after the proper reduction of (6.16) we finally 
obtain 





a 


ols, =| 
yre!+(1—yr)e! 


xexp| + f [eos/¥)—Be| 





2—}7 A; Goll 
42 > ad i¢o(l) 
* Co—Wo*—ds)]| 473 


l 
+ f go(y) sinha ;(7— »)ay| 


Xe sinh(I—x)A;. (6.21) 


When ¢o()=yr and P/Ly=x=0 we use 


7] 
J (yr—})dy= — oy, 
0 
l 


f e~*¥ sinhd ;(l— y)dy=d,e~""/(o?—d?), 
0 





oe 














UNSTEADY-STATE SEPARATION 


to obtain 
eletLypel+(1— yee] 
[yec!+ (1—yr)e*] 
(1—40")A; exp(—/e+1\,;) sinhd,;(/— y) 
; (442—1)o[1—Io(1—-AZo)] 





g(x, t)= 





(6.22) 


This is exactly the result derived by Majumdar’? for 
the corresponding problem in separation by thermal 
diffusion. 

We shall postpone discussion of the application of 
various solutions of the separation equations here ob- 
tained until the next paper of this series. There we shall 
plot concentration curves as a function of stage number 
and time for various types of unsteady plant opera- 
tions. Approximate equations will also be derived to 
describe these operations. Finally, the exact and simpli- 
fied approximate solutions of the separation equations 
will be compared. 


APPENDIX I. SOME REMARKS ON LINEARIZATION 
OF A CLASS OF NONLINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 


Let us consider the general second-order linear partial 
differential equation in variables 


>» A ijfriz3 +d A ifrx+ Af=0 f, j= 1, a ieee (I-1) 
ij i 


with fz;=0f/dx;, etc. Here the A’s may be functions 
of the independent variables {x;}. We introduce a new 
dependent variable « through 


where g(u) is some known function of uw. Then 


fzj= g (u)uz;, 
fejxi= g' (u)urjury+ g' (u)uziz;, 
and 


g”’(u) >> A curt; +g' (u) >> (A gttzixj +A juzid;;) 
ij ij 
+g(u)Au=0. (I-3) 


This is in general a nonlinear partial differential equa- 
tion whose detailed character depends on the choice of 
the function g(z). 

The class of functions g() for which a unique inverse 
u=g~'(f) exists generates a class of nonlinear equations 
which can be linearized through a transformation in the 
dependent variable. Of course it hardly needs to be said 
that the effective use of this linearization process is 
limited to those nonlinear boundary value problems in 
which the boundary conditions are also linear after the 
transformation. 


If u(x1, v2, --+, ¥n) is given on a surface 
“5 xn) =0, 


then f=g~'(u) can be specified on the same surface. 


w(x1, a, °* 
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The linearization is useful in this case. Although the 
boundary conditions required in this paper involved 
derivatives of « we were fortunate in that they were 
linearized by the same transformation which linearized 
the differential equation of interest. 

The special form of g, g(u)=expau linearizes all the 
problems mentioned in Section 3 of this paper. Then 


fi > A ijUaizst a > 2 (A ijlx,zj+A juxjb;;)+A u=0. (I-4) 
ij ij 


This reduces to the equation of Thomas? if n=2, a=c, 
Ay=Axn=0, A=}, Ay=A and Ao=B. It reduces to 
an equation of the form considered by Majumdar? in 
the general theory of relativity when n=3, A=O, 
q= —}, A= 63; and A;=0. 

The Burgers equation 


Ut= BUzz— UzU, 


and our cascade (and Majumdar’s thermal diffusion) 
equation 


Ut=Uzet 2uzu, 


are equivalent, as can be verified by letting ‘= 47 and 
x=—2yé in the Burgers equation (here 7 and é are the 
new independent variables). Although (I-5) is not of 
the form (I-4) as it stands, it is easily transformed to 
(I-4) by letting g= fo7 udx. Then ¢,=u and (¢,)-; 
=(¢.:+ ¢,"),. After integrating with respect to x, we 
obtain g:= 922+ ¢," which is the form of (I-4) if one 
lets n= 2, Ay= 1, Aj2=Ano=0, a= 1, A,=0, Ao= —1 
and A=0. 

It is easy to see that if g(u)=u**! and A=0, then 
(I-3) is a “quadratic” equation 


Q : A ijlzuzj+), (A iGUUajzj +A uuz;5;;) ==(), 
ij ij 


The reader can easily construct many other equations 
from (I-3). 

Other classes of nonlinear equations analogous to 
(I-3) can be generated by transformations such as 
f=hg(ku) where h and k are known functions of 
(x1, %2, -**, Xn) and g is a known function of ku. One 
can proceed in a similar manner with simultaneous 
linear equations in several dependent variables. 

The authors are indebted to Professor C. Arf for a 
useful discussion concerning this appendix. 


APPENDIX II. DERIVATION OF EQUATION (6.15) 


In Section 6 we gave the final expression for g(x, ¢) 
without proof. Here we shall start with (6.14) and 
supply the required steps in the derivation of (6.15). 

The function g(x, /) can be obtained from (6.2) in 
terms of w(x, /). Then 


ole, =| a+ f * dtw(G, 0 exp( - f foddy) | 


Xexp f f(y)dy, (II-1) 
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where a(¢) is an arbitrary function of ¢ (the integration 
“constant”). We choose a(t) so that g(x, ¢) satisfies 
Gr2= ¢. From (II-1) 


¢i— ex=|exp f fo)dy ar aft. P)-0.0, t)}. 


Hence to make ¢:= ¢.2, we require 
a.=a(fe+f?)+w2(0, 0). (II-2) 


Since f(x)= y tanh(yx+ 59), f-+/?=y? we have 
t 
a(t) = do explly’)-texp(tr’) f w2(0, r) exp(—ry")dr, 
0 
where dp is in a constant. Then 


(x, t)=sechdo cosh(xy+ 60) | dy exp(ty”) 


t 
texp(ty*) f w(0, r) exp(— ry*)dr 
0 


+f w(£, t) coshdo sech(r-+ 5). (II-3) 
0 


To eliminate w,(0, 7) and w(é, /) we use (6.14). Then 
from the definition of mo, 59, v;(x) (Eq. 6.16c), etc. 


w,(0, t)= Zz \;B; exp(A7)(A?— 7’), 


t 
f w-(0, 7) exp(— r7”)dr =>, A; B;fexp[(A7—y*)t]—1}, 
0 


f w(t, t) sech(Ey+ 59)dé 
0 


=>> B; exp(td7) {0;(x) sech(xy+ 59) — A; sechdo}. 
Hence 


g(x, t)=sechdy cosh(xy+ 69) (ao— >_ A; B,)er"* 
+)>° B; exp(td,;”)0;(x). 


Now > A;B; is independent of x. Therefore we lump all 
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constants into By and find 


¢(x, t) = By cosh(xy+ 5o)et”” 
+z, B; exp(td/?)v,;(x).  (IT-4) 


Unfortunately, since the functions {v,;(x)} do not 
form an orthogonal set we must return to the initia] 
conditions on w(x, ¢) to determine the constants { B;}. 
The characteristic functions 


X j(x) =0;'(x) — f(x)v,(x), (II-5) 


of (6.11) do form an orthogonal set if the \,’s are simple. 
Hence, from (6.14) 


l I 
B= f w(x, Ox (a)ds / f X7(x)dx. (II-6) 
0 0 


Now (6.2) implies 


l 
[= f w(x, 0) X (x)dx 
0 
l 


sap f L ¢20;' (x) a f( Pret frrjy |dx 
l 


= en's) — (f¢2)) 


0 


l 





0 


% 


Since f,+f?=y?, 0;=d,;72;, 2(0)=d,, 2;'(0)= Modo, 
f{(0)=0, we have 


h=[oll, 0)0)—fO el, On,(0)] | 
+7) f vj 9(x, O)dx. 


0 


l 


go"(ade f gi;( ft f*)dx. 


The transcendental equation (6.13) implies that 


xv,’ (l) —9,(1) f() J= (v?—A,?)0 (1). 
Hence, 


l 
b= (F-¥9){ (0 ea)/et f n(s) ool). (II-7) 


One can derive Eq. (6.16e) for fj! X;*dx in a similar 
manner. 





JO 
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A simple iterative procedure is developed for the determination of eigenvalues and eigenfunctions asso- 
ciated with the solution of Sturm-Liouville problems in a finite interval. Both the frequency and the dis- 
placement for a given mode may be determined with an accuracy which is independent of the accuracy in- 
volved in the calculation of other modes. Convergence of the iteration process is rapid, and the successive 
approximations to a given eigenvalue are shown to form a monotone sequence. The method is particularly 
useful when the coefficients of the differential equation are not expressed in analytical form. 


INTRODUCTION 


ERTAIN boundary value problems of interest in 

physics and engineering give rise to Sturm-Liou- 
ville systems for which even the approximate determina- 
tion of eigenvalues and eigenfunctions is difficult. 
Although in such instances the calculation of the lowest 
eigenvalue and the first eigenfunction is usually simple, 
the methods for the determination of higher eigenvalues 
and eigenfunctions are generally tedious. For example, 
the method of ‘sweeping’ requires the choice of trial 
functions which are already orthogonal to the lower 
modes, while the Rayleigh-Ritz procedure involves the 
solution of many simultaneous equations or the de- 
termination of the roots of a polynomial of large degree 
if very good approximations to the eigenvalues are 
desired. In fact, most methods usually require the 
simultaneous solution of a number of algebraic equa- 
tions.” 

A simple, iterative scheme of calculation is presented 
here which, in principle, yields all modes and the corre- 
sponding eigenvalues with any desired accuracy, and 
which does not require the choice of a trial function 
which is orthogonal to the lower modes. The essential 
feature of the method is that it requires the direct 
solution of a related initial value problem, rather than 
the solution of the actual boundary value problem 
itself. A special advantage is that the accuracy of de- 
termination of a given eigenvalue and the corresponding 
eigenfunction is independent of the accuracy involved 
in computation of all other modes, and depends only 
upon the accuracy with which one obtains a solution of 
the related initial value problem. The calculations in- 
volve the numerical integration of a second-order 
ordinary differential equation, and are quite routine 
and simple in their nature; the method being particu- 
larly useful when a desk calculator is available, and 


* Present address, Stanolind Oil and Gas Company, Tulsa, 
Oklahoma. 

t Presently on leave with the ONR, Mathematics Branch, 
Washington 25, D.C. 

1L. Beskin and R. M. Rosenberg, J. Aeronaut. Sci. 13, 597 
(1946). 

2See, for example, L. Collatz, Eigenwertprobleme (Chelsea 
Publishing Company, New York, 1948), p. 264. 


when it is desired to calculate only the first two or three 
modes. In the following paragraphs the principle of the 
iteration method will first be developed, and then a 
numerical example will be chosen to illustrate the 
method. 


THE ITERATION METHOD} 


Consider 


L(u)=(pu'’)'—qu=—dwu O0<x<1 


1 
u(0) =0, f wurdx = 1 (1) 


u’(1)=0, (2) 


with p(x), p’(x), g(x), and w(x) continuous in 0<x<1, 
and p(x)>0, w(x)>0 in 0<«*<1.§ Then there exists* a 
countable number of eigenvalues Aj, Av, -*-An, «+: and 
corresponding eigenfunctions (x), u2(x), «++ u,(x), -+° 
such that , has precisely n—1 zeros in 0<x<1. 

If u(x, X) is a solution of (1), then upon multiplica- 
tion of (1) by « and integration over the region 0<x<1, 
there results 


1 
=f (pu’?+qu?)dx— p(1)u(1, A)u’(1,). (3) 
0 
Lemma 
1 
Doy= f (pu+qu?)dx 


is a monotone increasing function of \ for \>A,, where 
u(x, A) satisfies (1). 

t Although the following discussion applies to the solution of 
symmetrical problems, the extension of the method to unsym- 
metrical cases involving general, homogeneous boundary condi- 
tions should be obvious. : 

§ The prime will be used throughout to denote differentiation 
with respect to x. 

* For a complete discussion of this theory see E. L. Ince, Ordi- 
nary Differential Equations (Dover Publications, New York), first 
American edition, Chapter X. 
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Fic. 1. Variation of the function u(x, 4) where wu is normalized 
and satisfies the equation (pu’)’—qu+Awu=0 with the initial 
condition «(0) =0. 


Proof 


The derivative dD/dd exists and is given by the 
following. 


1 
a/an=2 f [ pu’ (du’/dd)+qu(du/dn) |dx 
0 


l 
-2f (du/dd)[ — (pu’)'+qu |dx 
0 
+ 2p(1)u’(1, A)du(1, \)/dd 
1 
dD/dd=2 f wu(du/dr)dx 
0 


+2p(1)u’(1, \)du(1, r)/dr. (4) 


But by differentiation of the normalization condition 
stated in Eq. (1), 


1 
f wu(du/dr)dx=0. (5) 
0 . 


Therefore 
dD(d)/dX=2p(1)u’(1, A)du(1, A)/dd. (6) 


In Fig. 1 are shown several functions u(x, A) for » 
near Xs. The general behavior of u(x, ) is known.‘ 
Upon inspection of Fig. 1 the truth of the lemma is 
intuitively obvious. This follows directly from the fact 
that u(1, A) has either a relative maximum or minimum, 
if and only if «’(1, 4) =0. A simple consideration shows 
that #’(1, 4) and du(1, A)/dd are both of the same sign. 
Thus, the only stationary values of D(A) are inflection 


points. 
Theorem 1 


The eigenvalues of (1) and (2) are stationary values 
of D(A). 


* See reference 3, pp. 231-233. 
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Proof 


Since p(1)>0 by hypothesis, dD/dd vanishes only at 
the zeros of u’(1, \) and du(1, A)/dd. But since w’(1, \) 
and du(1, A)/dX are oscillating functions of \ and are 
both of the same sign by the foregoing lemma, du(1, \) 
/dy\=0, if and only if w’(1, \)=0. Therefore, D(A) has 
an inflection point only when w’(1, 4) =0. But this is pre- 
cisely the condition that \ be an eigenvalue of (1) and 
(2), and hence the theorem is proved. 

Figure 2 depicts the behavior of D(A) for the special 
case p=1, g=0, and w=1. Under these conditions (1) 
becomes 


u’+ru=0 
l 
u(0)=0, ff arm, (7) 
0 


The eigensolutions are, for u’(1)=0, u(x, An)=un(x) 
=v2 sin(n—4)arx with \,=[(n—4)z FP. 

Now let \,,“” be a first approximation to A, such that 
Mn—1<An™ <u, where wn; and yp, are the n—I1st and 
nth eigenvalues of (1) with the conditions (0) 
=u(1)=0.|| There are several methods for estimating a 
suitable value for \,“”. If w(0)>0, one method is to 
compare (1) with the eigenvalues of the following 
problem 


M (v)= (pv’)’—qu= — rw 
1 
v(0) =0, f wr-dx= 1 (8) 
0 


v’(1)=0, (9) 


where p= max p(x), @= max g(x), and w= min w(x). 
Osx OsxSl1 Osxsl 


This method is useful for the estimation of lower eigen- 
values, whereas the estimation of the higher eigenvalues 
may be facilitated by a knowledge of the values of the 
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Fic. 2. Behavior of the function D(A) = /t'(pu’?+-qu*)dx where 
u is normalized and satisfies the equation (pu’)’—qu+Awu=0 with 
the initial condition u(0)=0. 


|| A separate consideration is necessary for A. 
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ITERATIVE 


lower ones. Another method of approximation is to 
use the asymptotic expression for the eigenvalues.*® 


sen [or—pe/ f (=) 49] +00, 


The Rayleigh quotient® will also yield an estimate of 
d, even if a trial function is chosen which is not orthog- 
onal to the lower modes. In general, however, the best 
aid in selecting a value for A, is a little familiarity 
with the differential equation itself and the boundary 
value problem under consideration. 

Now, if wnri<An<un, then u(x, rA,“) will have 
precisely n—1 zeros in 0<x<1 where u(x, \,,") satis- 
fies (1). Equation (3) becomes for these conditions 


(10) 


An? = D(A,) — p(1)u(1, An®)w’(1, An®). = (11) 
Now define 
dn? = Dra). (12) 
Then 
An =AnM+G(An™), (13) 
where 
. G(A)= p(1) (1, A)w’ (A, A). (14) 
Or continuing the iteration process 
dn At) =), O4G(Ay*), (15) 


Theorem 2 


The sequence of approximations A,“ converges 
monotonically to \,, where A,“ = D(A,*-”). 


Proof 


By consideration of Fig. 2 the proof is obvious. If 
Bn1<An<A, then A,AtTYP=DA,™)>A,©. But 
hn At) = D(A,,“*’) <A, because of the monotone char- 
acter of D(A). Similarly for An<An™<pn. Now, since 
the d,,*) from a monotone sequence they have a limit 
point X,’. Thus A,’—A,““ = D(A, 4») D(,,’). There- 
fore A,’=An. By the continuity of wu, u(x, d,“*) 
u(x, An) =uU,(x). 


NUMERICAL EXAMPLE 


In the following example we have chosen a boundary 
value problem whose exact solution is known so that the 
iteration procedure might be compared step by step 
with the analytical solution. The present method is by 
no means restricted, however, even to those cases in 
which p(x), g(x), and w(x) are expressed in analytical 
form, but is readily adaptable to the solution of prob- 


lems in which these functions are given in the form of 
tables. 


5 See reference 3, pp. 270-273. 
6 See reference 2, p. 70. 
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TABLE I Successive. approximations to u(x) and 4 where 
u(x) is normalized and satisfies the equation (xu’)—(1/x)u 
+dxu=0 with the conditions u4(0)=0 and u,/(1)=0. Aq is the 
fourth root of the equation J,'[(A)?]=0. 











K 1 2 3 4 C) 

4%) 120.905 131.870 136.869 137.031 137.031 

x ua) (x) u42)(x) u4')(x) ua) (x) ua(x) 
0 0 0 0 
0.1 2.8378 2.9471 2.9838 2.9855 2.9855 
0.2 3.3513 3.2872 3.2391 3.2381 3.2381 
0.3 1.3322 0.9758 0.8102 0.8051 0.8051 
0.4 — 1.2184 — 1.5503 — 1.6720 — 1.6746 — 1.6746 
0.5 — 2.0583 — 1.9404 —1.8460 - —1.8431 — 1.8431 
0.6 —0.7567 — 0.2307 0.0062 0.0153 0.0153 
0.7 1.0888 1.4590 1.5634 1.5663 1.5663 
0.8 1.5926 1.3360 1.1531 1.1462 1.1462 
0.9 0.4180 — 0.2424 —0.5199 —0.5281 —0.5281 
1.0 — 1.0616 — 1.3840 — 1.4194 — 1.4194 — 1.4194 








In Eq. (1) let p(x)=-x, g(x) =1/x, and w(x) =x. Then 
(1) becomes 


1 
(xu’)’—--u+dxu=0 O0<x<1 
x 


1 
u(0)=0, f xudx=1 
0 


(16) 
u’(1)=0. (17) 
The exact solution of (16) and (17) is 
Un(x)=Jil(An) ix ]/Nn, (18) 
where X,, is determined from the expression 
Jy'TAn)*J=0. (19) 
The normalizing constant has the value 
N2=(An— UWI PLAn)*)/2an. (20) 


Now suppose it is desired to determine the 4th eigen- 
value and corresponding eigenfunction of (16) and (17) 
according to the present iteration method. We calculate 
ds from Eq. (10) with n=4. 


lyy\t FP 
niv=| 74/2 f (=) ax | = 120.05, (21) 
0 x 


Substitution of this value of A, into (16) followed by 
integration{] yields the results shown in Table I. One 


may immediately determine from these results G(A4™) 
= 10.965. Hence 


Ag = dg + 10.965 = 131.870. (22) 


The next integration yields G(A,°) = 4.999, resulting in 
A = 136.869 which is within 0.1 percent of the true 


{| In practice, any of the standard methods of integration of 
linear, second-order differential equations are applicable. Formulas 
for numerical solution of second-order differential equations are 
given, for example, by W. E. Milne, Numerical Calculus (Prince- 
ton University Press, Princeton, New Jersey, 1949), Chapter V, 
and by others. 
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eigenvalue \4= 137.031. Table I summarizes the results 
of the iterative process carried out to K=4. The corre- 
sponding «(x) is compared with the exact solution of 
(16) and (17). The approximation \,‘ agrees exactly 
with the eigenvalue \y=137.031 to the number of 
decimals given. 


CONCLUSION 


An iterative method has been developed for the solu- 
tion of eigenvalue problems associated with Sturm- 
Liouville systems. The convergence of the sequence 
\,“ is shown to be monotone, and is, in fact, reason- 
ably rapid, as is demonstrated in the numerical example. 

The eigenvalues and eigenfunctions may be deter- 
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mined subject to the accuracy with which Eq. (1) may 
be integrated for a given value of X. In the cases in 
which p(x), g(x), and w(x) are expressed in analytical 
form, Eq. (1) may be integrated exactly as an infinite 
series in x and X. In such situations the quantity G()) 
may be expressed in analytic form. The present method 
is even more appropriate, however, in those cases in 
which p(x), g(x), and w(x) exist only in the form of a 
table of values given as a function of the argument xz, 
a situation which is common to many problems of 
physical interest. Under these conditions (1) may be 
solved by numerical integration and the function 
G(A)= p(1)u(1, A)w’(1, A) determined numerically for 
each successive approximation. 
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The spectroscopic character of the luminous trails generated by ultra-speed pellets has been investigated. 
A total of seven spectrograms have been measured and reduced. Three of these were of 5.0 km/sec aluminum 
pellets; two were of 5.9 km/sec magnesium pellets; one was of a 6.0 km/sec magnesium-lithium-aluminum 
pellet; and one was of a titanium pellet whose velocity was estimated at about 4.5 km/sec. 

The pronounced features of the spectrograms are: (1) AlO bands in the aluminum spectra, (2) Mg lines 
and MgO bands at the magnesium spectra, (3) strong Li lines and a pronounced continuum in the mag 
nesium-lithium-aluminum spectra, and (4) TiO bands in the titanium spectra. Other features of the spectra 
are: (1) prominent AII lines at \A3944 and 3961 and a relatively weak continuum in the aluminum spectra, 
(2) a stronger continuum in the magnesium spectra, and (3) relatively weak MgO bands in the Mg-Li 


spectra. 


The time resolved spectra show that the AlO persists in the excited state twice as long as the aluminum. 
The aluminum oxidizes almost completely leaving AlO in an excited state which continues to emit light after 


the aluminum is burned. 


INTRODUCTION 


N general, an ultra-speed body moving through air 

is followed by an extended luminous trail. Previous 
spectroscopic observation of such trails has been con- 
fined largely to the studies of meteors. Excellent dis- 
cussions of the meteor observations have been presented 
by Millman' and’ Russell.2 Meteor spectra consist of 
the lines of ionized metals. 

R. W. Wood* has reported spectrograms of the 
metallic jets formed by cavity charges. In this case, 
the identified lines could be associated with the material 
of the metal liners. Numerous other unpublished data 
obtained both at the U. S. Naval Ordnance Test Sta- 
tion and at other laboratories are in substantial agree- 
ment with Wood’s observations. 

Previous studies have been made under difficulties. 
Observations on meteors cannot be made under con- 

* Work supported by Armament Branch, ONR. 

t Part I ms this series appeared in January 1952, J. Appl. Phys. 

1 P. M. Millman, Harvard Coll. Obs. Ann. 82, 131 (1932). 


2 J. A. Russell, Contrib. Meteoritical Soc. 4, 250 (1950). 
3 R. W. Wood, Phys. Rev. 71, 471(A) (1947). 


trolled laboratory conditions. Investigations using con- 
ventional shaped charges suffer from two disadvantages: 
(1) it is always necessary to observe a group of frag- 
ments and (2) the initial shapes of the fragments are 
not known. 

In the present study it has been possible to fire in- 
dividual ultra-speed metallic pellets under more or less 
controlled laboratory conditions. Excellent spectro- 
grams of the luminous trails have been obtained. It is 
possible to infer certain facts regarding the origin of the 
luminosity of the pellet’s trail. This part of the report 
describes in detail the observed spectra and discusses 
the inferences that have been drawn. 


EXPERIMENTAL ARRANGEMENTS 


Several arrangements have been used to obtain spec- 
trograms. R. W. Wood in his experiments with cavity 
charges used the luminous metallic jet as a line source. 
Many excellent spectrograms have been obtained in a 
similar manner. An example of such a spectrogram is 
reproduced in Fig. 1. This method has the advantage 
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of simplicity in the arrangement of the experiment since 
the luminous trail is used in lieu of a slit. Many other 
spectrograms were taken with a crudely constructed 
field spectrograph. The spectrograph consisted of a 5-ft 
box with an adjustable slit at one end and a camera 
at the other end. This spectrograph was placed close 
to the trajectory of the pellet. The way in which the 
box was used is evident in Fig. 1 of Part I. 

All of the spectra, except the time-resolved spectra, 
which will be discussed later, have been obtained with 
a Combat Graphic Camera used in conjunction with a 
transmission grating. The camera lens was an /:4.7 
Ektar, 127 mm focal length. The grating was a Wood’s 
replica with 14,438 lines per inch. A collimating achro- 
matic lens of focal length 55 in. was placed in front of 
the grating when the box spectrograph was used. A 
General Radio High-Speed, continuously-moving film 
camera with a f:2.9, 100 mm focal length lens was used 
to obtain the time-resolved spectra. The camera, fitted 
with a 60-degree flint prism, was placed at the open 
end of the box. The film was moved at a velocity of 
about 35 ft/sec, parallel to the slit. The slit was about 
4 in. long. For optimum results, the slit width was set 
at about 0.8 mm. A mercury vapor lamp was used to 
furnish comparison spectra. 
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Fic. 1. Spectrogram of the luminous trail generated by a 
5.0 km/sec aluminum pellet. 


ULTRA-SPEED PELLETS. 


PART II 199 





PELLET 


HG COM- 
PARI SON 





x a 
ow ww 
Ee g 
NS ° 


PELLET 


HG COM- 
PARISON 





PELLET 


HG COM- 
PARISON 
(c) 


ZERO 
ORDERS 


“4453 
-5166 


vt 
0 
n 
YT 
PELLET 
HG COM- 
PARI SON 
(¢) 


Fic. 2. Spectrograms obtained with the box spectrograph. 











(a) Aluminum—5.0 km/sec; (b) Magnesium—5.9 km/sec; (c) 
Magnesium-lithium—6.0 km/sec; (d) Titanium—approximately 
4.5 km/sec. 


MEASUREMENT AND REDUCTION 


A total of seven spectrograms have been measured 
and reduced. Three of these were of aluminum pellets, 
two were of magnesium pellets, one was of a mag- 
nesium-lithium-aluminum pellet,? and one was of a 
titanium pellet. A typical spectrogram of each pellet 
is reproduced in Fig. 2. 

Each spectrogram was measured in a conventional 
manner. Only first-order spectra were used. All lines 
were measured from the zero order as a reference point 
for both the pellet spectra and the comparison spectra. 
The measures were reduced in the usual way by applica- 
tion of a quadratic equation.® As is evident from Fig. 2, 
the zero order of the comparison spectra and of the 
pellet spectra are not colinear on all the plates. The 
displacement was caused by slightly different orienta- 
tions of the camera during the two exposures. A cor- 
rection was applied for this displacement. 


SPECIAL CHARACTERISTICS 


The data have been grouped in Table I with respect 
to pellet material and wavelength. The first column 
gives the number of plates on which the line was ob- 
served. The measured value of each wavelength is listed 
in the second column. When the line was observed on 

‘ The composition of this pellet is given in Part I. 


5R. A. Sawyer, Experimental Spectroscopy (Prentice-Hall, Inc., 
New York, 1944), p. 238. 








200 WHITE, 


Taste I. Wavelengths of lines and bands in the spectra of 
the trails of ultra-speed pellets. 














— y Ob d Vi 
Gai. a” «<i Line identification 
was meas-_ length of in- Accepted wavelength 
ured A tensity* A Source 
Pellet material: 2S —O Aluminum alloy 
3 3943.9 6 3944.54 Al 
3 3961.5 7 3961.54 Al 
2 4471.2 2 4470.5 Alo 
3 4490.9 2 4494.0 band» AlO 
3 4514.8 1 4516.3 Alo 
3 4647.1 7 4648.2 | Alo 
3 4671.5 4 4672.0 > band Alo 
3 4693.3 2 4694.6 Alo 
3 4841.2 10 4842.1 band AlO 
3 4866.2 3 4866.1 f °*" AlO 
3 5076.5 7 5079.3 Alo 
3 5098.7 5 5102.1 Alo 
3 5120.8 3 5123.3 band AlO 
1 5139.8 1 5142.9 Alo 
1 5155.2 1 5160.8 AlO 
1 5330.2 2 5336.9 AlO 
1 5342.8 3 5341.07 Mn 
2 5352.3 1 5358.1 >} band AlO 
3 5371.0 2 5377.4 AlO 
2 5391.8 3 5394.8 ] AlO 
3 5452.9 7 5460.73 Hg 
2 5892.5 5 5892.62 Na 
1 6000.8 1 6017.31 Mn 
Pellet material: Magnesium 
1 3256.6 2 several blended lines Fe 
1 3279.3 5 several blended lines Fe 
1 3726.3 8 several blended lines Fe 
1 3836.7 8 3833.55 Mg 
1 4364.9 3 4351.9 Mg 
4820.1 4818.5 > 
2 to 4 to band MgO 
4893.6 4949.5 |! 
4983.7 4985.9 
2 to 9 to band MgO 
4992.7 5007.3 
5167.33 
1 5162.4 4 5172.68 blend Mg 
5183.60 
2 5880.7 4 5892.6 Na 
Pellet material: Magnesium-Lithium-Aluminum alloy 
1 3906.4 2 3915 Li 
1 4604.2 4 4602.29 Li 
4962.1 MgO 
4961.6 4971.9 Li 
1 to 3 4974.5 — MgO 
5003.2 4985.9 f 7a" MgO 
4996.7 MgO 
5007.3 MgO 
1 5887.1 4 5892.95 Na 
1 6099.6 10 6103.6 Li 
Pellet material: Titanium 
1 4453.7 4 4402.1 band TiO 
1 4936.8 6 4954.6 band TiO 
1 5154.5 8 5166.9 band TiO 











* Intensities of lines are indicated by the numbers 1 to 10, the latter 
the higher intensity. 

> The rotational structure associated with the individual bands could 
not be resolved. 


more than one plate, the average value is given. A 
visual estimate of the relative intensity of each line is 
listed in the third column. The line structures were 
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identified as molecular bands® and atomic lines.’~* The 
identified line and the source are listed in the last 
column of the table. 

Three types of emission spectra, line, band, and con- 
tinuum, are present in all the spectrograms. Much of 
the titanium spectrum was obscured by radiation from 
the products of explosion. 

The most pronounced features of the spectrograms 
are: (1) AlO bands in the aluminum spectra, (2) Mg 
lines and MgO bands in the magnesium spectra, (3) 
strong Li lines and a pronounced continuum in the 
magnesium-lithium-aluminum spectra, and (4) TiO 
bands in the titanium spectra. Other features of the 
spectra are: (1) prominent AII lines at \A3944 and 3961 
and a relatively weak continuum in the aluminum 
spectra, (2) relative to the lines and bands the intensity 
of the continuum in the magnesium spectra is stronger 
than in the case of aluminum, and (3) relatively weak 
MgO bands in the Mg-Li spectra. 

The yellow sodium doublet appears in the magnesium 
and aluminum spectra. It has approximately the same 
intensity in both spectra. The source of the sodium may 
be the soil of this area which has a high alkali content. 

The lines at \A5452.9 and \X6000.8 correspond with 








a 
DIRECTION OF MOTION OF FILM 








Fic. 3. Time resolved spectra of 5.0 km/sec aluminum pellet. 


®R. W. B. Pearse and A. G. Gaydon, The Identification of Mo- 
lecular Spectra (Chapman and Hall, Ltd., London, 1950), second 
edition. 

7C. D. Hodgman, Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, Ohio, 1948), thirtieth 
edition. 

® Massachusetts Institute of Technology, M.J.T. Wavelength 
Tables (John Wiley and Sons, Inc., New York, 1939). 

°C. E. Moore, Contrib. from Princeton Univ. Obser. 20, (1945). 
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TaBLE II. Persistence of the burning trail of the aluminum pellets. 











Persistence on indi- 
vidual plates 


Wavelength 
A Source in w sec 





3944 Al 74 

74 

74 

145* 
4842 Alo 145 
145 
145 

221° 








* These values of persistence are anomalous, but the difference in the 
times of persistence of the band and line is very nearly the same as that for 
the other pellets. 


those of mercury, \A5460.73, and manganese, \X\6017.31, 
respectively. These are very strong lines in the spectra 
of the two elements and would be expected to appear 
even if the elements were present in minute quantities. 
In addition, the 2S—O aluminum alloy used was known 
to have 1.2 percent manganese as a basic constituent. 
A faint line appeared near the aluminum doublet on a 
number of the spectrograms. This line, which was too 
weak to measure on a comparator, is not listed in Table 
I. However, a rough measurement made with a milli- 
meter rule established the wavelength as \A4049, a 
value close to a strong mercury line at \\4046. A few 
iron lines were found in the blue region of the mag- 
nesium spectra. 


TIME-RESOLVED SPECTRA 


Several time-resolved spectra, a typical example of 
which is reproduced in Fig. 3, were obtained with the 
General Radio High-Speed Camera. The film was moved 
parallel to the spectrograph slit at a velocity of approxi- 
mately 35 ft/sec. The persistent times of the AII lines 
and the AlO bands were compared by measuring the 
lengths of the lines and of the strongest AlO band, 
\\4842. A correction was made for the length of the 
image of the slit. Table II gives the wavelength and 
persistence of each line on the individual plates. 

The lines and the bands seem to appear simultane- 
ously on the film. The time resolution, however, of the 
General Radio Camera is not high since the writing 
speed was only 0.01 mm per microsec. The luminous 
trail persists 0.1 to 0.2 millisecond. This persistence is 
substantially in agreement with that observed on 
streak photographs. The aluminum oxide persists 
about twice as long as the aluminum. 


DISCUSSION 


The spectra of the trail of ultra-speed pellets depends 
on the composition of the pellet. There is no evidence 
for the excitation of ‘the O. and N» bands in the visual 
region of the spectra of the pellets. The dependence of 
the characteristics of the spectra on velocity has not 
been explored. 

The trail of an ultra-speed pellet is luminous because 
of burning and excitation of material that is ablated 
from the surface of the pellet. The impact of air mole- 
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Fic. 4. Plot of data used to obtain the effective vibrational 
temperature of the trail of an aluminum pellet. 


cules on a pellet raises its surface temperature to a 
point where the metal either melts or vaporizes. This 
ablated material then collides with air molecules. 
Oxidation results. 

In the case of aluminum, a temperature of the lu- 
minous trail has been calculated from visual estimates 
of the relative intensities of the bands. This temperature 
has been calculated by the relation’? where v is the 


| 





he 
log >> —=C,——G"(V”), 
ve’? A kT 


Vy'y’ 


quantum number of the vibrational state, Jem.°’”’’ is 
the intensity of the band emitted by the transition 
v'’—v', C; is a constant, G’(V"’) is the energy of the 
vibrational slate, #4 is Planck’s constant, c is the ve- 
locity of light, & is Boltzmann’s constant, and T is the 
temperature in degrees Kelvin. The summation is 
taken for all observed bands that originate from the 
same energy level. A plot of the present data, Fig. 4, 
yielded a temperature of 4100°K for the effective 
vibrational temperature. 


SUMMARY 


The trails generated by ultra-speed pellets exhibit 
several types of emission spectra. These types are: con- 
tinuous, line, and band. Furthermore, there is a marked 
difference between the spectra that depends on the com- 
position of the pellet, i.e., aluminum is characterized 
chiefly by AlO bands, magnesium by MgO bands and 
magnesium lines, magnesium-lithium by lithium lines 
and MgO bands with a strong continuum. From the 
intensities of the AlO bands a temperature of 4100°K 
was calculated. 

The time-resolved spectra show that the AlO persists 
in the excited state twice as long as the aluminum. The 
vaporized aluminum oxidizes to AlO leaving AIO in an 
excited state. 


10 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., New York, 1950), second edition, p. 203. 
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The Reversion Method for Solving Nonlinear Differential Equations 


Louis A. Pipes* 
University of California, Los Angeles, California 
(Received July 23, 1951) 


The subject considered in this paper is the presentation of a method for the solution of ordinary nonlinear 
differential equations of a certain type. The method is based on the algebraic procedure used in reverting 
power series. By the use of this method, ordinary differential equations having certain type of nonlinearity 
are reduced to systems of linear differential equations. The resulting linear differential equations are then 
solved by the Laplace transform or operational method. The general procedure is illustrated by means of 
examples, and the method is applied to nonlinear electric circuits. 


I. INTRODUCTION 


T is the purpose of this discussion to present a method 
that is applicable to the solution of nonlinear differ- 
ential equations of a certain class. The method under 
consideration is based on an algebraic procedure that 
reduces nonlinear differential equations to a system of 
linear differential equations. When the methods of the 
Laplace transform theory are applied to the solution of 
the resulting system of differential equations, the 
method saves a great deal of numerical effort. This 
method was suggested to the author by Mr. A. C. Sim, 
formerly of the British Thomson-Houston Company, 
Ltd. Other procedures leading to the same general ideas 
have been published.'~* 

The author has had occasion to use the reversion 
method in the study of certain physical problems whose 
mathematical formulation leads to nonlinear differ- 
ential equations. It has been found that the method 
indicates the complexity of the solution before much 
labor has been expended. In general, the solution of the 
nonlinear differential equations is expressed in the form 
of a combination of polynomials and exponential 
functions. 


Il. GENERAL DESCRIPTION OF THE METHOD 


Let the nonlinear differential equation whose solution 
is desired be written in the form 


ayy+ary'’+---+asy+---=ko(t), (2.1) 


where / is the independent variable; y, the desired de- 
pendent variable; k, a constant; ¢(/), a given function 
of ¢. The a; coefficients are, in general, operators, and 
are functions of the operator, D, where 


D=d/dit and a0. (2.2) 
Assume a solution of the form, 
= A wR+A ok? + A 3k°+ Heo, (2.3) 


The A; coefficients may be determined by substitut- 
ing (2.3) into (2.1) and equating coefficients of equal 


* Professor of Engineering. 

1L. A. Pipes, J. Acoust. Soc. Am. 10, 29 (July, 1938). 
*L. A. Pipes, J. Appl. Phys. 13, 117 (1942). 

3C. S. Roys, Proc. Nat. Electron. Conf. p. 663 (1947). 


dy/dt—y=1 


powers of k. If this is done, the following equations for 
the coefficients, A;, A», Ax, etc. are obtained. 


A,= (lt) ‘dy. (2.4) 
As,=—-aAL ‘dy. (2.5) 
As= — (1/a){2a2A,Ao+a;A 3°}. (2.6) 


A4= —(1/a1){a2(A2+2A 1A3)+3a3A PA ot a4A 14}. (2.7) 


As= —(1/a;){2a.(A1A44+A2A3) 
+3a;(A,A2+A?A3)+4a4A PAot+a5A}*}. (2.8) 


Acg= —(1 ‘a;)\ax(A#+2A 145+2A2A4) 
+a;(A &+3A A at 6A 1/ | 9. { 3) 
+2a,(2A 7A ?+2A}°A3) 
+5a5A:*AotacA1®}. (2.9) 


A7z= —(1/a1){2a2(A1A¢+A2A5+A3A,) 
+3a;(APAs+A2A3+A1A37+2A1A2A4) 
+4a,(A 1A + A pA at 3A 2 | 24 | 3) 
+5a;(2A 1 { ot, | “ye 1 3) 

+6a¢A Aot+azA 1}. (2.10) 


Additional coefficients may be found in Van Or- 
strand’s paper,‘ in which a list of the first thirteen 
coefficients is given. 


III. EXAMPLES ILLUSTRATING THE METHOD 


The general procedure of the method of reversion 
may best be illustrated by applying it to several special 
cases. 


Example I 
Consider the differential equations 


with the initial condition that 
y=Oat/=0. (1) 


If this is compared with the general equation, (2.1), 
it is seen that we must have 


a,=d/dt=D, (2) 


a:=—1, ke(s)=1, k=1. (3) 
‘C. E. Van Orstrand, Phil. Mag. 19, 366 (1910). 
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METHOD FOR SOLVING 


Hence from (2.4) we see that 


A,=1/a, or DA,=1. (4) 


This is a differential equation that determines the 
function A}. 
Now 


dA,/dt=1 or A,=t+constant. (5) 


In the method of reversion, the initial conditions are 
impressed on the function A; as if it were the entire 
solution. Hence the initial condition y=0 at t=0 leads to 


A,=1. (6) 


The function A» is determined from Eq. (2.5) and 
is given by 
As=—a@A}"/a, (7) 
or 
dA.o/di=?*. (8) 


This integrates into 
A,= (5/3. (9) 


The constant of integration is zero because the subse- 
quent functions A», A;, --- etc. are determined by the 
condition that they have zero initial values. Equation 
(2.6) enables the function A; to be determined. This is 
given by 


A3= —1/a;(—21*/3), (10) 
or 
dA;/dt=215/3. (11) 
Hence 
A3= 26/15. (12) 


Similarly, the other terms, A4, As, --- may be deter- 


mined. The solution is given by (2.3) and in this case 
the result 


y=/+ 8/34 26/154 --- (13) 
is obtained. 
The original differential equations, 1, may be written 


in the form 


dy/di=1+y? or dy/(i+y)=dl. (14) 
Hence 
tan—ly=1, (15) 
or 
y=tan/, when y=0 at /=0. (16) 


The series (13) may be recognized as the Taylor’s 
series expansion of the function tan/. 


‘ Example II 


Let it be required to solve the following differential 
equation. 


(dy/dt)+ ay’=1. (1) 


with the initial condition that y= yo at =0. The rever- 
sion procedure is simplified if the following change of 


NONLINEAR 
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variable is made. 
v=y—Yyo Or y=7+ Yo. (2) 


This simplifies the initial condition in the variable » 
giving v=0 at /=0. This change in variable transforms 


Eq. (1) into 


(dv/dt)+ a(v?+ 2vyo+ vo?) =1, (3) 
or 
(dv/di)+ 2yoav+ av” =1— ayo. (4) 
If this is compared with (2.1) it is seen that; 

a,=[(d/dt)-+2yoa, (5) 
ad2= a, (6) 
k=1, (7) 

and 
$(t) = (t— ay”). (8) 


From (2.4) the differential equation for A, is obtained 
in the form 
a,A;=!—ay¢, (9) 
or 


C(d/dt)+2yoa ]A1=t— ay. (10) 


Since the initial conditions on v are that »=0 at /=0, 
it is necessary that A;=0 at /=0. 

Equation (10) may most easily be solved by the use 
of the method of the Laplace transform.® 


If 


LA,=A,, (11) 


and the Laplace transform of both members of the 
equation (10) is taken, the equation 
(p+2yoa)Ai=(1 ‘p)— aye (12) 
is obtained. 
Hence 
s 1 ayo 
A ,=—__——-__ —., (13) 
p( p+ 2vow) (p+ 2yoa) 


The inverse transform of this equation is 


t 1 e7 2 Moat 1— e 2 oat 
Aditi ecccninnimnereciiiaie ay es ) (14) 
2a 4y(7a" dy ra" 2Voa 


The function A» is now determined from (2.5) and 
satisfies the differential equation 


d 
( + 2yya dam —aA; 
dt 


( ? 1 
roy 


47a" 


== @ 


(e— 1 2uoat) 
2Voa 
Vo 2 

——(1— e-?moat) : 


(15) 


5See, for example, Louis A. Pipes, Applied Mathematics for 
Engineers and Physicists (McGraw-Hill Book Company, Inc., 
New York, 1946), Chapter VI. 
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This equation may be solved by the Laplace trans- 
form method although the procedure is somewhat 
. tedious. The higher order terms A;, A,4, etc., may be 
obtained in a similar manner. 

The solution is then given by 


v=A,+Aot+Ast+:::, (16) 


or 


y=Yot Ait AztAst:::. (17) 
Example III 
The equation 
(dy/dt)+ay=t (1) 


discussed previously may be solved in another form 
without introducing a change in variable. The equation 
as it stands gives the following values: 


* a,=d/dt, (2) 
d2= a, (3) 
k=1, (4) 

o(t)=1. (5) 


Hence the equation for A, is 
dA,/dt=t. (6) 


The solution of this equation subject to A,= yp at 
t=0 is 
A,=(/2)+ yo. (7) 


The equation for A» is 


dA» i ‘ 
= ~a( +) 9 (8) 
dt 2 


t° yol® 
As= ~a( + tit), (9) 
20 3 


where use has been made of the condition that y= yy at 
t=. The higher order terms may be easily computed 
and lead to polynomials in ¢. The solution is of the form 


c p® yol® 
y= (<+9»)-a( + tt) too, (10) 
2 20 3 


and has a different form from the one obtained in 
Example II above. 


or 


Example IV 


The differential equation of an anharmonic oscil- 
lator is: 


(d*y/df*) + w?y+ ay’= B cosa, (1) 
where wo* w. 


Let it be required to solve this differential equation 
subject to the condition that y= y=0 at /=0. 
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In this case we have 


ai=[ (d*/di*)+ wo), (2) 
d2= a, (3) 
k=1, (4) 
$(t) = B coswt. (S) 


The differential equation for A, is, in this case, 
[ (d*/dt*)+ we? |Ai:= B coswt. (6) 


If the Laplace transform of both sides of this equation 
is taken, we obtain 


(p?+ wo?) A= Bp?/ p?+- wv, (7) 


where A, is the Laplace transform of A,, and use has 
been made of the fact that A; = A,=0 at /=0. 
Hence we have 


9 


p 


A,= B— —, 
(p+ wo") (p?+w*) 


(8) 


and the inverse Laplace transform from a table of 
transforms gives 


B 
A\= [ coswot— coswt |, (9) 
(w? — wo") 
under the hypothesis that woAw. 
The differential equation for A» is 


 &? 
+ to —aA;’. (10) 
dt? 

Now 


B 
A= | COS*wol + COs*wt— 2 COSwel Coswt}. (11) 
(w? — wy")? 


In order to compute the Laplace transform of A ,? and 
to save writing, let us write 


T(w) = 1/(p?+”). (12) 

We then have; 
L cos*wol = 3[1+ pT (2w») J; (13) 
L cos*wt = $[ 1+ p?T(2w) |; (14) 


L coswol coswt = (p?/2)[T(wot+w)+T(wo—w) |. (15) 


_ Hence on taking the Laplace transform of Eq. (10), 
we obtain; 


9 


p° py 
- : at14/ T (2wo)+—T (2w) 
(p?+ wo?) (w?— wo?) | 2 2 


_ a B 


— PT (wot w) — PT (wo—w) } (16) 
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2 2 


p Pr 
A:= ae T (wo) + +P (wo) T(2wo)+ FT (wo) T(2w) 


— pT (wo) T (wot w) — p?T (wo) T(wo— w) ; (17) 


To compute the inverse transform of A» use may be 
made of the equations 


cosat— cosht 


L—1p*T(a)T(b)=— : (18) 
(b?— a?) 
1—cosat 
L—1T(a)=— ; (19) 
a’ 
Hence, on taking the inverse transform of A», we 
obtain: 
— ab | 1—coswet 1 (Coswet— cos2wol) 
A= 2) ————+- —-— 
(w— wo") | wo" 2 Sw" 
1 (COSwef—cos2wi) COSwel—cos(wo+w)t 
I i — = ~ . 7 
2 4w?— wy” w(2wo+w) 
CUSwot — COS(wy— w)t | 
- ———————}. (20) 
w(w— 2wo) | 
The solution of (1) is therefore given by 
y=A,(1)+A2(t)+---. (21) 


Equation (1) was first proposed by Helmholtz to ex- 
plain the theory of combination tones of music. 


Example V 
Series Electric Circuit with Nonlinear Inductor 


An example of some practical importance may be 
obtained from electrical circuit theory. 

Consider the electrical circuit. illustrated in Fig. 1. 

The differential equation that governs the flow of 
current in the electric circuit of Fig. 1 is 


(Ldi/dt)+ Ri+(do/dt)=E t>0, (1) 


where the switch is supposed closed at ‘=0 so that 
i=O0 at /=0. 
¢ is the total flux linkage of the nonlinear inductor 
and is in general a complicated function of i, depending 
on the nature of the B—H curve of the material of the 
inductor. A typical analytical expression that is some- 
times assumed for the functional relation between @ 
and 7 is 
o= tanhi=i—(i/3)+(275/15)—---, (2) 
or 
b= agi— ai®. (3) 


Let @ be represented by (3). Then the Eq. (1) may 
be written in the form 


(Ldi/dt)+ Ri+ (d/dt)(agi— ai*) = E, (4) 
or in terms of the operator D=d/di, we have 


(L+ a) Di+ Ri—aDi*= E, (5) 


R a E 
vit ( i-( )pe- — ‘ (6) 
L+ ag L+ ag (L+ ag) 


Now let 


or 


b= R/(L+ ay). (7) 

Hence (6) may be written in the form 
Di+ bi—(baDi*/ R)= Eb/R. (8) 

In this equation, we have 

a,=(D+5), (9) 
a,=0, (10) 
a3= —baD/R, (11) 
k=1, . (12) 
o(t)= Eb/ R. (13) 





sy 


Fic. 1. Ferromagnetic material. 





The differential equation for A, is 
[ (d/dt)+6 |A,= Eb/R, (14) 


with the initial condition that’ A4;=0 at /=0. The 
Laplace transform of this equation is 


A,= Eb/R(p+5). (15) 
The inverse Laplace transform is 
A,=E/R(-e"). (16) 


The function A: if given by 


As=—(a2/a;)A2=0 since a.=0. (17) 
The function A; is given by 
A3;= —43A ° a, (18) 


hence, the differential equation for A; is given by 
((d ‘dt)+6]A 3= bad A ,*/Rdt, (19) 

A ?= E'/R*(1 ion e~ *t)3 
; (20) 
= F3/ R3(1— 36-4 362 — ¢- 3h), 


If this is substituted into (19) and the Laplace trans- 
form of both members of the equation is taken, we 
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obtain 
_ ba EX7 3p 3p | 
(0+ 0)ds=—p—(1- +—_-—— ). (21) 
R R*\ pth p+2b p+3b 
Hence, 
" | p 3p 
RL pbb (p+)? 
3p Pp | 


—---~- (22) 


sfpienstentanens _\, 
(p+b)(p+2b) (p+b)(p+3b) | 


The inverse Laplace transform of A; may be easily 
obtained from a table of Laplace transforms, and the 





result is 
baks* | (be—°'— 2he*"") 
A3=——} € ' — 3e- "(1 — bt) + 3-______— 
R‘ —b 
(be—°'— 3be ei 
_—- ». (23) 
—2b 


A 
my, 


Fic. 2. Ferromagnetic core. 





8- 





Hence, the current in the circuit is given by the 


equation: 
t= A,+A3+---, 
Ez bak? 
= —(1—«—"*)+——_{ 9! — 3- "(1 — dt) 
R R‘ 
€ bt__ 3¢—bt 
— 3(e— 9! — 2g 20t) 4. —— —b +++. (24) 


) 


Example VI 


Periodic Electromotive Force Applied lo a 
Nonlinear Inductor 


Consider the electric circuit of Fig. 2. 

Let the periodic electromotive force be applied at 
t=0. The differential equation satisfied by the current 
for />0 is: 


Ldi/di+ Ri+d¢/di=E sinwt. (1) 


[f the nonlinear relation between the flux, ¢, and the 
current is of the ferromagnetic core, it is represented 
by the idealized relation, 


= . +3 
o=C\l— C31 ; 


(2) 


where c, and c; are constants determined from the 
saturation curve of the ferromagnetic material of the 
core, then Eq. (1) may be written in the form 


Ldi/dt+ Ri+ (d/dt)(cyi+c,i*) = E sinwt. (3) 


A. 


PIPES 


Let the notation 
b= R/(L+¢;) (4) 


be introduced. Equation (3) may be written in the 
form 
Di+ bi—bc;Di/R= Eb sinwt/R, 


where D=d/di. 
If this equation is compared with (2.1) it is seen that 


(5) 


a=D+6b, a2=0, a;=—bce,D/R, (6) 
and all the other a’s are zero. 
In this case, Eq. (2.4) is 
a,A,=(D+b)A,= Eb coswt/R. (7) 


To solve the differential equation (7) for Aj, let the 
Laplace transform of A,, Ai, be’ introduced and the 
Laplace transforms of both members of (7) be taken. 
The transformed equation is 


_ Eb wp 
(p+b)A\= —-, 
R (p°+w”) 











(8) 


where use has been made of the initial condition that 


A’(0)=A(0)=0. (9) 
Hence A, is given by 
_ wEb p 
A,\=—— —— (10) 


R (p+b)(p-+w*) 


From a table of Laplace transforms the following 
inverse transform is obtained, 





Ebfwe-*' sin(wt—@) 
Zi = Z 
where 
Z=((P+w*)]}! and @=tan-'(w/bd). (12) 


To continue the solution, it is now necessary to 
compute the sequence of functions, A», A;, etc. Equa- 
tion (2.5) reduces in this case to 


As=—axA/a,;=0;_ since a2=0, (13) 
A; is given by (2.6) in the form 
A3= —a;A }' ‘Ay, (14) 


or in this case, 





Eb‘c,;Df we-°' 3 . 
(D+6)A;=— - —-+ sin(at—8)] . (15) 
R‘ Z 
In order to solve Eq. (15), let 
LU we-**/Z+sin(wt— 0) ?= o(p). (16) 


Then if A; is the transform of A;, the Laplace trans- 
form of the differential equation (15) subject to the 
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initial conditions A ;’(0)= A(0)=0, is 





. E*cs; pop) : 
3=> ‘ (17) 
Z(L+¢1)* (p+) 
Now since, 
P 
[ag (18) 
(p+) 


then the Faltung theorem of the Laplace transform 
theory leads to the following inverse transform of (17), 


E%¢3 d ¢ 
 Z(L+¢y)! dt Jo 


e7 (t—u) 


A; 





“qe bu 3 
x| +sin(on—6)| du. (19) 
P 


If the next approximation of the solution is desired, 
it can be seen from (2.7) and (2.8) that, 








A,=0, a,A;5= —3a3A vA 3. (20) 
The current in the circuit is therefore given by 
i= A\+AstAst+:::, 
E wet E%¢; d 
= ——| +sinGot—#) H+ —_—— 
Z(L+e)L Z J 2Z(L+c;) dt 
t we ou 3 
x f eve] —+-singon—0)| du. (21) 
0 Z 


Example VII 
General Circuil in Series with a Nonlinear Inductor 


The analytical procedure described above may be 
applied to the case of a general circuit in series with a 
nonlinear inductor as shown in Fig. 3. 

If the circuit of Fig. 3 has an operational impedance 
Z(D), the differential equation for the current is 


Z(D)i+ (do/dt)=e(t), D=d/dt, (1) 


where e(/) is the applied electromotive force a given 
function of time. Let it be assumed to the switch is 
closed at /=0 so that :=0 at ‘=0. In general, the flux, ¢, 
is an odd function of the current, i, that for analytical 
purposes may be approximated by a series of the 
following form, 


b= cyt+ 3 +¢5,P+ he, 
=> Cai" 


nodd 


where the c’s are constants. (2) 


If this is substituted into (1), we have, 


Z(D)i+>d c,Di"=e(t), (3) 


or 


Z(D)i+c,Di+c,Di"=e(t). (4) 
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Hence, comparing this with Eq. (2.1) we obtain 
a,(D)=Z(D)+c.D (S) 
Cc. w=3,5,7, °° 


a,= (6) 
QO n=2,4,6,8,---. 


In this case, Eq. (2.4) may be written in the form, 
LZ(D)+eaD]Ai=e(t). (7) 


If é(p) is the Laplace transform of the electromotive 
force, e(/), and A(p) the transform of A(é), then the 
Laplace transform of the differential equation (7) is 





: e(p) é(p) 
Ai(p)= 2 = . (8) 
Z(p)+eip ai(p) 
Hence, 7 
A,(t)=L“A(). (9) 


Since d2=0, A2=0. The Laplace transform of A; is 
given by 
7. c3pLA;* 
A;= —a;(p)/ai(p)= Raw seca” (10) 
Z(p)+eip 


A,4=0 because a2 and a, are equal to zero. The Laplace 
transform of A; is given by 








[3a3(p)LA2LA;+a5(p)LA}*]. 


A;= aacatan 


(11) 
a;(p) 


3| 


Further terms may be obtained in a similar manner, 
and the current in the circuit is given by 


1=A,+A3+As5+:::. 




















a 


Fic. 3. Ferromagnetic core. 





(12) 
CONCLUSION 


From the preceding examples, the power of the 
method of reversion can be appreciated. This method is 
closely associated with the method of Picard for solving 
differential equations. A study of the convergence of the 
process indicates that convergence is rapid if the non- 
linearities involved are small, and in such cases it is only 
necessary to compute a few terms of the series of A’s to 
obtain an accurate solution of the differential equation 
under consideration. The economy of labor effected by 
the use of the reversion method may be seen by com- 
paring it with other methods of nonlinear mechanics.*® 

5 See, for example, E. G. Keller, Mathematics of Modern En- 
gineering (John Wiley and Sons, Inc., New York, 1942), Vol. II, 


pp. 294-301, where problems similar to those given previously are 
treated. 


¢ 
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Space Charge and Transit Time Considerations in Planar Diodes 
for Relativistic Velocities 
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The usual Child-Langmuir equation is extended to the case of relativistic velocities for a diode with 
parallel plane electrodes. The solutions obtained are valid for any value of the accelerating voltage. As the 
variation of mass with velocity becomes important, the exponent giving the dependence of current density 
on anode voltage becomes less than three-halves, and for very large values of accelerating potential ap- 
proaches unity. The variation with anode voltage of the transit time, both for the space-charge-free case and 
for the space-charge-limited case, has been calculated. The potential distribution across the diode is also 


discussed. 





1. INTRODUCTION 


HE usual Child-Langmuir equation"? for space- 
charge-limited current flow in a planar diode, 


J= (v2/92)(e/my)*( V'/d?), (1) 


is derived under the assumption that the relativistic 
variation of the mass of the charge carriers with velocity 
can be neglected. It is of interest to extend this equation 
to the relativistic case. It is obvious that the increase 
in mass at the higher velocities will result in a smaller 
current density than that indicated by Eq. (1). Harmon*® 
states that to a first approximation the result is 


eV 
Je vi(1-(/28)——+---), (2) 


Moc? 


but the derivation is not given. Visvanathan‘ has re- 
cently studied this problem, but his work unfortunately 
includes serious mathematical errors. If these are cor- 
rected it can be shown that the result is the same as that 
of Harmon. The method used by Visvanathan cannot 
very conveniently be extended to obtain further ap- 
proximations, however.* 

Solutions of this problem which are applicable to any 
value of accelerating voltage are given below. The 
transit time of the charge carriers, in both the space- 
charge-limited and the space-charge-free cases, and the 
potential distribution across the diode have also been 
worked out. The considerations apply only to diodes 
with plane parallel electrodes and negligible initial 
velocities of emission. Because of the high voltages in- 
volved, however, this last restriction is actually of no 
practical importance. The numerical constants have 
here been evaluated for electronic flow, but the prin- 
ciples are obviously applicable to particles of any mass. 

'C. D. Child, Phys. Rev. 32, 492 (1911). 

21. Langmuir, Phys. Rev. 2, 450 (1913). 

3 W. W. Harmon, Proc. Inst. Radio Engrs. 37, 1038 (1949). 

4S. Visvanathan, Can. J. Phys. 29, 159 (1951). 

*It has recently come to the author’s attention that C. C. 
Wang (Proc. Inst. Radio Engrs. 38, 135 (1950)) in considering 
another problem has also given a series solution for the planar 


diode which applies to Region I in the nomenclature of the 
present paper. 


For the acceleration of heavier particles, much higher 
potentials are naturally required to attain relativistic 
velocities. 


2. THE FUNDAMENTAL EQUATIONS 


In any space-charge problem the three fundamental 
relations to be satisfied are Poisson’s equation, which 
for this simple one-dimensional case becomes 


dV /dx?=4np, (3) 


where p is the (negative) space charge density, the 
equation of continuity, 
J = pr, (4) 


and the conservation of energy equation. In this case 
the energy equation is 


1 
eV =me2—me= me(—_- i), (5) 
(1—*)! 


where, as usual, 6 signifies the ratio of the particle 
velocity to the velocity of light, or B=v/c. It is con- 
venient also to introduce the quantity a@ which is 
defined as the ratio of the kinetic energy of the particle 
to the rest-mass energy (moc?=0.511 Mev), 


a=eV/myc?. (6) 


From Eq. (5) a relation between a and 8 may easily be 
obtained with the result 


B=[a(a+2) }!/(a+1). (7) 
Equations (3), (4), and (7) can be combined to give a 
differential equation for a, 
(d?ax/dx*) = (e/moc*) - (4a J /cB) 
= (4meJ/moc*)-((a+1)/La(a+2)]}*). (8) 


This may be integrated once by introducing the variable 
y=da/dx, so that 


(da /dx*) = (dy/dx) = (da/dx)-(dy/da)=y(dy/da), (9) 
208 
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and 


8reJ (a+1)da SaeJ (a2) F+C. (10) 
= = - ) 
' moc J [a(at+2)]! moc3 aiid 


For complete space charge limitation the electric field 
(dV /dx) is zero at the cathode (x=0), which here is also 
taken as the reference point for potential (V=0). The 
constant of integration thus vanishes and 


y= (da/dx)= (SxeJ /mec) Cola 2) }', (11) 





x= (moc? /8mreJ)*F (a), (12) 
where 


F(a)= f da/Co(o-+2)}. (13) 


It is obviously convenient to take x equal to the inter- 
electrode spacing, d, and a, accordingly, as that value 
corresponding to the anode potential. Solving for the 
current density, J, and introducing Jo, the current 
density in the nonrelativistic case given by (1) above, or 





Jo=(V2/92)(moc*/e)(ai/d?), (14) 
one obtains 
1 /mc?\F? 9 F 
s=—( )\e-— 5 (15) 
8r#\ e J@ 8v2 ai 


The complete solution for the space-charge-limited cur- 
rent density has thus been reduced to evaluation of the 
function F(a) given by Eq. (13). 


3. THE SPACE-CHARGE-LIMITED CURRENT DENSITY 


Evaluation of F is most simply performed by expand- 
ing the integrand of Eq. (13) by the binomial theorem 
and then integrating term by term. Consider first the 
case for a< 2 (for convenience this will be called Region 
I). Expanding in ascending powers of a, 


- 


1 
fo(art2) =| art Lait (5/128) ai/4+ - - 





(1)(5)- " (4n—3) 
4(—1)" air-b4- 


n!23" 
ai 
F\(a)= (4/3)! — (3/56)a+ (15/1408) a? 


2 


a 
— (3/1024) a+ ---J+Ci= (4/3) nla) +Cr, (16) 
where 


vded= 5 aun’, (17) 


n=0 


and 


(1)(S)-- -(4n—3) 
ad,n=(—1)"3 —, (a=1) (18) 
n'23"(4n-+- 3) 





By Eq. (12) F=0 for x=a=0, so that C;=0 and Eq. 
(15) becomes 
Ji/Jo= v1°(a@). (19) 


For small values of a, y: approaches unity and J ap- 
proaches the usual equation, 


Jo=2.330X%10*V?/d? ~(amp/cm?*), (20) 


where V is given in volts. 
For a>2 (Region II) the integrand in Eq. (13) may 
be expanded in descending powers of a. 


[a(a+2) t=a- §— Fg 3qF?4+... 
(1)(5)-- *(4n— 3) 
+(-—1).-—__—_——_- a (mt D4 .. 
F(a) = 2a5[1+3a7!— (5/24) a*+- ga + - +] 
+C2,=2a'y(a), (21) 








where 
¥2(a) = > bart (22) 
n=0 > 
and 7 
' (1)(5)---(4n—3) 
b,=(—1)"*! . (bo=1) (23) 


n'!2"(2n—1) 


The constant of integration, C2, cannot be obtained 
directly because the point a=0 is outside the region of 
convergence of the expansion employed. This constant 
will be evaluated below. From Eq. (15) 


T2/Jo= (9/2N2)(y2?(ax)/ae4). (24) 


As a becomes very large, y2(a@) approaches unity and J 
approaches 


J a= (c/2r)(V/d?) =5.309XK10-°V/d? (amp/cm?). (25) 


This result may also be obtained quite simply by putting 
v=c in Poisson’s equation and integrating directly. The 
quantity 2?(a) is also obviously equal to J2/J.. 

To determine the constant C, it is necessary to obtain 
an expression for F(a) which is convergent in the region 
around a=2, and which will thus overlap Region I 
and II. Introduce the new variable 


=a(at+2) or a=(i+z2*)!—1. (26) 


F(a) now becomes 
F(z)= 2f (eas/(+29), (27) 


The integrand may now be expanded in descending 
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Fic. 1. Space charge characteristics of a planar diode 


for high anode voltages. 


powers of z and an expression valid in the region z> 1 or 
a>0.414 (Region ITI) obtained.t 


oC ad ane en eae 


(1)(3)(S)-- -(2n—1) 
)n—— a — “gin eee 


n'2” 
F3(z) = 22(1+%2-*— (3/56)2-8+ (5/176)2-"+ - - -) 
+C;=22 y § Caz 4" +Cs, (28) 


n=0 


(1)(3)-- -(2n—1) 


where 


Cnr = (-— 


1)"*! 





—. (¢o=1) 
n!2"(4n—1) 


(29) 


The constants C; and C. may be evaluated by equating 
the appropriate expressions for F at points common to 
Regions I and III and Regions II and III, respectively. 
Values of a= 1 and a= 4 are convenient for this purpose. 
The results are 


C.=C;= — 1.6931. (30) 

Results of the above calculations have been plotted 
in Fig. 1. For small values of a the usual three-halves 
power law, Eq. (1), holds, but for very high voltages the 
linear relation (25) is valid. The deviation from the 
three-halves power law is about 2 percent at 100 kv 
and about 10 percent at 600 kv. From a practical point 
of view it must be admitted that the current densities 

¢ Equation (27) is of the form employed by Visvanathan‘. The 
expressions for Regions I and III are actually sufficient for a 
complete solution of the problem, but that for Region II (involving 


a directly) is considered preferable because of the more direct 
physical interpretation. 


F. IVEY 


required to achieve space-charge limitation at very high 
, voltages are prohibitive. 

Values of the coefficients in the various series soly- 
tions employed are given in Table I. All the series con- 
verge quite rapidly in the appropriate regions of appli- 
cation. Harmon’s approximate solution for small values 
of a, Eq. (2), follows directly from Eqs. (16) and (19), 


4. THE TRANSIT TIME 


It is of interest to consider the transit time in both 
the space-charge-free and the completely space-charge- 
limited cases. In the former case the variation of poten- 
tial throughout the diode is linear, so that 


a/ag=x/d, (31) 


where a, indicates the value of a at the anode (x=d). 
Utilizing Eq. (7) one obtains 














dx [a(a+2) }} 
v=— = Bc =c——_—_,, (32) 
dt (a+1) 
or 
d (a+1) 
dt= —- ————_—-da. 
Coq La(a+2) }} 
TABLE I. Numerical values of the coefficients in the 
series for the function F(a). 
n dn bn Cn 
0 +1,0000000 +-1,0000000 +1.0000000 
1 —0.0535714 +0.5000000 +0.1666667 
2 +0.0106534 —0).2083333 —0.0535714 
3 —0.0029297 +-0.1875000 +0.0284091 
4 +0.0009396 —0).2176339 —0.0182292 
5 —0.0003299 +0.2877604 +0.0129523 
6 +0.0001229 —0.4346591 —0.0098505 
7 —(.0000478 +0.6225586 +0.0077582 
The transit time is thus 
Qa F } 
r= f it= (d/ca,)| a(a+2)| 
0 aaa 
Dropping the subscript on a, 
T ,=d/c[ (a+2)/a}}. (33) 


As a becomes very large, 7; approaches d/c(= 3.336 
X 10-"' Xd sec) as is to be expected since in this case the 
velocity of the electrons is practically constant and 
equal to c throughout the diode. For very small values 
of a, the transit time approaches the usual value,° 


T)=d/c(2/a)*=2d(mo/2eV)? 
= 3.373 10-*d/V? sec), (34) 
so that 


T/T = (a+2/2)!. (35) 


5K. R. Spangenberg, Vacuum Tubes (McGraw-Hill Book Com- 
pany, Inc., New, York, 1948), p. 195. 
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PLANAR DIODES FOR 


Turning now to the space-charge-limited case, and 
utilizing Eqs. (11) and (32), one obtains 


+ (a+1) 
dt= (—) ———_——da. 
8reJ/ [a(at2) }} 
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r={ iu=2/ ) [a(a+2) }!. 
0 8reJ 
Substitution of J» from Eq. (14) yields 
3 d Jo 4 (a+2)! 
T=— -(~) onal, (37) 
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ANODE VOLTAGE, V(VOLTS) 


Fic. 2. Transit time in a planar diode as a function 
of anode voltage. 


It is seen that for small values of a the transit time in 
the presence of space charge is three-halves that in the 
absence of space charge.® For very high values of a the 
two transit times obviously approach the same limiting 
value. The variation of the transit time with applied 
potential in both cases is shown in Fig. 2. 


5. THE POTENTIAL DISTRIBUTION 


Since the current density must remain constant 
throughout the diode, it is seen from Eq. (12) that 


(x/d)=[F(a)/F (aa) }. (39) 
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Fic. 3. Potential distribution in a planar diode. 


For a<2, from Eq. (16), 
x/d=(a/aa)*{ yi(a)/¥1(@a) |. (40) 


For very small values of a,, yi approaches unity and 
one obtains the usual nonrelativistic case with the 
potential varying as the four-thirds power of the dis- 
tance. The electric field at the anode in this case is four- 
thirds that in the absence of space charge. 

For a>2, from Eq. (21), 


x/d= (a/aa)*{ y2(a) /¥2( aa) |. (41) 


For very large values of aa, y2 approaches unit and it 
is seen that here the potential varies as the square of the 
distance. The corresponding electric field at the anode 
is therefore twice that in the absence of space charge or 
three-halves of that for space-charge limitation at low 
anode voltages. In Fig. 3 the potential distribution is 
plotted for the two limiting cases discussed above and 
also for two intermediate values of ag. 

Mr. R. Gaines Young of this laboratory has kindly 
checked the mathematics of this paper. 
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The Structure of Tetragonal Tungsten Trioxide 


W. L. Kent, R. G. Hay, AND D. Wau L* 
Gulf Research and Development Company, Pittsburgh, Pennsylvania 


(Received July 20, 1951) 


A study of tungsten trioxide (WO;) by differential thermal analysis and x-ray diffraction at temperatures 
up to 980°C showed a new tetragonal form to exist at temperatures of 740°C and higher. This form has a 
distorted ReO; structure. There are two molecules in a unit cell of dimensions ¢9=5.25A, co=3.91A. All 
atoms lie in the 2- or 4-fold special positions of the space group P4/nmm. The tungsten atoms are alter- 
nately displaced in opposite directions from the center of charge of the oxygen atoms so as to resemble the 


antiferroelectric structure proposed by Kittel. 





INTRODUCTION 


S part of a general study of catalytic oxides the 
differential thermal curve was obtained for each 
material studied. This curve provides a record of any 
temperature differences which occur between the speci- 
men and a standard “inert”? sample while both are 
heated at the same uniform rate, and has been found to 
be a very sensitive indicator of chemical or structural 
changes which occur in a material as a result of a change 
of temperature. The differential thermal curve obtained 
for tungsten trioxide between 25°C and 1000°C ex- 
hibited endothermic peaks with centers at 740°C and 
900°C. X-ray diffraction patterns of this material were 
. therefore recorded at 25°C and at several temperatures 
in the interval from 600°C to 980°C. The pattern taken 
at 25°C corresponds to the pattern found for WO; by 
Glemser and Sauer,' and appears to exhibit the triclinic 
structure reported? for WO; at room temperature. 

At 740°C and higher the diffraction patterns show 
that the structure changes to a tetragonal form which 
the present authors reported earlier’ and which has also 
been reported more recently by Ueda and Ichinokawa.* 





i) 100 200 300 400 300 600 700 @00 900 «=: 1000 


TEMPERATURE, °C 


Fic. 1. Thermogram of WO. 


TEMPERATURE DIFFERENCE BETWEEN WOs AND STANDARD ,.*C 


* Present address: Sylvania Electric Products Company, Bay- 
side, Long Island. 

10. Glemser and H. Sauer, Z. anorg. u. allgem. Chem. 252, 144 
(1943). 

2H. Breakken, Z. Krist. 78, 484 (1931). 

3 Kehl, Hay, and Wahl, Bull. Am. Phys. Soc. 26, No. 2, 18 
(3-8-51). 

*R. Ueda and T. Ichinokawa, Phys. Rev. 82, 563 (1951). 


This form has the same composition as the room tem- 
perature form, since the phase change was reversible, 
as indicated by both the differential thermal curves and 
the x-ray diffraction patterns at room temperature 
before and after heating above the transition tempera- 
ture. The crystal structure and the atomic parameters 
of this tetragonal form have been determined from 
measurements on x-ray powder photographs. 


EXPERIMENTAL 


The apparatus used for the differential thermal 
analysis consisted of an Inconel sample holder, similar 
to that described by Berkelhamer,’ heated in a resistance 
furnace having an Inconel lining. This lining gives 
somewhat better heat distribution than a ceramic core. 
The sample was heated at a rate of approximately 
100°C per 15 minutes after reaching 100°C, using a 
motor-driven variable transformer as a source of power. 
A positive temperature control was less satisfactory 
because the off-on cycle tended to be reflected in the 
differential thermal curve. The signal generated by a 
chromel-alumel differential thermocouple was amplified 
by a Leeds & Northrup No. 9835 de microvolt amplifier 
and recorded on a ten-millivolt full scale Speedomax. 
Figure 1 shows the heating part of the differential 
thermal curve for WO;. The minima of the peaks occur 
at 740°C and 900°C, but the curve begins to dip down 
at somewhat lower temperatures, indicating that the 
“reaction,” or phase change, probably takes place at 
these lower temperatures. On the cooling part of the 
curve these peaks appeared. at positions about 20°C 
lower than their positions on the curve in Fig. 1. 

The high temperature x-ray diffraction camera was 
built by the Central Research Laboratories.f This 
camera has a diameter of 114.6 mm. Provision is made 
to move the film holder so that five different exposures 
can be made on one film. A thin-walled, fused-quartz 
capillary, approximately 0.5 mm in diameter and 37 mm 
long, serves to support the specimen inside the furnace 
and camera. The outer end, which contains the speci- 
men, is closed, and the other end is effectively sealed by 

5 L. H. Berkelhamer, RI 3762, U. S. Dept. of Int. Bur. of Mines, 


July, 1944. 
t'Address: Red Wing, Minnesota. 
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Fic. 2. X-ray diffraction patterns of WO; obtained at the temperatures indicated, using filtered CuK radiation. 


being firmly embedded in modeling clay which holds the 
capillary in the supporting spindle. This method is used 
to protect the specimen from oxidation during heating, 
since no effort is made to control the atmosphere inside 
the furnace. 

Figure 2 shows a typical film on which are patterns 
of WO; obtained at 740°C, 880°C, 950°C, 740°C, and 
room temperature, in the order listed. The 2.25A line 
of platinum, which appears in the pattern obtained at 
950°C and the two following patterns, is caused by a 
thin film of platinum which evaporated from the heater 
coils and condensed on the outside surface of the fused- 
quartz capillary during the 950°C exposure. 

The material used in this study was commercially 
available cp tungstic acid anhydride. Later the results 
were checked by comparison with patterns obtained 
from a very pure samplef of tungstic acid run at room 
temperature, 770°C and 980°C. This sample was first 
heated to 800°C in a muffle furnace to drive off the 
water. The patterns obtained with this material were 
identical to those obtained earlier from the commercial 
cp material. 


DETERMINATION OF STRUCTURE 


In the x-ray diffraction pattern that was obtained at 
740°C, the lines in the back-reflection region are broad 
and poorly resolved so that it is difficult to index them 
with certainty. At higher temperatures, these back- 
reflection lines become progressively sharper and are 
well-defined in the pattern at 950°C. This latter pattern, 
which represents the same structure as observed be- 
tween 740°C and 900°C, could be indexed on the basis 
of a tetragonal lattice, and with it asa guide it was also 
possible to index the back-reflection lines in the pattern 
obtained at 770°C. The lattice parameters calculated 
from the measurements on these photographs were: 


a= 5.272+0.002A, 
a= 5.250+0.002A, 


Co= 3.920+0.002A at 95( ec : 
co=3.915+0.002A at 770°C. 


The only systematic extinctions observed were in the 
(hko) zone when h+% is odd. This is characteristic for 


‘space groups P4/n and P4/nmm in the tetragonal sys- 


tem. The unit cell contains two molecules of WO3;, and 
all atoms must therefore lie in the 2- or 4-fold special 
positions, which are the same for both space groups. 


t This sample was made and very kindly sent to us by Dr. B. T. 
Matthias of the Bell Telephone Laboratories. 


The reported triclinic structure at room temperature is 
a lower symmetry variation of the ReO; cubic structure, 
and it seemed probable that this tetragonal form would 
also have a modified ReO; type of structure intermediate 
between the triclinic and ideal cubic forms. Such a struc- 
ture requires the atoms to occupy the following special 
positions: 


2W: 0321, 302,, 
201: 0520, $02Z., 
4On: 140, 220, £20, 240. 


It was observed that the intensity of the 002 reflec- 
tion was weak, which indicated that z; could not be zero, 
that is, that the tungsten atoms were not coplanar, as in 
the ideal cubic form. In order to determine 2;, the 
intensities of several of the lower order reflections were 
calculated and plotted as a function of z;, as shown in 
Fig. 3. All calculated intensities were corrected for 
absorption in the specimen, and a Debye-Waller tem- 
perature factor correction corresponding to B=3X 10-"* 
was applied to the tungsten atoms. In addition, the 
usual. multiplicity and Lorentz-polarization corrections 
for Debye-Scherrer patterns were applied. The best 
agreement between the intensities so calculated and 
those observed in the pattern of WO, at 950°C was 
obtained for z:= 0.06. On the basis of the modified cubic 
structure being considered, it was apparent that the O; 
atoms must lie on the tetrad axis in the interval between 
the midpoint of the axis and midway between the 
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Fic. 3. Plot of calculated intensity vs 2), using z2=2,+4. Numbers 
in brackets indicate observed relative intensities. 
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Fic. 4. Comparison of the relative intensities observed and 
calculated for the tetragonal WO; structure. 


tungsten atoms, that is between z2=} and z2=2:+3. 
The relative intensities of the first 19 observed lines 
were calculated both for assignments z;=0.06, z.=3, 
and z,;= 0.06, z.=2:+4. The results are shown in Fig. 4, 
where the values of the observed relative intensities are 
connected by solid lines. As might be expected, the 
contribution of the two O; atoms to the diffracted in- 
tensities is generally very small compared to that from 
the other atoms. Consequently, no decisive evidence 
was obtained to indicate which value of z2 was more 
nearly the correct one. The agreement between the 
observed and both sets of calculated intensities is con- 
sidered to be within the limits of error in measuring the 
intensities. The structure is illustrated in Fig. 5, where 
(a) is a projection on the basal plane of the oxygens at 
z=0 and the tungstens at z= +0.06, and (b) is a pro- 
jection onto the x0z face. 
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Fic. 5. Structure of tetragonal WO. (a) Projection of the 
oxygens at z=0 and the tungstens at z=+0.06 onto the basal 
plane. (b) Projection onto the x0z face. 
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DISCUSSION 


This tetragonal structure, as well as the reported 
triclinic room-temperature form, may be described as a 
distorted cubic structure of the ReO; type. The idealized 
cubic form has tungsten atoms at the corners of a cube, 
each surrounded by six octahedrally coordinated oxy- 
gens. Four oxygens lie in a plane which contains the 
tungsten atoms, and there is one oxygen above and one 
below this plane for each tungsten atom. Each oxygen 
is common to two octahedra, which gives the formula 
WO;. In the tetragonal form, the tungsten atoms are 
displaced out of the plane of the four oxygen atoms a 
distance of 0.06c (approximately 0.23A), as shown 
in Fig. 5. 

The ideal cubic form would contain one molecule per 
unit cell. The tetragonal form, with two molecules per 
cell, is related to the cubic cell in the manner shown in 
Fig. 6. In the lower symmetry triclinic form there are 
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Fic. 6. Relation of tetragonal to the idealized cubic 
and triclinic unit cells. 


four molecules per unit cell, and the a and b axis lengths 
are each approximately twice the length expected for a 
in the cubic cell. The c axis length is approximately the 
same in all three lattices. 

Lines in the back-reflection region of the pattern 
taken at 740°C are broad and rather indistinct, but 
become increasingly sharper and more distinct in the 
patterns taken at higher temperatures. Apparently, the 
disordered structure appearing just above the transition 
temperature becomes ordered at higher temperatures. It 
was also noted that the thermal expansion between 
770°C and 950°C is 2.33X10-°/C° along a and only 
7.10X 10-*/C° along c. 

A second transition, from tetragonal to the ideal 
cubic, was expected because of the second peak on the 
DTA curve at 900°C, but was not observed in the 
diffraction patterns obtained at temperatures up to 
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980°C. Consequently, this second peak on the DTA 
curve is not explained by the expected structural transi- 
tion to higher symmetry. 

Ueda and Ichinokawa® have discussed the domain 
structure of WO; and have pointed out that this ma- 
terial exhibits phenomena similar to those of BaTiOs. 
Matthias’ has also reported that at room temperature 
WO; behaves like a ferroelectric. More recently Kittel® 
has proposed a theory of antiferroelectric crystals which 
he defines as crystals in which lines of ions or cells are 
spontaneously polarized, but with adjacent lines polar- 
ized in antiparallel directions. The tetragonal form of 
WO; resembles this proposed structure, since the dis- 





6 R. Ueda and T. Ichinokawa, Phys. Rev. 80, 1106 (1950). 

7B. T. Matthias, Phys. Rev. 76, 430 (1949). 

8C. Kittel, Phys. Rev. 82, 729 (1951). Also private com- 
munication 
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placement of each tungsten atom from the plane of the 
Ox; atoms results in a dipole. These tungsten atoms are 
displaced alternately above and below the plane, so 
that the dipole moments of adjacent dipoles are anti- 
parallel and hence cancel one another. The displace- 
ment of 0.23A is of the same order of magnitude as that 
found by Evans? for BaTiO. 
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Space-Charge-Wave Propagation in a Cylindrical Electron Beam of Finite 
Lateral Extension* 
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A method is outlined for obtaining the effect of geometry on the propagation of space-charge waves in a 
cylindrical electron beam under arbittary direct current conditions. In particular, the case of the complete- 
space-charge diode is discussed in detail. The results of this theory are verified by the experiments of Cutler 


and Quate. 


INTRODUCTION 


HE nature of the propagation of space-charge 

waves in cylindrical electron beams of finite 
lateral extension has been discussed by Hahn! and 
Ramo’ for the case of an electron beam drifting with a 
constant velocity v» in a tube. According to the latter 
paper, the field quantities propagate with a wave 
number I given by 


w Wp 


9 oe 


vy vol 1+ (T?/ye2) 


where w is the angular frequency, yo=w/vo, the plasma 
frequency 





(1) 


W p= (€po/meo)', 


po is the direct-current charge density, the direct- 
current density Jo=povo, and 7/yo is a function of 
R=a/b and yob. T is the radial propagation number in 
the beam, a is the radius of the drift tube, and 6 is the 
radius of the beam. 


*This work was sponsored by the Signal Corps Engineering 
Laboratories, Fort Monmouth, New Jersey. 

1W. C. Hahn, Gen. Elec. Rev. 42, 258 (1939). 

2S. Ramo, Proc. Inst. Radio Engrs. 27, 757 (1939). 


A plot of T/yo versus yob for various values of R is 
given in Fig. 1. For b= © (infinite electron beam), T 
equals zero, and for R=1, Tb=2.4. For all other condi- 
tions, 7b varies between 0 and 2.4. 

Equation (1) may be interpreted physically as fol- 
lows: The first term denotes the phase shift due to the 
de transit angle. The second term denotes the phase 
shift due to space charge and is a function of geometry. 
The latter term is proportional to [Jo/1+(T7?/y0?) ]}. 
Thus, it appears that the behavior of this phase shift 
is governed by an effective direct current density Jo., 
which is given by 


Joe= Jo/i+ (T?/ 40"). (2) 


Thus, one may obtain the nature of the propagation 
of space-charge waves in those problems where the dc 
parameters and geometry may vary along the direction 
of propagation by replacing Jo by Jo, in the differential 
equations governing such propagation in an infinite 
beam. A more rigorous discussion of this replacement 
process is given in the appendix. This method assumes 
that any lateral variations of dc parameters are small. 
The equations for an infinite beam will now be given. 
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Fic. 1. Correction to plasma frequency in drift tube for beam 
and drift-tube geometry. R is the (radius of the drift tube) /(radius 
of the beam), yo—w/voa= (2xf)/(beam velocity in the drift tube), 
b is the beam radius, wa is the plasma frequency in the drift tube, 
wa is the plasma frequency corrected for beam and drift-tube 
geometry, and wa/wa=1/[1+(T/yo)*}. 


SPACE-CHARGE-WAVE PROPAGATION IN AN 
INFINITE ELECTRON BEAM 


The Maxwell equations for small-signal theory and 
for a one-dimensional propagating process in an elec- 
tron beam are 


AV 0% e 
( jot = ett =—E, (3) 
0Z OZ m 
oJ 
OZ 
J+ jweE=0, (5) 
J= pov+ puro. (6) 


Here all field quantities vary as expjwt and the ac 
quantity is assumed small with respect to the corre- 
sponding dc quantities. 

E, J, v, p are the ac electric field, current density, 
velocity, and charge density, respectively, and Ep, Jo, 
Vo, po are the corresponding dc quantities. e is the charge 
of the electron and is negative, and m is the mass of 
the electron. 

After solving for all field quantities in terms of J, 
one obtains the following differential equation for J. 


ey OVo oJ 
VoX—_+ [sn jaunt |— 
0Z? OZ OZ 
eJ 0 Vo 
+ |= jdm -'n| =0. (7) 
OZ 


mMéEo 


Vo Vo oJ 
v= E — (8) 


7 J 0 jw OZ 
Equation (7) can be simplified by replacing Z by the 
transit time 7. Thus let 


J =(Y/w)exp— jwr, 


5 9 
=f (dZ/v9). 
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Then YF satisfies the equations 


(VY /dr?)—K*Y=0, © (10) 
1f0*%7% eJo 

K*=- —-—| (11) 
VoL Or? me 

and 

Vo 1 oJ 

= ls4+——| (12) 
Jo jw Or 


To account for a finite geometry, one may now apply 
the replacement of Jy by Jo. discussed previously. 
Thus, Eq. (11) now becomes 


79 


Or? meg 1+ (T?/¥0?) 


1 07v9 eJ 1 
| (13) 


Vo 


Thus, given K as a function of 7, one obtains a solution 
of Eq. (10) with two arbitrary constants. These con- 
stants are then determined by the initial conditions for 
J and »v. Particular consideration will now be given to 
the case of the complete-space-charge diode. 


SPACE-CHARGE WAVES IN A COMPLETE- 
SPACE-CHARGE DIODE 


The case to be considered in Fig. 2 is that of a 
cylindrical beam of radius 6 surrounded by a cylinder 
of radius @ in a complete-space-charge diode. Denoting 
conditions at the cathode and anode by subscripts / 
and 2, respectively, 


Vo= vo2(Z/d)!, 
T= (3d4/v92)Z}. 


Hence 
vo /T\? 
n=—(-) . (14) 
ad \3 
Also 
9 eJ 
Yoo? =— —d°. 
2 Meo 
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Fic. 2. Complete-space-charge diode. 
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Now let 
o=g— = 0<¢o<gi, 
d 3 
g=5.76/(vo2b)’, 
G=(Tb/2.4)’, 
Vo= (V02/g4)¢?. (15) 
Thus Eq. (10) becomes 
(#Y /d¢?)— KV =0, 
K ¢=2G¢"/(1+-G¢"), 


1 


Vo g* ~) 





=—{ J+ 


: rach (16) 
Jo J3Y02d ID 


Now applying the WKB method,’ an approximate 
solution is 


Y=C,P+C.0, 


ct 4 

p= (—) 1), 
K, 
¢ 3 

Q= (—) L), 
K, 


o 
sf K 4d. (17) 
0 


Here J; is the modified Bessel function of order }. 
C, and C2 are arbitrary constants to be determined 
from the initial conditions. The case of G=1 for a=b 
and G¥1 will now be discussed separately. 


(a) G=1 for a=b 


A plot of Kg and ¢ versus ¢ is given in Fig. 3. From 
Eqs. (9) and (17) 


3w d \CiP+C0 
J=exp(- j= 6) (18) 
gi Vo2 Vo 
For small @ 
1 
K,= Latdg| 1—¢'] 
2 
1 
t= 0.70764 1 --+'| 
6 
27 
0.604 1+—o'| (19) 
120 


and Q approaches a value not equal to zero. It follows 
readily from this that C2=0. Otherwise, » would not 


*L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), p. 181. 
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Fic. 3. Phase shift ¢ and space-charge-wave number Kg 
plotted against ¢. 


be finite at the cathode. Thus 








J =Ci(P/v)exp— jor (20) 
and 
" —gi Vo2 re] logy re) logP 
ualen ~)( ca )p exp—jwr. (21) 
JoX\ jw 3d dp dp 


Thus from the initial condition for v, and using Eq. (19), 


1 /j3w d 
Cy sae on nt Bs, (22)+ 
0.60 gi Vo2 





Now let J2, and v2, be the current and velocity modula- 
tions, respectively, at the anode that are obtained by 
the method neglecting geometry.‘ Thus 





J2=J 2G, 
V2=VepGr, (23) 
P2 
G; - ’ 
0.602 





G, 0 logvo2 +98 logP 
— = _ *} (24) 


Before undertaking any extensive calculations, it is 
useful to obtain values of G; and G, for small and large 
oo 


¢ This solution will satisfy the small-signal conditions every- 
where except near the cathode. A rigorous solution can be ob- 
tained only by including the effect of thermal velocities. 

‘Cutler and Quate, Phys. Rev. 80, 875 (1950). 
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Fic. 4. Gain factors for current and velocity modulations 
G; and G,/G; plotted against ¢.=(7/yo2)!. 
Small d2 
Using Eq. (19), one obtains 


Gj= 1+ (27/120)¢*, 


G,/G;= 1—(27/30)¢*. (25) 


Large ¢2 


For £2>0.75, one may use the asymptotic formulas 
for the Bessel function. Thus 











1 expt 

P,=— ’ (26) 
2.5 Ke! 
P, 

G;= . (27) 
0.60¢2 

G, 2" 

G; 1+¢2* 


- Accurate values may be obtained by using Eq. (25) 
for ¢2<0.75 and Eqs. (26)—(28) for ¢2>1.25. A curve 
of G; and G,/G; versus $2 is plotted in Fig. 4. It is to be 
noted that the value of G,/G; for large $2 is independent 
of 2. 

(b) G<lora>b 


Figure 4 may also be interpreted as a plot of G; and 
G,/G; versus the value of (7/~yo2)' at the anode. The 
simplest way to compute these quantities for this case 
would be to use Fig. 4 for the corresponding values at 
the anode. This would be rigorously true if G were a 
constant equal to G(@¢2). Physically this is plausible 
since the greatest effect of geometry would be at the 
anode where 7/7 attains its greatest value. G itself is 
a decreasing function of ¢, which equals 1 for small 
values of @ and increases monotonically from 0 to 1 
for large values of ¢2 as a/b goes from ~ to 1. Now 
for large values of f2, where the value of G,/G; is inde- 
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pendent of ¢, only G (¢2) is important. In this case 
and for small values of ¢2, this interpretation of F ig. 4 
will be approximately correct. The curve of G; will be 
somewhat in error for cases other than G=1. By the 
same reasoning, this result will also be approximately 
valid for a conical converging beam. ° 
An experimental verification of this theory may be 
found in the experiments of Cutler and Quate‘ wherein 
the position of the current-modulation minimum in a 
drift tube following the diode did not agree with that 
computed from their theory. Using their notation, 


az 24) W p2 
ie) 
Yo2 w(40C*)? 


According to their theory, 





Xmin“ is proportional to tan—@,(40C*)*]. (30) 


According to the theory presented here, 


G; 
nine =tanr| (4c)! (31) 


v 


The numerical values in their experiment were (40C*)! 
= 2.8X 10~°, w p2/w=0.052, T2/¥o2= 1.56, g2= 1.25, 6; 
= 32. From Fig. 4, G,/G;=0.55. Hence, 


X min® / X min = 1.02/0.73 = 1.40. (32) 
By their measured values 
Aue 2) /Xmin™ = 1. 1/0.7 = 1.57. (33) 


Thus the agreement is seen to be rather good. Further- 
more, since G,/G; is always less than 1, the position of 
the minimum will always be farther from the anode 
than that from the theory neglecting geometry. 

A better agreement in this case can be obtained by 
considering in greater detail the effect of the variation 
of G. 

Thus in this case, Eq. (28) becomes, letting y=G'¢, 





1+y2' 


Gy 290G ype ¢2 OG 
5 [i+ a 
G; 4G 0¢ 


|-vexvs. (34) 
4G 0 


Thus in the case (¢2/4G)(0G/0¢)<1, the previous dis- 
cussion of the effect of G is rigorously correct. For the 
case of a/b= ~, which is so in these experiments, an 
approximate formula for G for large ¢ is 


0.087 
Ge, (35) 
0.09+ loge 


In this case, ¢2=1.6 from Fig. 1. Taking these values, 
G,/G;=0.45, which results in a computed value of 
Xmin®™/Xmin“ equal to 1.52. 
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SPACE-CHARGE-WAVE PROPAGATION 


CONCLUSIONS 


A general method has been given to obtain the 
effect of geometry on the propagation of space-charge 
waves in electron beams. The resulting differential 
equations, while complicated, may be approximately 
solved by WKB methods. The complete-space-charge 
diode has been discussed in detail, and the results have 
been checked by the experiments of Cutler and Quate. 
This method can be utilized for any dc conditions. 


APPENDIX. FIELD-THEORY ANALYSIS OF 
PROPAGATION OF SPACE-CHARGE 
WAVES IN FINITE BEAMS 


An attempt will now be made to derive the method 
of evaluating the effect of geometry from field-theory 
considerations. In this case, the ballistic equation is 


ay Ovo — oJ 
v°—_+ —+2 jont | 
02 OZ OZ 


4 





OV eJ 9 
+ | aise _ wey =—jwE. (36) 
OZ m 


Here E is the component of the electric field in the 
direction of propagation. All transverse motions are 
neglected. The derivation of this is similar to that of 
Eq. (7). 

The circuit equation, which formerly was given by 
Eq. (5), is now 





CE 4 ey 
VZE+- +hE= 5 (BI+ ), (37) 
02? k 02 
where 
Co i 
V7=—_+—, 
0X? oY? 


k=2n/X, the free-space wave number, and £= (uo/€o)?. 
This is derived directly from the wave equation. The 
case of a=b will be considered first. Here let 


E= E, exp(— jwr)J (Tr), 
J=J, exp(—jwr)Jo(Tr), 


Ta=2.4. (38) 
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This solution will satisfy the boundary condition that 
E=0 for r=a. E, is a function of Z only. 
Equations (36) and (37) now become 
OOS, e 


Os 
4+2——=-Jejuk,, 
Or? Or Or m 








OR, Vo : OF, 
—— (—+ 2am -—+| (—re— T?+ R*)u¢ 
Or Or 


or" 
, OV 4 g q J; OV ? OJ ; 
+ jo |= 5. —— (—+ dja) - 
Or Al Or Or Or 








r Ov 
+ (—yor+ ei+ jo | (39) 


4 Or 


Now it is known from the infinite-beam solution that 
E, varies as exp+ jw ,r. Hence if one assumes that: 


w,/wX1, (41) 
1 OV9 
— —<l, (42) 
Wo OT 

k/yoX1, (43) 


then the terms containing the derivatives may be 
neglected in Eq. (40). Equation (40) reduces to 


Ji 


E\= — j- ————_-. (44) 
k 1+ (T?/y0*) 
Substituting this in Eq. (39), one has 
re OV OJ; é Jo ; 
oo poe + — ————————J\= (45) 


Or Or Or meq 1+(T?/y) 


Thus it is seen that J is reduced by the factor as stated 
in Eq. (2). This approximation will also be valid in the 
case a>b provided T is a slowly varying function of Z. 
Conditions for Eqs. (41) and (42) are obviously not 
satisfied near the cathode of a complete-space-charge 
diode. However, this does not matter as the effect of 
geometry is small there. 
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The Dielectric Constant of Water Vapor in the Microwave Region* 
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The dielectric constant of water vapor was determined at 9280 Mc by a cavity comparison method 
at 10 temperatures ranging from 32 to 103°C. In addition, observations were made at 24,800 Mc at the single 
temperature of 24.5°C. Although the vapor pressure was raised to within 10 percent of the saturation value 
at 24.5°C and 103°C, the variation of (e’— 1)/(e’+2) with pressure remained linear, contrary to observations 
made at radiofrequencies. These data are discussed in relation to the questions of association and adsorption 
of the vapor. The present results are in agreement with those obtained at radiofrequencies (sufficiently below 
saturation pressures) and do not show the dispersion reported in an early microwave experiment. Results 
obtained here and: those obtained by others are used to determine mean values for the constants in the 
Debye equation: namely, P=[3.96+-0.32]+[(2.077 +0.016)10*/7']. This gives a dipole moment of (1.846 


+0.005) 10-8 esu. 





1. INTRODUCTION 


ROM the well-known theory of Debye, the molar 
polarization P is given by 


P=(e'—1)RT/(e'+2)p;=A+B/T. 


Deviations from this equation near the saturation point 
of water vapor have been observed in measurements of 
dielectric constant at radio frequencies.' Such deviations 
have been attributed to association of vapor molecules 
and effects attendant on adsorption of vapor on the 
condenser system.” Early in the development of micro- 
wave techniques, Saxton’ determined the dielectric con- 
stant of steam above 100°C and at atmospheric pres- 
sure, and found a dispersion in the frequency region 
3000 to 18,000 Mc which he was unable to account for 
theoretically. 

On account of the previously mentioned anomalies, 
we decided to measure the dielectric constant of water 
vapor over a rather wide range of pressures and tem- 
peratures by an accurate microwave method. The 
results obtained from our experiments and those ob- 
tained from a critical survey of the literature were used 
to arrive at mean values for the constants A and B in 
the Debye equation. These results should be useful, for 
example, in connection with accurately determining the 
velocity of propagation of radio waves. They will be 
used here to obtain the dipole moment and to reveal 


* A preliminary account of some of the work reported here was 
presented at the 1950 Conference on Electrical Insulation, Pocono 
Manor, Pennsylvania. An abstract was published in the 1950 
Annual Report of the Conference on Electrical Insulation, 
National Research Council. 

t Formerly a guest worker at the National Bureau of Standards. 

1A review of reports of such deviations is given by J. D. 
Stranathan, Phys. Rev. 48, 538 (1935). See also L. H. Ford, 
J. Inst. Elec. Engrs. (London) 95, Part II, 709 (1948). 

? For further discussion of these matters see C. T. Zahn, Phys. 
Rev. 35, 1047 (1930). 

3 J. A. Saxton, “The dielectric properties of water vapor at very 
high frequencies,” in Meteorological Factors in Radio-Wave Propa- 
gation (published by the Physical Society, London, 1946), p. 215. 


a discrepancy between the experimentally determined 
polarization extrapolated to T= ~ and the sum of the 
optical and infrared polarizations. 


2. EXPERIMENTAL ARRANGEMENT 


The experiments were performed at 9280 and 24,800 
Mc with a cavity comparison method fully described in 


.4 previous paper; therefore, a description of only the 


new experimental features will suffice here. Standard 
transmission-type cavities, which oscillate in the circu- 
lar TEou. mode with a loaded Q of 1X10*, were em- 
ployed at 9280 Mc. A ring of polyiron for damping 
oscillations that might be present in the region behind 
the tuning plunger was hygroscopic and accordingly 
removed. Tests showed that the normal behavior of the 
cavity, at least at the present frequency, was unaffected 
by this change. Mechanical distortion of the test cavity 
with evacuation was prevented by enclosing it in an 
appropriate chamber.® The temperature of the test 
cavity was determined to within 0.1°C by an arrange- 
ment consisting of a mercury thermometer embedded in 
the wall of the evacuation chamber and thermocouples 
connected between the chamber and cavity within. At 
24,800 Mc, cylindrical TEoi3 cavities based on the de- 
sign of Bleaney et al.* were used. Tests of these cavities 
with a gas of known e’—1 showed that no evacuation 
chamber was necessary for work in the low pressure 
region of interest. 

To realize the convenience of measuring the pressure 
of the hot vapor with an accurate mercurial barometer 
kept at room temperature, we employed an apparatus 
described by Zahn and Miles.’ After some vapor pres- 

‘ Birnbaum, Kryder, and Lyons, J. Appl. Phys. 22, 95 (1951). 

5G. Birnbaum, Rev. Sci. Instr. 21, 173 (1950). See Fig. 6. 

* Bleaney, Loubser, and Penrose, Proc. Phys. Soc. (London) 59, 
185 (1947). 

7J. B. Miles, Jr., Phys. Rev. 34, 964 (1929); C. T. Zahn, Rev. 
Sci. Instr. 1, 299 (1930). If accurate low pressure measurements are 
to be made, it should be noted that at the equilibrium point of the 


apparatus the level of liquid is higher in the narrower part of the 
U-tube; this, of course, is due to capillarity. 
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DIELECTRIC CONSTANT OF WATER VAPOR 


sure had been apparently established it was noticed, 
especially at lower pressures, that the pressure of vapor 
in the cavity decreased and the cavity frequency in- 
creased. The same changes were also observed with a 
simpler vapor system, used for some preliminary experi- 
ments, after the vapor supply was cut off. These effects, 
presumably due to adsorption, occurred although vapor 
was admitted into the cavity quite slowly. 

The probable error of a single «’—1 determination is 
about 0.6 percent or 1X 10~®, whichever is greater. This 
estimate includes the statistical errors in measuring 
pressure and temperature as well as the statistical error 
in measuring changes in frequency. A systematic error 
of roughly +0.7X10~® was possible, due chiefly to the 
measurement of pressure. 


3. RESULTS AND DISCUSSION 


At 9280 Mc the variation of e’—1 with pressure was 
determined at temperatures ranging from 32.0°C to 
103.4°C, while at 24,800 Mc the data were obtained only 
at 24.5°C. For the sake of clarity only part of the data 
is shown in Fig. 1. The pressure the vapor would exert 
were it an ideal gas is represented by ,; it is obtained 
from the observed pressure p and the van der Waals 
constants a and 8, thus 


i= p\1+ (p/RT)[(a/RT)—6]}. 


Except at pressures near 1 atmos (100°C) where the 
deviation from ideal behavior was about 0.5 percent, 
the deviations at all other pressures attained in this 
experiment were less than 0.1 percent. 

The important feature of the curves in Fig. 1 is the 
absence of nonlinearities. On the other hand, various 
observations of an anomalous pressure dependence of 
(e’—1)/(e’+2) have been reported in measurements at 
radio frequencies. Stranathan! investigated this matter 
and concluded that the deviations were due wholly to 
the added polarization contributed by the film of water 
adsorbed on the insulating supports of the condenser. 
He was able to reduce this effect by placing the insu- 
lators in the weak portion of the electric field; never- 
theless a deviation from linearity set in as the saturation 
pressure was approached. In view of this, it is worth 
while to point out that no insulating supports are pres- 
ent in cavities. In addition, although vapor was un- 
doubtedly adsorbed by the walls of the cavity in the 
present experiment,® the perturbation of the resonance 
frequency is negligible because the electric field is 
essentially zero on the cavity walls for the mode of 
oscillation used. 

It is easy to see that if association exists, it would in 
general give rise to a nonlinear variation of molecular 
polarization with pressure. Such a variation would also 
be observed, however, if dielectric measurements were 


* The effect of adsorption of water vapor on the walls of a very 
large electromagnetic cavity is given by G. E. Becker and S. H. 
Autler, Phys. Rev. 70, 305 (1946). 
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Fic. 1. The quantity (e’—1)/(e’+2) plotted against pressure 
p; in mm Hg. Both ordinate and abscissa should be multiplied by 
the factor indicated. 


made in a region of strong spectral absorption.’ This 
case is easy to identify because significant absorption 
of radiation by the vapor would cause an easily observed 
lowering of the cavity Q. With this in view, it is apparent 
from the considerations of the previous paragraph that 
the cavity method is well suited for the study of 
association. 

The linearity of the curves in Fig. 1, especially those 
for 24.5 and 103.4°C where the pressure was raised to 
within 10 percent of saturation, indicates the absence 
of any appreciable association. This conclusion is in 
agreement with that derived from vapor density 
measurements. Indeed, if there is association even at 
saturation the amount cannot be great, for the total 
departure of the measured density from that of an ideal 
gas is only about 1.5 percent at 760 mm Hg, 100°C. 

Using all the experimental points, at each tempera- 
ture the polarization was determined from the slope of 
the appropriate curve in Fig. 1. This polarization 
plotted against 1/7(°K) is shown in Fig. 2. The straight 
line was determined from a least squares treatment of 
the 9280 Mc data, and it is noteworthy that the value 
of polarization obtained at 24,800 Mc falls exactly on 
this line. 

A least squares solution for the best straight line for 
all the points in Fig. 2 gives 


(e’—1)RT/(e’+2)p:=[3.84+0.72] 
4+-[(2.092-+0.024)10/7, 


*An example of the effect of strong absorption lines on 
(e’—1)—p data is given by G. Birnbaum, Phys. Rev. 77, 144 
(1950). 

10 This can be seen by examining the data of Osborne, Stimson, 
and Ginnings, NBS J. Research 23, 261 (1939). 
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where the uncertainties are probable errors. The values 
of polarization were weighted, lower weights being as- 
signed to the values at the lower temperatures. In this 
temperature region it was necessary to use lower pres- 
sures which gave a larger relative error in the pressure 
and frequency measurements. For comparison we give 
the constants obtained by using the unweighted data, 
viz., A=4.341.1 and B=(2.076+0.035)10*. The error 
in T was taken to be negligible in comparison with the 
error in P in the least squares treatment of the P—T 
data discussed here and elsewhere in this paper. 

The present results are in satisfactory agreement with 
those of Stranathan!' at 1 Mc, Phillips" at 3000 Mc, 
Crain” at 9000 Mc, and Essen and Froome® at 24,000 
Mc. Phillips and Essen made measurements at room 
temperature only. Crain’s data were taken from 20 to 
68°C over a limited range of pressure. There is a weak 
rotational absorption line at 1.35 cm, but Van Vleck" 
has shown that this is not expected to alter the dielec- 
tric constant appreciably. One of us (G.B.) has com- 
pleted a preliminary calculation of dispersion, based on 
the effect of the entire rotational spectrum of water 
vapor. This shows, for example, that the dipole term in 
the Debye equation (at room temperature) increases 
only by about 1 percent at a wavelength of 3 mm. 


4. MEAN VALUES OF A AND BIN 
THE DEBYE EQUATION 


Although many observations have been reported on 
the dielectric constant of water vapor, few have been 
taken over a sufficient range of temperatures and pres- 
sures to allow an accurate determination of A and B. 
Those obtained from a critical survey of the literature 


" W. C. Phillips, Proc. Inst. Radio Engrs. 38, 786 (1950). 

2 C. M. Crain, Phys. Rev. 74, 691 (1948). 

13, Essen and K. D. Froome, Nature 167, 512 (1951). 

“J. H. Van Vleck, “The relation between absorption and dis- 
persion,” in Propagation of Short Radio Waves edited by D. E. 
Kerr, M.I.T. Radiation Laboratory Series Vol. 13 (McGraw-Hill 
Book Company, Inc., New York, 1951), p. 641. 
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and also our values are shown in Table I.'> We calcy- 
lated the values assigned to Groves and Sugden"® and 
Hurdis and Smyth’ from their data. The weighted 
means of A and B obtained from the values listed in 
Table I are 

A=3,.96+0.32, 


B= (2.077+0.016) 10+. 


As is customary, the weights were taken inversely pro- 
portional to the square of the probable errors. 

Thus far we have ignored the fact that the Debye 
equation is an asymptotic formula valid at high tem- 
peratures. This has been shown from quantum-me- 
chanical considerations by Van Vleck'* who has ap- 
proximately corrected the Debye formula by adding a 
term of the form —C/T?, where at room temperature 
C/T<B. In the interval of temperature under consider- 
ation, however, the variation in this term is small 
enough so that the experimental data are accurately 
represented by the Debye equation. 

Using the values of B given in Table I, the mean 
value of dipole moment was found to be 1.846-+-0.005 D. 
The polarization at T= has been given above as 
3.96+0.32. A rather lower value for this quantity and 
a somewhat higher value for the dipole moment 
would be obtained if the data were analyzed in the 
light of the modified Debye equation. This matter is 
briefly discussed in the Appendix. 

We wish to thank Mr. A. Hanyok for assistance in 
taking the data. We also wish to express our apprecia- 
tion to Dr. A. A. Maryott for several valuable dis- 
cussions and to Dr. H. Lyons for his interest in this 
work. 

APPENDIX 
The modified Debye equation is 
P=A'+[4eNop?/9kTJ[1—(K/T)], (1) 


where K (which depends in part on the moments of inertia of the 
molecule) has the value 8.8 for the water molecule, and all the 


TABLE I. Values of the constants A and B in the Debye 
equation. The errors are probable errors. 











Temperature 
Observer A Bx10-4 range °C 
Birnbaum and Chatterjee 3.84+0.72 2.092+0.024 25-103 
Groves and Sugden* 4341.2 2.07440.054 110-211 
Hurdis and Smyth> 3.4 41.2 2.08740.053 111-249 
Stranathan* 4.0340.39 2.07140.014 21-189 








® See reference 16. 
b See reference 17. 
© See reference 1. 


6 The work of R. Sanger and O. Steiger, Helv. Phys. Acta 1, 
369 (1928), and R. Sanger, Physik. Z. 31, 306 (1930) is not listed 
here. Their values (A =3.9, B=2.09X10*), which are in close 
agreement with those in Table I, to be sure, are based on only 
3 points. 

161. G. Groves and S. Sugden, J. Chem. Soc. (London), 971 
(1935). 

17 E. C. Hurdis and C. P. Smyth, J. Am. Chem. Soc. 64, 2829 
(1942). 

18 J. H. Van Vleck, The Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, London, 1932), p. 198. 
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DIELECTRIC CONSTANT OF WATER VAPOR 


other symbols have the usual meanings. The factor [1—(K/T)] 
changes the values of electric moment and P at T= ~ as obtained 
by fitting the experimental data to the Debye equation. Making 
the changes in the manner described by Van Vleck!* and tak- 
_ ing T=375°A as a mean value, we find that w4=1.889D and 
A'=2.7640.32. At T=, P should equal the sum of the optical 
and infrared polarizations extrapolated to zero frequency. The 
former was found to be 3.59+0.03 from the work of Barrell and 
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Sears'® and the latter 0.35 from the work of Greenfield and 
Brown.” The sum in question is then 3.94 and differs from 
A’=2.76 by an amount which appears to be outside experimental 
errors. The cause of this discrepancy is not known. 


19H. Barrell and J. E. Sears, Trans. Roy. Soc. (London) 238A, 
59 (1939-1940). , 

20M. A. Greenfield and F. W. Brown, J. Opt. Soc. Am. 40, 643 
(1950). 
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One of the basic concepts in the theory of electrical filters is that of an ideal filter. As commonly defined, an 
ideal filter is a network which passes without distortion all frequency components falling within a certain 
frequency range while rejecting all other frequency components. In the present paper a broader definition is 
formulated which extends the concept of ideal filter to both linear varying-parameter and nonlinear types 
of systems. Briefly, a filter N is said to be ideal if it can extract a set of signals I from the sum of J and 
some other set Jt. A direct consequence of this definition is that any ideal filter NV (linear or nonlinear) is 
idempotent, that is, is equivalent to a tandem combination of two filters each of which is identical with NV. 
The converse, however, is true only in the case of linear filters. 

The basic properties of ideal filters are investigated by the use of function space techniques. It is shown, 
in particular, that by employing linear ideal filters one can separate two (or more) simultaneously trans- 
mitted sets of signals which occupy overlapping frequency bands, provided only the sets in question span 


disjoint manifolds in the signal space. 


I, INTRODUCTION 


N the theory of electrical networks an ideal filter is 

commonly understood to be a system which, loosely 
speaking, passes without distortion all frequency com- 
ponents falling within a certain range (the pass-band of 
the filter) and rejects all frequency components falling 
outside this range. Such filters, although unrealizable 
in an exact manner in the form of lumped-constant net- 
works, play an important role in the theory of filter 
design and have been the subject of numerous in- 
vestigations.!* 

In the present paper a broader definition of ideal 
filter which applies to both linear varying-parameter 
and nonlinear -types of systems is formulated; and a 
theory of linear ideal filters, based largely on the use of 
function space methods and other techniques com- 
monly used in quantum mechanics,’ is outlined. 

Preliminary investigation indicates that the use of 
“generalized” ideal filters affords some novel and ad- 
vantageous modes of approach to the problems of 
simultaneous transmission and filtration of signals. In 
particular, it will be seen that by using linear ideal 
filters it is possible to separate two or more simul- 
taneously transmitted sets of signals which occupy 


1H. W. Bode, J. Math. and Phys. 13, 275 (1934). 

2E. A. Guillemin, Communication Networks (John Wiley and 
Sons, Inc., New York, 1935), Vol. II. 

7H. Weyl, Theory of Groups and Quantum Mechanics (Dover 
Publications, Inc., New York, 1949). 


overlapping frequency bands, provided only that the 
sets in question span disjoint manifolds in the signal 
space. 


2. FUNDAMENTALS 


It will be convenient to identify a filter (not neces- 
sarily ideal or linear) by the symbol N, and to write 


v=Nu (1) 


in order to signify that the signals u(t) and v(#) consti- 
tute, respectively, the input and output of NV. Except 
where otherwise specified, it will be assumed that NV 
is initially at rest. 

In the analysis that follows, it will be helpful to use 
the function space representation of signals. Thus, a 
signal u(t) will be represented as a vector u in a func- 
tion space (signal space) 2. A Hilbert space, possibly 
of nonseparable type, is adequate for most practical 
purposes. For random signals, it is necessary to intro- 
duce a probability measure into the signal space. A 
theory of random processes based on Hilbert space 
representation has been given by Karhunen.‘ 

Consider two (or more) sets of signals, {u(/)} =M 
and {v(t)}=I. Mt and Mt are two specified classes of 
signals and form (not necessarily linear) manifolds in 
the signal space 2. It will be assumed that both I 
and Jt include the null element of the space. 


*K. Karhunen, Ann. Acad. Fennicae 34, AI (1946). 
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A generalized ideal filter, or simply an ideal filter, 
will be defined in the following manner: 


Definition 


A filter NV (linear or nonlinear) will be said to be 
ideal if for any u(t) in Mt and any v(t) in N, 


N(ut+v) =n. (2) 


Since both It and M include the null element, Eq. 
(2) implies that 


Nu=p for pin, (3) 


Nv=0 for vin. (4) 


This means that N passes without distortion all signals 
belonging to Jt and rejects all those belonging to Jt. 
On this basis, the manifolds Jt and Jt will be referred 
to respectively as the acceptance and rejection manifolds 
of NV. 

It is to be noted that Eqs. (3) and (4) do not neces- 
sarily imply Eq. (2), except in the case of linear filters. 
Thus, a nonlinear filter may satisfy Eqs. (3) and (4) 
for some Jt and MN without being an ideal filter. For ex- 
ample, a linear rectifier satisfies Eqs. (3) and (4)where 
WM is the set of all non-negative signals and Yt is the 
set of all nonpositive signals. Yet Eq. (2) clearly does 
not hold for any positive u(/) and negative v(t). Conse- 
quently, a linear rectifier is not an ideal filter. 

A fundamental characteristic of ideal filters is their 
idempolency. More specifically, if N is an ideal filter, 
then a tandem combination of two such filters is equiva- 
lent to N. (The equivalence is supposed to hold for a 
specified class of input signals only.) This property of 
ideal filters is a direct consequence of the defining Eq. 
(2). Thus, consider a tandem combination of two ideal 
filters each of which is identical with V. From Eq. (2), 
the response of the first member of this combination to 
ut+v is u. The response of the second member to uy is 
u. Consequently, the response of the tandem combina- 
tion to u+v is u—which demonstrates that NV followed 
by NV is equivalent to .V. 

An important question which arises in connection 
with the idempotent property of ideal filters is that of 
the sufficiency of this property. In other words, is a 
filter ideal if it is idempotent? The answer to this ques- 
tion is “yes” in the case of linear filters and ‘“‘no” in the 
case of nonlinear filters. This is seen by the following 
reasoning. 

First, suppose that .V is an idempotent linear filter. 
Let v(t) be the response of N to u(t), that is, Nu=v. 
Since by hypothesis V(Nu)= Nu, it follows that Vo=v. 
This implies that there is a class of signals {v} which is 
passed by N without distortion. (The class |v} forms a 
linear manifold J% in 2.) Also, from Nu=v follows 
N(v—u)=0. This shows that there is a class of signals, 
N= {v—u}, which is rejected by NV. Consequently, in 
view of Eqs. (3) and (4) and the linearity of V, N is an 
ideal filter. Thus, any idempotent linear filter is an ideal 
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filter. This conclusion can be arrived at indirectly (as 
will be seen later) by using the analogy between linear 
ideal filters and projections in linear vector spaces. 

In the case of nonlinear filters, an idempotent filter js 
not necessarily an ideal filter. A linear rectifier is obyj- 
ously an idempotent filter, and yet, as was shown 
earlier, it is not an ideal filter. 

Before proceeding further with the investigation of 
various properties of ideal filters, it will be convenient 
to examine a few examples in the light of the foregoing 
discussion. 

First, consider a conventional ideal filter F, say of 
the low pass type, which passes all frequencies below 
fo cps and rejects all those above fo cps. The gain of 
this filter is equal to unity over the pass-band | f|</, 
and is equal to zero for | f|>/o. The phase is zero 
throughout. The acceptance manifold Yt consists of the 
class of signals not containing frequencies above fo cps 
while the rejection manifold consists of the class of 
signals not containing frequencies below or equal to f, 
cps. It is clear that F is idempotent and that it is an 
ideal filter in the sense of Eq. (2). 

Next consider a two-pole switch S$ which is closed 
over the interval 0=/=T and is open for ‘<0 and 
t>T. It is clear that S is a linear idempotent system, 
and consequently it is an ideal filter. The acceptance 
manifold of S consists of the class of signals which 
vanish outside the interval 0=/=7, and the rejection 
manifold is made up of signals which vanish over this 
interval. 

Finally, consider the decoder of a PCM (pulse code 
modulation) system. The decoder may be regarded as 
an ideal nonlinear filter whose acceptance manifold 
consists of trains of binary (on-off) pulses of specified 
width and amplitude, and whose rejection manifold is 
the class of signals whose amplitude is less than half of 
the quiescent pulse amplitude. It is clear that the de- 
coder is an idempotent system. 

In the following sections of this paper we shall 
confine our attention to linear filters inasmuch as the 
analytical machinery for dealing with nonlinear filters 
has not yet been sufficiently well developed.® 


3. LINEAR FILTERS 


In the case of linear ideal filters the acceptance and 
rejection manifolds J% and NM have the following 
properties. 


(i) Mt and M are linear * manifolds. 
(ii) Mt and N are disjoint. That is, the only signal 
common to both Jt and 9 is the null signal. 
(iii) Mt and N are complementary. That is, if « is any 
signal in 2 then it can be resolved in one and 
only one way into two component signals uv and 
v lying in Mt and M respectively. 
5 Further discussion of nonlinear filters is given in reference 11. 
*F. J. Murray, Linear Transformations in Hilbert S pace (Prince- 
ton University Press, Princeton, 1941). 
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we write for linear manifolds, 
M-N=O0 (5) 
MOAN=z, (6) 


that is, the intersection of Jt and Yt is the zero element, 
and the direct sum of Yt and Yt is the whole space. 
Equations (5) and (6) together imply that Jt and MN 
are complementary manifolds. 

Consider a signal « in 2 and let uw and v be the com- 
ponents of « in Yt and 9, respectively. In function space 
terminology, the operator E defined by the relation 


E(ut+v)=u (7) 


defines the projection of > on Mt along Mt. From a 
comparison of Eqs. (7) and (2) it is clear that, opera- 
tionally, E is equivalent to .V. This means, in physical 
terms, that the projection of 2 on Pt along J is equiva- 
lent to a process of filtration using an ideal filter V 
whose acceptance and rejection manifolds constitute I 
and Yt, respectively. 

The analogy between projection in a function space 
and filtration with an ideal filter is useful in two re- 
spects. First, in dealing with ideal filters it is frequently 
helpful to employ a geometrical point of view based on 
this analogy and the geometrical properties of projec- 
tions. Second, the analogy makes it possible to apply 
to the study of ideal filters the vast amount of avail- 
able information about the various properties of pro- 
jections in a function space. For example, it is well, 
known that a projection is an idempotent operator and 
conversely, an idempotent operator (defined on Hilbert 
space) is a projection. Translated into terms of ideal 
filters this means that any linear idempotent filter is 
an ideal filter—a conclusion which was arrived at earlier 
by a direct mode of reasoning. 

Many other properties of ideal filters follow from the 
well-known properties of algebraic combinations of 
projections. Preliminary to a discussion of some of 
these properties it will be expedient to adopt a form of 
functional symbolism which is illustrated in Fig. 1. 
Thus, V=.\,+.V2 represents a filter N consisting of 
two filters .V, and V2 connected in the manner shown 
in Fig. 1(a). (The circle with a plus sign inside represents 
an “adder.’’) Similarly, V = N2N, (Fig. 1(b)) represents 
a tandem combination of N2 and N,, with NV, operating 
on the input first and N2 operating on the output of 
N,. The symbol 1 denotes a unit filter, that is, a filter 
whose output is identical with the input for all inputs. 
The symbol V-' represents the inverse of N (when it 
exists), that is, V~' is a filter such that a tandem com- 
bination of N and N-, or of N— and JN, is equivalent to 
a unit filter. The notation N=N,|Ne, which will be 
used at a later point, has the significance illustrated in 
Fig.-1(c). 

The salient properties of several modes of combina- 
tion of ideal filters, which follow from the corresponding 
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Fic. 1. Functional symbolism. 


properties of projections, are listed below. In the fol- 
lowing statements the symbols V,; and N»2 denote two 
ideal filters whose acceptance and rejection manifolds 
are designated by Wt:, Iti and Mts, Mo, respectively. 
Mt and Mt denote the acceptance and rejection mani- 
folds of the combination of V, and N». The symbols - 
and © are used to indicate the intersection and direct 
sum of two manifolds. The proofs of these statements 
(in terms of projections) may be found in any text on 
linear vector spaces.® 

(1) If N is an ideal filter whose acceptance and re- 
jection manifolds are J and MN, respectively, then 1— NV 
is an ideal filter whose acceptance manifold is Jt and 
whose rejection manifold is Jt. The ideal filter 1—N 
is said to be complementary to N. 

(2) The filter V = N,+-N¢ is an ideal filter if and only 
if N\N2=N.2N,=0. If this condition is satisfied, the 
acceptance and rejection manifolds of N are given by 
M=M PM, and MN=Ni Mo. 

(3) The filter N=N,—Nz is an ideal filter if and 
only if NiN2=N2Ni=N2. For this case M=Ne MN» and 
N=Ni PM. 

(4) The filter N=N,N, is an ideal filter if N,N» 
= N2N,. In this case =M-Mes and N=RNiGNe. 

An important property of ideal filters relates to 
their invariance under linear transformations. Thus: 

(5) If N is an ideal filter and Z is a nonsingular filter 
(that is, one that has an inverse), then LNZ~ is an 
ideal filter. The acceptance and rejection manifolds of 
this filter are, respectively, L(Q) and L(N), where M 
and Yt are the corresponding manifolds of N, and 
LOM) and LQ) represent the manifolds resulting from 
operating with LZ on the elements of J and YM, 
respectively. 

This statement can readily be proved by showing 
first that LN L~ is an idempotent filter. We have 


(LNL™)(LNL“) = LN?L"= LN, (8) 


which demonstrates that LN“ is idempotent and 
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hence an ideal filter. Next from 
NM =M 
VM)=0 (9) 
we conclude 
LNL“LLOM) ]= LOM) (11) 
LNL“LL®M) J=LENM) J=0, (12) 


which establishes the second portion of the statement. 
It should be remarked that the statement in question 
(5) holds also when .V is a nonlinear ideal filter. 


4. ANALYTIC FORMULATION’ 


In working with ideal filters at a practical level it is 
necessary to deal with analytical formulations of the 
various relations pertaining to linear filters and, more 
particularly, ideal linear filters. Such formulations can 
readily be obtained by introducing a suitable basis 
(coordinate system) into the signal space 2. This is 
equivalent to expressing the signal w(t) in = in an 
integral form 


u(t)= f ku, A)U(A)AA, (13) 


where AJ is, in general, a complex parameter; A(t, A) is a 
suitable set of “component signals” in terms of which 
u(t) is resolved; L(A) is the spectral function of u(t) 
relative to k(/, A); and C is a contour in the A-plane 
(generally a straight line parallel to either the imaginary 
or real axis). [When the &(/, \) form a discrete set (for 
example, complex Fourier series), the spectral function 
U(X) assumes the form of a train of delta-functions. 
This is a more convenient viewpoint than to write Eq. 
(13) as a Stieltjes integral.] It is assumed that the 
kernel R(/, \) has an inverse &~'(A, /) such that 


fx NVRMA, E)dA= 4(t—£), (14) 


where 6(/—£) is a delta-function. In terms of k~(A, /) 
the spectral function U(A) may formally be written as 


vo= f k(, t)u(t)dt. (S)1 


The set of functions A(/, \) constitute a basis for = 
(or for a space in which > is imbedded). For convenient 
reference, a few-basic types of k(t, \) kernels and their 
respective inverses are listed below. For brevity, the 
various well-known types of discrete orthogonal sets 
are omitted. 

(1) R(t, A)=4(t—A); kA, 1) =6((—A); C=real axis. 

(2) R(t,A)=1(t—A) (unit step); kA, =H A—/) 
(unit doublet function) ; C= real axis. 


7 See also L. A. Zadeh, Z. angew. Math. Phys. (to be published). 
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(3) RU, A)=e/2mj; RA, 1)=1Qe™; C=Brom- 
wich-Wagner contour; U(A) is the Laplace transform 
of u(t). 

(4) k(t, A)=0-/2ej; RO”, =1()P"; C=Brom- 
wich-Wagner contour; L(A) is the Mellin transform of 
u(t). 

(5) R(t, A)=(At)* (M1); ROO, DO =1 DAD); C 
=positive half of the real axis; U(A) is the Hankel 
transform of order » of u(/). 

A linear filter V, whether ideal or not, is characterized 
analytically by a so-called characteristic function’ 
K(t, \) which is defined as the response of V to k(t, \)— 
both to be regarded as functions of ¢ involving \ as a 
parameter. In terms of this function, the relation be- 
tween the output and input of V may be written as 


«= f Kt. A)U(A)AA, (16) 
ry 


where U(A) is the spectral function of the input relative 
to R(t, r). This relation assumes familiar forms when 
R(t, )=6(t—A) and k(i, \)=e*/27j. In particular, for 
k(t, \)=6(t—A) the corresponding characteristic func- 
tion K(/,A), that is, the response to 6(/—X), becomes 
the impulsive response (essentially the one-sided Green’s 
function’) of V. In this case K(¢, ) is usually written 
W(t, &) with & playing the role of \. Since the spectral 
function of u(t) relative to 6(/—X) is equal to u(A), Eq. 
(16) reduces to the familiar relation 


+s 


a= f W(t, &)u(é)dé. (17) 


It is to be noted that in the case of a physical system 
the upper limit in Eq. (17) is /, since the impulsive re- 
sponse of such a system vanishes for /< &. 

We shall need later an expression for the impulsive 
response of .V in terms of a characteristic function of .V. 
This expression can be obtained readily by noting that 
K(i,X) is the response of .V to &(/,). Thus setting 
u(t)=k(t, X) in Eq. (17) yields 


+f 


K(t, =f W(t, E)R(E, d)dé, (18) 


—2 


and by inversion of this relation we obtain 


W(t, d= f KU» 1(d, Edd, (19) 


which is the desired result. 

Turning to ideal filters, consider a set of functions 
k(t, \) in which the parameter \ belongs to a subset 
of C and let Yt be the manifold spanned by this set of 
functions in 2. Similarly, let Jt be the manifold spanned 
by the set A(/, X) in which A belongs to the complement 


* L. A. Zadeh, J. Franklin Inst. (to be published). 
*K.S. Miller, J. Appl. Phys. 22, 1054 (1951). 
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of A with respect to C. Clearly, Pt and MN constitute a 
pair of complementary manifolds in = and hence can 
be regarded as the acceptance and rejection manifolds 
of an ideal filter V. Correspondingly, the definition of an 
ideal filter may be put into the following form: 

A filter V is an ideal linear filter if it passes without 
distortion all component signals A(/,) in which the 
parameter A belongs to a subset A of the contour C 
(the pass-band) and rejects all component signals in 
which ‘A belongs to the complement of A (the stop- 
band). 

By using this formulation one can obtain at once an 
expression for the impulsive response of an ideal filter. 
Thus, from the above definition it follows that the 
characteristic function of N is of the form 


K(t,A)=k(t,A) for Ain A 


2 
K(t,)=0 for not in A. () 
Substituting this in Eq. (19), we obtain 
Wi o= [RENO OA, — (21) 


A 


where the integral is taken over the set A. 

In general, W(t, &) as given by Eq. (21) does not 
vanish for ‘<£& and consequently an ideal filter is not, 
in general, a physically realizable system. However, as 
long as W(t, &) tends to zero as (—§—+— ~, which it 
usually does, one can approximately realize W(t—8, &), 
where 6 is a sufficiently large constant with as small 
an error as desired. In practical terms this means that 
in general an ideal filter can be approximated to within 
a constant time-delay by a physical filter. 

Two special cases: (a) R(t, 4) = 6(t—A) and (b) R(é, A) 
=e'/2nj will serve to illustrate the relationships estab- 
lished in the foregoing discussion. For (a) suppose that 
the set A (that is, the pass-band) consists of the in- 
terval O=AST on the real axis. Then Eq. (21) yields 


W (t, p-{ 6(t—A)6(A— E)dd, (22) 
0 
which reduces to 
W(t, #)=6(—£) for O=EST (23) 
=() otherwise. 


Thus in this case the ideal filter consists of a switch 
which is closed during the time interval O=/=7 and 
is open at other times. 

For the second case, (b), let A=jw and suppose the 
set A to consist of the interval |w| <wo on the imaginary 
axis. Since the inverse of e'/2zj is e~, Eq. (21) yields 


1 7 wo 


W(t,t)=— | ei*"e-F+Fd jw (24) 
aaj —jwo 
sinwo(t— £) 
=-———. (25) 
m(t—£) 
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This represents the impulsive response of a conven- 
tional low pass filter. It is observed that W(t, &) does 
not vanish for /< é and hence is not physically realizable. 
However, as was stated previously, one can approxi- 
mately realize W(/—§8,&) with an arbitrarily small 
error provided £ is sufficiently large. 


5. APPLICATIONS 


The analogy between ideal filters and projections, 
and the important role played by the latter in the 
theory of linear transformations, leads one to believe 
that ideal filters should eventually occupy an important 
place in the theory of linear signal transmission systems. 
In so far as the practical applications of ideal filters 
are concerned, a preliminary study indicates that such 
filters might be advantageously used in several applica- 
tions, particularly in connection with the simultaneous 
transmission (multiplexing) and filtration of signals. 
These two applications are briefly discussed below. 

Assume for simplicity that two ensembles (sets) of 
signals {u,(/)} and {wo(t)} are transmitted simultane- 
ously so that at the receiving end one has the sum 
| u1(t)+u2(t)}. Consider the problem of extracting the 
}a,(t)} and }2(t)} ensembles from the sum ensemble 
| #,(¢)+-u2(t)} by means of linear filters. The questions 
to be answered in this connection are: (a) Under what 
conditions is it possible to separate {m(¢)} and {a2(t)} 
by means of such filters? (b) Assuming that these con- 
ditions are satisfied, what are the specifications of filters 
which will perform the separation? 

In terms of the notation illustrated in Fig. 1(c), the 
process of separation of u,(/) and #2(t) may be expressed 
in the following form, 


(Nx| N2) (uit 2) = a4 | we. 


(26) 
This is equivalent to the two equations 
Ni(uy+ 2) = 14 (27) 
and 
N2(ui+ U2) = U2. (28) 


Let Nt, and Mt. be the manifolds in 2 corresponding 
to the sets {m,(/)} and {u2(t)}, respectively. From Eqs. 
(27) and (28) it is clear that NV, and NV» must be ideal 
filters such that Q?; and Qt, are the acceptance manifolds 
of N, and No, respectively. Furthermore, the rejection 
manifold of NV; should contain Yt,, while that of NV» 
should contain Jt. Since V,; and N» are assumed to be 
linear filters, the manifolds Yt, and Wt, should be linear 
and disjoint. Consequently, we can conclude that: 

(a) In order to be separable by means of linear filters, 
the simultaneously transmitted sets of signals {#,(¢)} 
and {2(t)} should span linear and disjoint manifolds 
Mi, and Mts in the signal space 2. 

(b) The separation of {m,(/)} and {ue(t)} can be 
achieved by using two linear ideal filters V; and Ne» 
such that Jt; and Mt, are, respectively, the acceptance 
manifolds of V; and NV». The rejection manifold of \, 
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should contain Qt, while that of N» should con- 
tain Me. 

It should be observed that since NV; and N» are 
realizable, in general, only to within a constant time- 
delay, one would obtain by separation not (#) and 
u2(t) but rather u;(t—8,) and u2(t—B.), where 6, and 
82 are sufficiently large constants. 

The conventional methods of multiplexing involve 
essentially the use of either time or frequency division, 
both, of which are special cases of the more general 
approach outlined above. Thus, in the case of frequency 
division, 2%; and Yt. are disjoint (and orthogonal) 
manifolds defined in terms of an exponential basis 
e™/2mj in the signal space. Similarly, in the case of 
time division, Jt, and Mt, are disjoint (and orthogonal) 
manifolds defined in terms of a delta-function basis 
6(t—d) in >. 

The problem of filtration, that is, the problem of 
extracting the message ensemble {u(/)} from the sum 
of {u(t)} and a noise ensemble {»(¢)} is similar, in prin- 
ciple, to that involved in the separation of two simul- 
taneously transmitted ensembles. One important dif- 
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ference, however, is that whereas in the case of simyl- 
taneous transmission of two sets of signals {;(t)} and 
{w2(t)} one has complete control over both {1(t)} and 
{we(t)}, this is not the case when {w2(¢)} represents 
noise. Thus, in general, one has no control over the 
manifold Jt corresponding to {v(é)}. If MR is a linear 
manifold in 2, then any suitable complementary mani- 
fold Mt in Z can be assigned to the messages {y(t)} 
and in this way one would obtain a communication 
channel which would not be disturbed (with probability 
unity) by the noise {v(?)}. If, on the other hand, J js 
not a linear manifold or spans the whole space &, then 
a linear ideal filter cannot be used to separate the 
message from the noise. However, it may still be pos- 
sible to achieve a perfect separation of messages and 
noise by the use of a nonlinear ideal filter. A PCM de- 
coder is an example of such a filter. Other examples of 
such filters are furnished by the decoding schemes used 
in the theory of transmission of information." !! 


10S. O. Rice, Bell Sys. Tech. J. 29, 60 (1950). 
uL. A. Zadeh, Trans. N. Y. Acad. Sci. (to be published). 
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In sequel to the experiment by Ch’en and Liu (see reference 2) that a rectified current was derivable from 
the surface of the bulb when the bulb was coated with Chinese ink and was run by alternating current, the 
following points were observed with 220-v bulbs: (1) When the nitrogen pressure inside the bulb was more 
than a hundred mm Hg, the polarity of the rectified current was always negative, and the current amounted 
to a few milliamperes. The current decreased with the decrease of pressure. At a pressure of a few mm Hg 
the current was decreased to a very small value, and then turned to positive polarity when the pressure was 
further decreased. The positive current increased to a weak maximum at a few tenths of a mm Hg and came 
down again as the pressure was further lowered. (2) The current vs pressure curves for argon, helium, and 
neon were essentially similar to those for nitrogen. (3) When the inner surface of the bulb was coated with 
a layer of metallic sodium, the rectified current, which was positive while without the coating, turned out 
to be negative. (4) When the material used to paint the bulb contained no sodium compounds, a quick 


fatigue was observed. 


INTRODUCTION 


HEN an electric bulb is connected to a source of 

alternating current, a rectified current is de- 
rivable from the surface of the bulb if the surface is 
hot and is coated externally by any conducting ma- 
terial. This action was probably first realized by Burt! 
in his experiment on the electrolysis of metallic sodium 
through glass, and was observed again by Ch’en in an 
entirely different and much easier way’ by merely 
painting the bulb with opaque conducting material. 


'R. C. Burt, J. Opt. Soc. Am. 11, 87 (1925). 
2S. Y. Ch’en and P. H. Liu, Chinese J. Phys. 7, 192 (1948). 


When the bulb was so painted, the bulb wall could be 
heated by the radiant energy from the incandescent 
filaments rendering no additional heating necessary as 
exercised by Burt. 

The rectifying characteristics of twenty-three elec- 
tric bulbs made by eleven different companies were 
studied by one of the authors and Liu.? It was found 
that the polarity of the painted bulb was negative for 
some bulbs (hereafter called (—) bulbs), positive for 
the other (hereafter called (+) bulbs), and for certain 
bulbs the polarity changed slowly back and forth from 
negative to positive (hereafter called (+) bulbs). For 
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(—) bulbs metallic sodium was deposited on the inner 
surface of the bulb, while for (+) bulbs no such deposi- 
tion took place. 

Materials containing no alkali compounds and those 
with a large percentage of sodium compounds were 
used to paint the bulbs. So far as the bulb was painted 
to the same opacity and the paint was a conductor, no 
appreciable difference as a result of the nature of the 
paints was observed except the one with no sodium com- 
pound which was inclined to show quicker fatigue. 
Because of the geometrical configuration of the filament® 
with respect to the painted areas on the bulb the 
amount of derivable current (hereafter called output) 
varied with different locations on the bulb. The loca- 
tions which were closest to the filament gave the 
greatest output. The output ranged from a small frac- 
tion of a milliampere to a few milliamperes (for 220- 
volt 60-w bulbs) depending on the nature of the glass, 
the thickness and the size of the bulb, the operating 
voltage, the wattage, and the gas pressure inside the 
bulb. The output increased with the increase of the 
temperature of the bulb, reaching a saturated value 
when the temperature of the bulb was raised to about 
110°C for 220-v bulbs. The output increased more 
than linearly with the increase in the filament voltage. 
The voltage of the rectified current was about 10-20 
volts lower than that of the impressed ac. Both clear 
and inside-frosted bulbs were used. No difference in 
behavior was noticed. Bulbs made of soft Na glass 
exhibited much greater effects than those made of 
other glass. Pyrex glass gave practically no effect. 

Theoretically, the action of the (—) bulb was ex- 
plained as the result of the neutralization of the sodium 
ions present in the hot glass by the thermal electrons 
emitted from the filament. It was the field of the ther- 
mal electrons that caused the negative charges in the 
glass to leave the buib. The phenomenon for the (+) 
bulb was explained as due to secondary emission of 
electrons, which should take place when the pressure 
inside the bulb was very low. The thermal electrons 
from the filament could acquire sufficient kinetic energy 
to knock off electrons on bombarding the glass wall, 
and at the same time were not caught by the sodium 
ions of the glass, probably by the help of space charges 
of positive ions in the bulb. One may consider that 
there was always a superposition of two sections. In 
any half-cycle, different areas of the bulb would be 
doing different things. The area near the negative end 
of the filament would receive electrons from the fila- 
ment, and perhaps would have secondary electrons 
emitted from it. At the same time, areas near the posi- 
tive end of the filament would lose photoelectrons. It 
would be a balance among all these things, and perhaps 
others, if ionization were present, that determined the 
direction and size of the current observed. (+) bulbs 


3 All the bulbs used had a fine coiled tungsten filament mounted 
roughly in the form of the five sides of a hexagon. The filament 
was not located accurately at the center of the bulb. 
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Fic. 1. The circuit. A, ammeter; B. G., ballistic galvanometer; 
C, condenser; C. G., current galvanometer; F, the coating on the 
glass bulb; L, the bulb to be investigated; RiR2R3R,, variable 
rheostats; and V, the voltmeter. 


may thus be interpreted as the case where the two ac- 
tions overbalance each other. 

Gas-filled bulbs (such as G. E. bulbs) were found to 
behave always as (—) bulbs because the pressure in 
the bulb was high, and thus the mean free path of the 
electrons was considerably shortened. The thermal 
electrons would lose energies by collisions with the gas 
molecules in the bulb, and would not have sufficient 
energy of collision with the bulb to produce secondary 
emission but would be caught by the sodium ions. 

It is the purpose of the present article to present 
further experimental study of (1) the relationship be- 
tween the polarity of the rectified current and the 
pressure inside the bulb, and the relationship between 
the magnitude of the output and the pressure inside the 
bulb; (2) the effect, if any, of the nature of the gas in 
the bulb on the output; (3) the effect of the nature of 
the coating in the interior surface of the bulb on the 
polarity of the rectified current; and (4) further study 
on the effect of coating the exterior surface of the bulb 
with different substances. 


EXPERIMENTAL 


The circuit used, as shown in Fig. 1, was essentially 
the same as before,’ except that variable resistances 
were used instead of electric bulbs. The potential on 
the coatings of the bulb was set at a value midway be- 
tween that of the filament terminals in order to lessen 
uneven load on the filament resulting from thermal 
emissions of electrons. The filament carried, in addition 
to the filament current, also current resulting from the 
emission of thermal electrons collected by the coated 
glass bulb. The thermoionic emission would be faster 
at that portion of the filament whose potential differ- 
ence to F was greater. If the potential at F was the same 
as that of one filament terminal, the filament could be 
easily burned out near the other filament terminal. 











Fic. 2. The bulb with coating and the side tube. 


R,; and R»2 were each 2000 ohms; R; and R, 300 ohms. 
The potential of F with respect to m, (Fig. 1), was 
measured with a ballistic galvanometer and its current 
with a current galvanometer. The temperature of the 
bulb was measured with a copper-constantan thermo- 
couple. The bulbs used throughout the experiment were 
G. E. Edison 60-w 220-v bulbs. A glass tubing was 
connected to the bulb, shown in Fig. 2, so that it could 
be pumped to any desired vacuum. Four different gases 
were used to fill the bulb, viz., Ne, A, He, and Ne. The 
bulbs Were coated by Chinese ink which is merely a 
mixture of finely powdered smoke black, gum, and 
some common salt. 

In the latter part of the experiment the inner surface 
of the bulb was coated with sodium. The method was to 
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Fic. 3. Rectified current vs time curve for Bulb No. 4 
filled with Ne. 
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apply the positive terminal of the 110-v dc to the coat- 
ing and the negative terminal to the filament with a 
4000-ohm resistance in series. The entire bulb was 
painted with carbon black (Chinese ink) except the 
middle portion which was kept cold by covering it with 
wet cotton. 


RESULTS 


Several bulbs were studied. Because of variations in 
geometrical configurations of the filaments with re- 
spect to bulb walls, different bulbs usually did not give 
the same curves, but they all exhibited essentially 
similar behavior. 

Even with the same bulb, the coating of the filament 
would effect the thermionic emission. Thus different 
results will be obtained after the filament was heated 
in the gas. In view of this point observations were 
made using the same bulb starting with low pressures. 
Readings were taken each time the pressure was in 
creased to a higher value. Then observations were made 
by decreasing the pressure. 
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Fic. 4. Steady values of output current vs logio (pressure) 
for Bulb No. 4. (p= Ne pressure in mm Hg.) 


1. The Effect of Nitrogen Pressure in the Bulb on 
the Output Current 


Figure 3 illustrates sample curves obtained with 
Bulb No. 4, when nitrogen was introduced in the bulb. 
The numbers marked for each curve were nitrogen 
pressures in mm Hg. The magnitude of the output cur- 
rent might vary from bulb to bulb, but the current was 
usually positive when the pressure was below a few 
mm Hg. This value of the pressure at which the current 
changes sign would vary with filament voltage, the 
temperature of the filament, the nature of gas, the dis- 
tance between the filament and the bulb wall, and prob- 
ably the concentration of the space charge. This critical 
pressure for current reversal should not be very dif- 
ferent from that at which the mean free path of the 
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Fic. 5. Some current vs time curves for Bulb No. 1. (a) Pressure of Ne in the bulb=constant=0.115 mm 
Hg; imput voltage for Curve A = 180 volts, Curve B= 200 volts. (b) Imput voltage=constant= 200 volts; 
nitrogen pressure for Curve C=0.01 mm Hg, Curve D=0.03 mm Hg. 
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thermal electrons begins to be comparable with the dis- 
tance between the filament and the bulb wall. It is not 
feasible to calculate the theoretical mean free path value 
accurately because there would be involved many phys- 
ical quantities which would be very hard to assign, such 
as the mean temperature of the gas in the bulb, the den- 
sity and the viscosity of the gas, etc., for the filament 


‘temperature was more than one thousand degrees while 


the temperature of the glass bulb was only of the order 
of 150°C. The gas pressure and rectified current relation- 
ship is shown more clearly in Fig. 4. It is to be noted that 
the pressure readings were those inside the bulb before 


the bulb was lighted. Naturally, the pressure, when 
lighting, was increased by temperature changes and by 
emitted gas from the filament. Consequently, the low 
pressure readings were merely semiquantitative. 

Among several bulbs tested, all bulbs gave negative 
rectified current when the pressure was high. This 
negative current sometimes increased to a weak maxi- 
mum when the pressure was decreased, say to around 
20 mm Hg. As soon as the pressure was decreaseq still 
further, the current would decrease to a small value 
and then start to reverse in direction at a pressure of a 
few mm of Hg. 
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G. 6. Rectified current vs time curve for Bulb No. 2 filled with Ne, 0.012 mm Hg. 
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Fic. 7. Steady values of output current vs logiop for 
Bulb No. 5. (p=argon pressure.) 


Different phenomena were observed beyond this 
pressure point. The bulbs in general showed that the 
positive current would increase as the pressure was 
further decreased. As the pressure continued to de- 
crease the current would first increase and then had a 
tendency to decrease as shown in Fig. 4. But some bulbs 
first gave a positive current and then the polarity 
shifted back to negative again as the gas pressure was 
decreased to the order of 0.1 mm Hg. Below this pres- 
sure the current ran continuously negative and had a 
tendency to go back to positive when the pressure was 
of the order of 0.001 mm Hg. Phenomena as shown in 
Figs. 5(b) and 6 would occur at this case. 

Another important and interesting result as shown 
in Fig. 5(a) indicated that the polarity of the rectified 
current did depend on the imput voltage. The polarity 
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was positive when 180 volts was applied to the bulb 
as shown in Curve A. When 200 volts was applied, the 
current was first positive and then turned negative as 
Curve B. 

Figures 5(b) and 6 show some different phenomena 
which were observed. In Fig. 5(b) the curve for 0,03 
mm pressure first showed a positive current, then it 
became negative after the bulb was run for a few min- 
utes. Figure 6 exemplified a case that the current shifted 
back and forth from positive to negative, when the 
pressure was low. 


2. The Output Current under Different Pressures 
of Other Gases in the Bulb 


Similar readings were taken when argon was used to 
fill the tube. Figure 7 is a typical curve obtained when 
the pressure of argon in the bulb to start with was 45 
mm, and observations were made for pressures down to 
0.005 mm and up again, step by step, to 50 mm. The 
curve gives essentially the same effect for argon as that 
for nitrogen. 

It was very hard to work with helium and neon be- 
cause it was very easy to discharge through the bulb, 
thus causing the burning out of the filament. Although 
no systematic curves for these gases were obtained as 
for nitrogen and argon, it was quite evident that the 
results turned out to be essentially like those for the 
latter gases. 


3. The Effect of Coating the Inner Surface of the 
Bulb with a Layer of Metallic Sodium on the 
Polarity of the Rectified Current 


Two different special bulbs were chosen to test this 
effect. They were all 220-v 60-w bulbs made in China. 
The first bulb (Chuen Kwang brand) was a (+) bulb 
whose output current before and after coating are 


shown in Fig. 8, lines A and A’. The second bulb 


Without sodium inner coating 


Fic. 8. The effect of coat- 
ing the inner surface of the 
bulb with a layer of metallic 

at sodium on the polarity of 
the rectified current. 





2.0L 

















me 
an 








RF. 








EFFECT OF GAS PRESSURE IN 


TIME in minutes 


ELECTRIC BULB 233 














0° = 100 150 200 250 300 
’ \ PRA iat ti oa a. pa > 7 < ; mer a0 rs o-—= A, T T T _— — 
—— . © a4 ° © 
B 
° 

5 A 
7 
3 
. +10} 
=| 
8 
- 
& 








Fic. 9. The effect of coating the exterior surface of the bulb with different substances. Bulb, G. E. Edison; 
A, silvered surface; B, painted with C and NaCl; C, painted with C only. 


(Chi-Te brand) was a (+) bulb which, after coating, 
behaved as s (—) bulb as shown in Fig. 8, lines B and 
B’. These curves indicate evidently that coating the 
bulb wall with sodium tends to destroy the (+) cur- 
rent, which is supposed to be caused by secondary 
emission and photoelectric effect, so that the collection 
by the wall of electrons from the filament will be the 
main process and give a negative current. 


4. Further Study on the Effect of Coating the 
Exterior Surface of the Bulb with Different 
Substances on the Rectified Current 


Figure 9 gives curves obtained when the bulb was 
coated with silver as the G. E. silvered bowl lamps 
(Curve C), with a mixture of carbon black and common 
salt (Curve B), and with pure carbon black and a trace 
of geleatin (Curve A). After Curve A in Fig. 9 was ob- 
tained, the setup was laid untouched for 6 days. When 
the test was repeated after 6 days one got a curve about 
the same as before (with steady current values of about 
0.3 ma), except that the peak value during the first 
few minutes had practically disappeared. When Curve 
B was repeated after 6 days, one got the same thing as 
that for Curve A. But if one put a few drops of distilled 
water on the coating and repeated Curve B again, an 
immediate increase in output current was obtained with 
initial peak values of about 6 ma, and fatigued down 
again as Curve B to 2 ma after 60 minutes. It is easy 
to see that the distilled water would bring more soluble 
salt in direct contact with the glass bulb. 


DISCUSSION 


The function of the bulb in these experiments was 
merely that of a full wave rectifier as recently shown by 
an oscillograph. The experiments do not lend themselves 


to involved theoretical analysis, but they suggest 
some interesting applications. They illustrate well that 
the electrical properties of hot glass‘ produce appreci- 
able effects on electric bulbs. 

The bulb can be used as a very convenient and 
economical source of rectified dc and gives a steady tone 
through ear phones. When lights are used in damp 
places, the life of the bulbs should be influenced by the 
effect here studied. These effects are more pronounced 
for 220-v bulbs than for 110-v bulbs. So they should 
be more important for those who stay in cities supply- 
ing only 220-v ac. 

For the case such as G. E. silvered bowl lamps, care 
should be taken not to allow the silver coating to touch 
the metal fixture if the latter is grounded. The current 
coming out of the bulb will cause an uneven and addi- 
tional load on the filament, so the life will be shortened. 
Also metallic sodium vapor will be produced gradually 
in the bulb (because gas filled bulbs are always (—) 
bulbs). The sodium vapor will not only deposit at the 
cooler parts of the bulb, but will cause the filament to 
be burned out by a short from the filament to the bulb 
wall, when the sodium vapor is increased to a certain 
concentration. In the light of the present experiment, 
the gas pressure inside the bulb should, in so far as 
these effects are concerned, be adjusted so that the de- 
rivable current from the bulb has a minimum value. 
For 220-v bulbs the pressure should be around a few mm 
of Hg. The exact value will depend upon the geometrical 
as well as the electrical conditions of the bulb. The 
characteristic properties of power radio tubes should 
also be effected somewhat by the present effect. The 
best way to avoid the effect is to use Pyrex glass bulbs. 


‘Such as those mentioned in J. E. Stanworth, Physical Proper- 
ties of Glass (Oxford University Press, London, 1951), Chapter 6. 
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If a beam of high energy particles impinges on a solid, radiation damage is produced only in a very thin 
layer at the end of the range of the particles. Computations determining the extent of this inhomogeneity of 
damage are outlined and carried out for the specific case of 20-Mev deuterons impinging on a copper sample. 
A simple method is discussed for producing uniform damage in a thickness corresponding to the range of the 


particles. 


INTRODUCTION 


recent years studies of damage in solids due to 
radiation have been the object of much interest. In 
the case where the radiation damage produced by 
monoenergetic ions is the subject of the investigation, 
there is the difficulty that the damage occurs pre- 
dominantly near the end of the range of the ions, that 
is, mainly in a thin layer of the material. Slater in his 
comprehensive review of this problem! states that for 
the case of protons, e.g., damage occurs primarily after 
they have slowed down to energies of approximately 
10 kev. He concludes, therefore, that the use of cyclo- 
trons for such studies is not only wasteful but also detri- 
mental, as it is difficult to remove the extraneous heat 
generated by the particles as the slow down to such 
energies. Furthermore, it is obvious that the damage 
will be concentrated in a thin layer near the end of the 
path of the particles and so might have little effect on 
many bulk properties. These disadvantages can be 
avoided by the use of low energy particles in conjunc- 
tion with a thin sample. Such samples are, however, 
very inconvenient to handle experimentally, and, fur- 
thermore, structure sensitive properties show a greater 
dispersion the thinner the sample. The purpose of this 
communication is to provide a quantitative estimate of 
the spatial distribution of the radiation damage pro- 
duced by monoenergetic ions and to describe a simple 
method whereby uniform radiation damage can be 
produced in a relatively thick sample by the use of ions 
whose range equals the thickness of the sample. 


SPATIAL DISTRIBUTION OF THE DAMAGE 


No detailed information is available concerning the 
production of radiation damage by the lightest ions 
(protons and deuterons). Detailed calculations were 
done by Ozeroff? for the case of fission fragments. His 
results are, however, not directly applicable to the case 
of the lightest ions which therefore must be treated 
separately in the following. In carrying out this com- 
putation we will consider separately the region where 
electronic excitation is dominant and that in which the 
ion is neutralized. 


1J. C. Slater, J. Appl. Phys. 22, 237 (1951). 
? J. Ozeroff, KAPL-205 (1949). 


1. Electronic Excitation Dominant 


The energy loss to electronic excitation will be esti- 
mated by means of Bethe’s basic equation* (Born 
approximation) : 


dE —2nZ*?Nz*Met 4Em 
— =—___—____—__ log—— (1) 
dx mE IM 


where E is the total energy of the particle, x is the 
distance it has penetrated into the sample, Z is the 
atomic number of the particle, V is the number of 
atoms per unit volume in the sample, 2* is the effective 
atomic number of the sample (with respect to excitation 
by ions of energy E), /* is the effective (geometric) 
mean excitation energy for electrons of the sample 
(again with respect to ions of energy E), M is the mass 
of the incident particle, and m and e are, respectively, 
the mass and charge of the electron. The essential 
problem in applying this equation is the determination 
of good approximate values for Z* and J*. For this 
purpose the range of E here considered is further sub- 
divided into two regions, depending on whether the 
energy spread of the electrons in a given shell is small 
or large compared to the average excitation energy of 
the shell in the question. 

For the first case, which occurs for the larger values 
of E, the following modification of the method of Aron, 
Hoffman, and Williams‘ is used. At any energy E only 
those electrons whose effective excitation energies E; 
satisfy 

4Em/ME;>1 (2) 


are taken into account so that /* and Z* are determined 
by the equations: 
s=2*+n, (3a) 


z logl =2* log/*+> logki, (3b) 


where z is the atomic number of the material, » is the 
number of electrons not satisfying (2), and J is the 
effective mean excitation energy for all the electrons of 
an atom of the material. The summation in (3b) is to 
be taken over those electrons nol satisfying (2). To 

3M. S. Livingston and H. Bethe, Revs. Modern Phys. 9, 263 


(1937). ae 
4 Aron, Hoffman, and Williams, AECU-663 (1950). 
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RADIATION: DAMAGE IN 
apply this method it is necessary to know the quan- 
tities Ei. We have determined these by multiplying 
each actual excitation energy® by such a factor as to 
make the mean effective excitation energy equal to 
that obtained experimentally by Wilson.* 

For the lower energy range of protons and deuterons 
the number of electrons with excitation energy greater 
than a specified amount is estimated by means of the 
Thomas-Fermi model. The mean excitation energy is 
taken as equal to the Rydberg energy Er. The resultant 
equation in this region is 


dE 2re*Z*7NCE'M 4m 


a log ? (4) 
dx mE 





where C is a constant such that the effective atomic 
number is given by 


z*=CE} (5) 


(see reference 2). The lower energy limit of the region of 
applicability of this equation is E.=(M/m)Er below 
which the ion will have almost certainly gained an elec- 
tron so that the energy loss due to electronic excitation 
diminishes greatly. 

The following (classical) expression suffices through- 
out the range between the initial energy E,) and the 
energy E, to specify the rate of energy loss due to 
collisions in which an atom of the lattice is displaced 
(acquires an energy larger than e). 


dEp aN o2Z’e'M 4EM 
(E 
dx 


/ 8 , 
M'E él 





; (6) 


where M’ is the mass of an atom of the sample. From 
Eqs. (1) to (6) it is possible to compute Ep’, the amount 
of energy lost in the production of displaced atoms, x’ 
the distance travelled and (dEp’/dx),, the average 
energy loss going into radiation damage per unit length 
when the ion slows down from E, to E,. 


2. Ion Neutralized 


At energies below E, the ion is neutralized and the 
excitation loss becomes small enough to allow the. pro- 
duction of displaced atoms to become essentially an 
equally important process. We will therefore assume— 
as Ozeroff? did for the case of fission fragments—that 
the energy loss due to both processes is equal. The 
range x’’ is taken as equal to one-half that which would 
be obtained solely on the basis of losses due to colli- 
sions of the neutralized ion and is given by the following 








expression : 
xe = — E;{ 2 log )-z 2 log2. | 
10 2rN,)M E 


> The International Critical Tables. 
*R. R. Wilson, Phys. Rev. 60, 749 (1941). 
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where u=z'/2a9, do is the radius of the Bohr orbit in 
hydrogen; E=ze*’u and 


y 
E(y)= f (erdy/y). 


The average energy loss per unit length (dEp’’/dx)s 
in this region is given by 


dEy"\ Ex 
a 


EXAMPLE: DEUTERON BOMBARDMENT OF COPPER 








(8) 


The calculations have been carried out for the case 
of deuterons of an initial energy Ey) =20 Mev incident 
upon copper for which E,=50 kev taking e=25 ev, 
If the primed and double-primed symbols refer to the 
status before and after the energy of the particles be- 
comes equal to £., the total amount of energy lost in 
producing displaced atoms is 


(Ep’)totai=8.4X 10° ev 
(Ep’’) totai= 2.5X 104 ev; 


the distance traveled is 


x’ =4.6X 107? cm 
x’ =6X10- cm; 


and the average energy loss per unit path length re- 
sulting from the production of displaced atoms becomes 


(dEp'/dx) m= 1.8X 10° ev/cm, 
(dEp”’ /dx)w=4.6X 10? ev/cm. 


The ratio of the number of displaced atoms per ion 
produced in the two regions (of thickness x” and x’, 
respectively) exceeds the value of 200 found for 
(Ep”’)totai/(Ep’)totai Since the average energy transfer 
per displaced atom is greater in the region x’. Since the 
above statements refer only to the rate at which atoms 
are displaced, the inhomogeneity of the resulting 
damage will, of course, be diminished if the exposures 
are extended over a period so long that saturation 
occurs. 


METHODS FOR THE PRODUCTION OF 
UNIFORM DAMAGE 


There are, however, two ways to increase the thick- 
ness of a sample beyond x” without introducing much in- 
homogeneity prior to saturation of the whole sample. 
In the first place, an accelerator, such as a cyclotron, 
with a high energy output and with a large spread of 
energy, may be used in conjunction with an absorber 
of an equivalent thickness slightly less than x’ placed 
in front of the sample. The spread of energies present 
in the original beam combines with the effects of strag- 
gling and scattering introduced by the absorber to in- 








236 P. SCHWED AND 
crease the thickness within which the rate of production 
of displaced atoms is reasonably uniform. However, a 
considerably greater improvement can be obtained by 
the use of a device which introduces an absorber into 
the beam in such a fashion that the thickness of ma- 
terial traversed by the particles varies linearly and 
periodically between zero and the range of the particles 
in it. With this device it becomes possible to use a 
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sample of thickness x’+ +” since the region in which the 
particles have energies less than E, moves through the 
whole thickness of the sample in such a way that the 
rate of production of displaced atoms is essentially 
uniform. The heat generated in the sample is reduced 
by a factor of about two and the induced radioactivity 
by a much larger factor compared to that produced 
without such an absorber. 
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‘ Studies in Newtonian Flow. III. The Dependence of the Viscosity of Liquids on Molecular 
Weight and Free Space (in Homologous Series) 
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The free-space concept, previously applied to variation resulting from a change in temperature only, is 
here adapted to a case where both temperature and molecular weight vary. The molecular weight range 
of the n-paraffins illustrative of this case is limited to m= 100 through m= 240. Over this range of molecular 
weights the family of lines represented by Inn=B(v0/r7)+1nA intersects the vertical axis at very nearly a 
common point. By assuming a common intercept and representing the slopes of this family of lines in terms 
of molecular weight, an expression defining viscosity as a function of molecular weight and free space is 
deduced. This expression reproduces the “selected data” satisfactorily over the molecular weight range 
mentioned. Its greater significance as a step in the development of a far more useful function will become 


apparent in the succeeding paper. 


HE dependence of the viscosity of liquids on mo- 
lecular weight, as well as its dependence on tem- 
perature and on free space which were discussed in the 
two prior papers of this series,'? have been studied by 
many investigators over a period of years. Usually, 
though not always, such studies have dealt with ho- 
mologous series of liquids. A resumé of a number of ex- 
pressions relating viscosity to molecular weight may be 
found in a chapter by the author in Alexander’s Colloid 
Chemistry.’ 
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1A. K. Doolittle, J. Appl. Phys. 22, 1031 (1951). 

* A. K. Doolittle, J. Appl. Phys. 22, 1471 (1951). 

*J. Alexander, Colloid Chemistry (Reinhold Publishing Cor- 
poration, New York, 1950), Vol. VII, pp. 155-156. 


The study described in this paper is based on accurate 
measurements of the density and viscosity of several 
members of the homologous series of n-alkanes. The 
synthesis and measurement of these compounds has 
been described in a prior publication.‘ 

In the previous paper of this series* it was shown that 
for the n-paraffins the variation in viscosity due to a 
change in temperature only (except for those values in 
the neighborhood of their freezing points) could be 
expressed accurately as a function of free space by the 
following equation, 


n=AeB/) or Inn= B(vo/vs)+1nA, (1) 
where n=coefficient of viscosity, vs/v)=relative free- 
space for a single substance at fixed pressure, and A 
and B=constants for a single substance. 

We now undertake to show how the above relation- 
ship may be extended from the consideration of a single 
compound at a time to the treatment of members of 
an homologous series of compounds. It should be empha- 
sized, however, that whereas Eq. (1) may be an exact 
function for temperatures well above the freezing point, 
and certainly has been shown to be as precise as the 
accuracy of the measurements, no such claim is made 
for the molecular weight function to be developed in 
this paper. The reasons for the slight inaccuracies in- 


4A. K. Doolittle and R. H. Peterson, J. Am. Chem. Soc. 73, 
2145 (1951). 
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STUDIES 


force field intensity within the liquid. Equation (1) also 
indicates that the change in the magnitude of the co- 
hesive forces in the liquid is occasioned solely by the 
change in vs/%, or in other words, by the extent of 
separation of the molecules from each other. If, how- 
ever, we vary the molecular weight, we alter not only 
the internal attraction by changing the distances that 
the molecules are from each other, but we alter the 
force field intensity as well. 

By adjusting our point of view in regard to Eq. (1) 
in conformance with the foregoing physical picture, we 
may extend the scope of this equation to permit its 
application to the case where the molecular weight (in 
homologous series), as well as the temperature, is varied. 
Thus, since InA is assumed to be invariant, 1/(v;/v9) 
or v/v, may be thought of as approaching zero by 
either of two routes, the value of the limit being the 
same by either route. 

Accepting the value of the common intercept as the 


average of the intercepts of the individual lines (m= 100° 


through m=240), we now proceed to determine the 
slopes that best represent the family of lines having this 
common intercept. There are, no doubt, several ways 
in which this might be done, but the plan adopted by 
us was to calculate the slopes of the lines determined 
by each point and the common intercept, then average 
these slopes. Since each slope is some function of 
molecular weight, we write 


slope = Cf(m) = (Inn+7.65/v0/v,;). (2) 


Calculation of Cf(m) for our “selected values” (m= 100 
through m=240) was made. The results are presented 
in Table II where the average values of Cf(m) are 
shown at the bottom of the corresponding columns. 
From the form of the curve Cf(m) vs m, it was estab- 
lished that the relationship applying in the range m 
= 100 to m= 240 could be represented by a logarithmic 
decrement in which the argument varies as 1/m!/?°, 
That is, 
f(m)=exp(— K/m'°) and 

InlC(fm) J=InC— K/m'!°, (3) 


The final step leading to the molecular weight func- 
tion involves merely substituting 


Cf(m) =Cexp(— K/m') 


IN NEWTONIAN FLOW. 
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for B in Eq. (1), giving 
Inn=C [exp(— K/m!!?°) ](v9/vs)+1nA. (4) 


Taking the values for our m-paraffins determined as 
described above, Eq. (4) becomes 


Inteate= 2401 [exp(— 10.239/m'!?°) ](v9/vs) — 7.6500. (5) 


Values of mate calculated according to Eq. (5) for 
our “‘selected data” in the molecular weight range 100 
through 240 are shown in Table III. No value differs 
from the measured value by more than 1 percent. This 
equation is neither valid for paraffins of molecular 
weight less than 100 nor greater than 240. 

Although an equation that applies only to the n- 
alkanes and that is not even valid for all of the members 
of this series may seem to be rather impractical, the 
development of this equation is, nevertheless, a neces- 
sary step in the sequence of relationships presented in 
this series of papers. The succeeding and final paper of 
our “Studies in Newtonian Flow” adapts Eq. (4) to 
the more general case of the dependence of viscosity on 
molecular weight (at constant temperature) in any 
homologous series of Newtonian liquids. The latter 
relationship is of quite general usefulness. 


SUMMARY 


(a) The intercepts of the lines represented by Inn 
= B(vo/vs)+1nA for n-paraffins of molecular weight 
m=100 through m= 240 intersect the vertical axis at 
very nearly a common point. 

(b) The slopes of the family of lines having a common 
intercept (n-paraffins m=100 through m=240) were 
found to conform to a logarithmic decrement relation- 
ship with respect to molecular weight ‘in which the 
argument varies as 1/m!/?°, 

(c) Amolecular weight—free space function applying 
to n-paraffins m= 100 through m= 240 was derived from 
the free space equation, Inn= B(vo/v;)+InA, by sub- 
stituting for B its equivalent in terms of molecular 
weight. The molecular weight—free space equation was 
thus shown to be: 


Inn=C [exp(— K/m!*/2°) ](v9/vs)+1nA. 


This equation is not an exact function, but it does 
reproduce the “selected measured values” with an 
accuracy of 1 percent or better. 
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Space-Charge-Limited Currents between Inclined Plane Electrodes 
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Research Department, Westinghouse Electric Corporation, Bloomfield, New Jersey 


(Received August 23, 1951) 


The method of attack devised by Walker has been applied to the problem of current flow between inclined 
plane electrodes. It is assumed that the initial velocities of emission are negligible. Solutions for the potential 
distribution, the space-charge characteristic (“perveance”’), the particle trajectories, and the transit time in 
such diodes under conditions of complete space-charge limitation are given. The trajectories and transit time 
have also been determined for the space-charge-free case. The results are presented in both graphical and 
tabular form. In most cases the solutions are given for angles between the electrodes as great as 180°. 

For an angle between the electrodes of approximately 118° the transit time in the space-charge-free case is 
equal to that for complete space charge limitation. The effect of accidental electrode tilt on the perveance of a 
diode, which presumably has parallel electrodes, has also been investigated. A rectangular electrode whose 
width is 1.24 times the interelectrode spacing is relatively insensitive to tilt about a line passing through its 
center and parallel to its side. A disk-shaped electrode is insensitive to tilt about any axis passing through its 
center if its diameter is 1.42 times the interelectrode spacing. 


1. INTRODUCTION 


HE solutions of the equations for space-charge- 
limited flow between parallel planes,'? concentric 
cylinders,?* and concentric spheres‘ have been known 
for a long time. These three cases are all characterized 
by rectilinear flow, i.e., the electron (or ion) trajectories 
are straight lines (assuming that initial velocities of 
emission are negligible or are normal to the emitter 
surface). Recently attempts have been made to solve the 
space charge equations for more general cases involving 
curvilinear flow.>~? 

Walker® has applied the principles of hydrodynamics 
to space-charge-limited currents with considerable suc- 
cess. The discussion is limited to “congruent” or 
irrotational flow, i.e., to cases where 


curlv=0, (1) 


COUPEE, 


or? - - = / 
a = 





COLLECTOR 
(Ve Va) 





EMITTER 
. (Vv =O) 


Fic. 1. Electrode arrangement and coordinate system employed. 
(The angle between the trajectory and the normal to the equi- 
potential should be labeled ¢, not @.) 


1C. D. Child, Phys. Rev. 32, 492 (1911). 

21. Langmuir, Phys. Rev. 2, 450 (1913). 

3]. Langmuir and K. Blodgett, Phys. Rev. 22, 347 (1923). 

*I. Langmuir and K. Blodgett, Phys. Rev. 24, 49 (1924). 

5B. Meltzer, Proc. Phys. Soc. (London) 62B, 431, 813 (1949). 
*G. B. Walker, Proc. Phys. Soc. (London) 63B, 1017 (1950). 
7K. Spangenberg, J. Franklin Inst. 232, 365 (1941). 


where v is the velocity vector. This restriction implies 
that a single trajectory passes through any given point 
in space and that the velocity is a single valued function 
of position. It may be stated here that situations in- 
volving initial velocities of emission or nonequipotential 
emitters violate this condition. 

Walker® has, in particular, shown that the case of 
inclined plane electrodes is susceptible of solution and 
has roughly outlined this solution. It is the purpose of 
the present paper to present in detail the results for this 
electrode configuration, following his method, and ex- 
tending it in some cases. 


2. THE FUNDAMENTAL EQUATIONS 


For irrotational flow the velocity may be expressed in 
terms of a scalar point function, the action function W, 
as 

v=gradW. (2) 


Application of the force equation (Newton’s second law 
of motion) leads to 


(gradW )?= (2e/m)V+const. (3) 


If the velocity is zero when V =0, then the constant may 
also be set equal to zero. Equation (3) simply expresses 
the conservation of energy. 

Consider now the electrode arrangement shown in 
Fig. 1. It is assumed that the length of the electrodes 
normal to the plane of the figure is great enough (or that 
end plates are provided) so that end effects are negligible 
and thus there will be no component of flow perpen- 
dicular to this plane. The trajectories can then be de- 
scribed by the polar coordinates r and @. Following 
Walker, let us assume an action function of the form 


W=rg(8), (4) 


so that the variables are separated. This assumption 
will be seen later to be justified since it leads to solutions 
of the differential equations which fit the boundary 
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conditions. The components of the gradient in polar 
coordinates are 


ow 
v,=*=grad,W=—=g, (5a) 
or 
: 10W dg . 
ve= r= gradgW =—- —-=—=g’. (Sb) 
r 060 dé 
Equation (3) thus becomes 
g+g?=CV, (6) 
where 
C=2e/m. (7) 


Equation (6) implies that the potential is dependent on 
the angle variable @ only, i.e., the equipotentials are 
radial lines, 2= constant. 

Poisson’s equation and the equation of continuity 
remain to be satisfied. Since V is independent of r, the 
former may be written 


V" /r?=4ap, (8) 


where p is the magnitude of the (negative) space-charge 
density. The equation of continuity, divj=0, becomes 
in polar coordinates 


1 0 
- —(rpv,)+- —(pv9)=0. (9) 
r or r 00 


When Eqs. (5a), (5b), and (8) are substituted, the re- 
sulting expression is 


d 


(Vg) —V"g=0. (10) 
d0 


The two Eqs. (6) and (10), when solved simultaneously 
and subject to the appropriate boundary conditions, 
give the desired solutions for the potential and velocity 
functions. 

The trajectories for this flow can be obtained very 
simply from Eqs. (5a) and (5b). 


e * @ 
—=—=— (11) 
g’ ré rd 
or 
"sg 
r=nexp( f =i) =r, (12) 
o g 


where ro is the value of r for 6=0. It is seen that the ratio 
r/ro is a function of’@ only. This means that the tra- 
jectories all have the same “magnification factor,” as 
pointed out by Walker. An example of a trajectory is 
shown in Fig. 1. 

The angle between the trajectories and the equipo- 
tentials is also of interest. Let # be defined as the angle 
between the trajectory and the normal to the equipo- 
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tential (see Fig. 1). Then 
dr g 
tang=—=—. (13) 
rd@ g’ 


The transit time may be obtained from the following 
considerations. From (5b) 


di = (r/g’)d@, 
so that for /=0 when 6=0, 


a eh 
as f —do=r, | —do, (14) 
0 g’ 0 . 


g 


where / is given by Eq. (12). Since and g’ are functions 
of @ only, it is seen that the transit time is directly 
proportional to ro, the initial value of r. 

Let us now consider the electrical current density 
resulting from the flow. The direction of the current with 
respect to the equipotentials (and therefore with respect 
to the electrodes) is given by the angle ¢ of Eq. (13). 
The velocity is given by the energy equation and p is 
given by Eq. (8), so that the current density at an 
electrode is 


os 1 s2e\? V"V! 
J=' pv cose=_-(~) —— cos¢. 


4r\m r° 


(15) 


This is the analog to the usual space-charge equation. 

In the following sections, the solutions for the com- 
pletely space charge limited and space-charge-free cases 
will be discussed. As yet the solution for partial space- 
charge limitation (i.e., electric field at the emitter not 
zero) has not been found. 


3. SOLUTIONS FOR COMPLETE SPACE- 
CHARGE LIMITATION 


Walker has shown that the solutions for the case of 
completely space-charge-limited flow may be written in 
series form as 


s~ ¥ a 9 Er—D5, (16) 
and ‘i 
sii X 8,0" n2)/3= 8,03 /(8)=B,f(8), (17) 
where 
{= > 6,0". (bo=1) (17a) 


n=0 


That these solutions do correspond to complete space- 
charge limitation (i.e., zero electric field at the emitter) 
can be seen by noting that V does not contain a linear 
term in 6, and hence the cathode field, which is pro- 
portional to V’, does indeed disappear for 6=0. 

The relations between the a, and b, coefficients are 
found by substituting the series given by expressions 
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TABLE I. Values of the coefficients for the various series. 








an/ai an 
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bn cn/e1 dn Dr Qn 





—9.5238095 X10~2 
+4.8100048 X10~* 
—4.6827556 X10-5 


+2.661063 X10~¢ 
—5.629113 K1078 
—2.030987 X10~8 


+0.3333333 

+2.1164021 X10~2 
+1.7102239 K1073 
+1.1401492 x10~¢ 
+3.207674 X1076 
—6.443824 X1077 
— 1.499003 X1077 


+1.0000000 
+6.6666666 X10~2 
+9.3737374 X1073 
+1.1913570 X1073 
+1.262306 X10~4 
+1.00674 X 10-5 
+3.80065 X 1077 
—4.81524 X10-8 


+1.0 
, 70.2222222 

+1.7636684 «109-2 
—2.3413778 10-4 
+1.685340 x10-5 
—4.315653 x19-7 
— 1.827888 10-7 
—2.859004 10-8 


0 +1.0000000 eee 
1 +1.0000000 +0.3000000 +2.6666666 X10? +1.0000000 
2 —7.5757575 X10? =—- + 1.36363636 X10 = +2.3434343 X1073 

3 -+4.2810457 X107* +4.8770005 xX10~4 +2.166104 X10~* 

4 —8.69635 X10~¢ —3.593185 K10-% +1.803295 X10-5 

5 -+2.81097 X10-¢ —9.64152 X1076 +1.18440 X10~¢ 

6 -—9.37580 X10-* —1.02665 X10~¢ +3.78783 X107$ 

7 —2.49678 X10~8 —4.0391 X10~8 —4.20727 X10~* 

8 

9 


—2.5464 X10~* 
—1.1833 K10°1 


+6.9892 K10~9 
+1.6858 X10~* 


—9.49476 X10~19 


—2.766778 X10~* 


— 1.862019 K10~8 —1.23184 X1078 








(16) and (17) into Eqs. (6) and (10). The result from (6) 


1S 


9CBibni=9 > ajax 
j+k=n 
+ > (6j—1)(6k—1) ajax, (n=1). (18) 
T+k=n+1 
Substitution in (10) yields 
3 >> (6k—2)(6k—5)ajb,_,;=2(n—1) 
i+k=n 
X DL (6j—1)(6k—2)(6k—S)ajby1, (n2=2). (19) 
itk=nt+1 


The first equation of (18) gives the relation between a; 


———= 


taneously in pairs, i.e., the second of (18) with the first 
of (19), etc., permit the other coefficients to be de- 
termined. The results are 


a= (3/5)(CB1)*, a2/a,= —5/66, 
a3/ a= 131/30,600---, (20) 


The numerical values of the first nine coefficients of each 
series are given in Table I. 

It may be noted that V from Eq. (17) is zero for 
6=0, as it should. The constant 8, may be expressed in 
terms of the anode voltage, since V=V, when @=a. 
Hence 











and #;. The remaining equations, when solved simul- Bi= Va/f(a)=Va/a** f(a), (22) 
TABLE II. Numerical values of the various functions.* 
4 - 
deg rad f f BF T T1 h hy ¢ Pe 
0 0 1.00000 0 oo 0 0 1.0000 1.0000 0 0 
5.73 0.1 1.00027 0.04643 99.9599 0.15014 0.10011 1.0030 1.0033 3°26’ 3°49’ 
11.46 0.2 1.00107 0.11709 24.9600 0.30096 0.20088 1.0120 1.0134 6°52’ 7°38’ 
17.19 0.3 1.00242 0.20132 11.0709 0.45328 0.30304 1.0275 1.0306 10°17’ 11°26’ 
22.92 0.4 1.00433 0.29600 6.20964 0.60786 0.40734 1.0495 1.0554 13°41’ 15°14’ 
28.65 0.5 1.00682 0.39956 3.95946 0.76555 0.51456 1.0788 1.0884 17°4’ 19°0’ 
34.38 0.6 1.00991 0.51108 2.73700 0.92731 0.62569 1.1160 1.1307 20°24’ 22°44’ 
40.11 0.7 1.01366 0.63002 1.99970 1.09422 0.74185 1.1622 1.1837 23°43’ 26°27’ 
45.84 0.8 1.01809 0.75609 1.52105 1.26751 0.86439 1.2186 1.2492 26°58’ 30°7’ 
51.57 0.9 1.02326 0.88915 1.19272 1.44868 0.99495 1.2868 1.3296 30°13’ 33°45’ 
57.30 1.0 1.02925 1.02925 0.95768 1.63952 1.1356 1.3690 1.4281 33°18’ 37°20’ 
63.03 1.1 1.03612 1.17653 0.78361 1.84211 1.2891 1.4669 1.5490 36°22’ 40°50’ 
68.76 1.2 1.04399 1.33129 0.65102 2.05913 1.4589 1.5865 1.6981 39°21’ 44°17’ 
74.49 1.3 1.05297 1.49396 0.54764 2.29384 1.6496 1.7305 1.8832 42°14’ 47°38’ 
80.22 1.4 1.06320 1.66514 0.46539 2.55039 1.8677 1.9025 2.1154 45°0’ 50°54’ 
85.95 1.5 1.07486 1.84562 0.39883 2.8339 2.1219 2.1127 2.4099 47°38’ 54°3’ 
90.00 w/2 1.08410 1.97953 0.35905 3.0546 2.3304 2.2890 2.6679 49°25’ 56°13’ 
91.68 1.6 1.08817 2.03637 0.34413 3.1512 2.4248 2.3694 2.789 50°8’ ore 
97.42 1.7 1.10338 2.23867 0.29855 3.5106 2.7945 2.6848 3.284 52°28’ 59°59’ 
103.14 1.8 1.12079 2.45407 0.26012 3.923 3.258 3.074 3.945 54°38’ 62°43’ 
108.87 1.9 1.14081 2.68463 0.22732 4.404 3.854 3.559 4.84 56°36’ 65°16’ 
114.60 2.0 1.1639 2.9328 0.19910 4.970 4.656 4.164 6.10 58°30’ 67°38’ 
120.33 . 2.1 1.1906 3.2017 0.17455 5.61 5.76 4.92 7.90 59°50’ 69°54’ 
126.06 y 1.2215 3.4951 0.15304 6.42 7.3(6) 5.87 10.(6) 61°5’ 71°54’ 
131.79 2.3 1.258 3.818 0.1340 7.42 9.7(5) 7.0(0) 14.(6) 62°4’ 73°40’ 
137.52 2.4 1.299 4.176 0.1172 8.6(4) 13.(6) 8.4(6) 20.(9) 62°49’ 75°13’ 
143.25 2.5 1.348 4.575 0.1022 10.(1) 19.(7) 10.(4) 31.(1) 63°23’ 76°32’ 
148.98 2.6 1.405 5.025 0.0888 12.(0) (30) (12.8) (48) 63°59’ 77°35 
154.71 2.7 1.47 5.53 0.0768 14.(3) (49) (15.7) (77) 78°22’ 
160.44 2.8 1.55 6.11 0.0662 (17.1) (84) (19.7) (127) 78°49’ 
166.17 2.9 1.64 6.77 0.0568 (20.4) (147) (25.5) (210) 
171.90 3.0 1.74 7.51 0.0486 (24.2) (253) (35.5) (343) 
177.63 a3 1.85 8.34 0.0415 (28.4) (396) (57.5) (528) 
180.00 T 1.89 8.71 0.0389 (30.2) (480) (75.5) (611) 











* Values in parentheses are approximate. 
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Fic. 2. Potential distribution between inclined plane electrodes 
(complete space-charge limitation). (The ordinate scale should be 
labeled V/Va, not V= V4.) 


and 


V/V a=f(0)/f(a). (23) 


The functions /(@) and f(@) have been tabulated in 
Table II for values of @ between 0 and 180°. The effect 
of the angle between the electrodes on the potential 
variation is shown in Fig. 2, where V/V, is plotted as a 
function of 6/a. Here the curve for a=0° is the same as 
that for plane electrodes, since f(0) is unity. It is seen 
that as @ is increased the potential is depressed. The 
effect is not very pronounced for angles less than 90°, 
but becomes progressively greater for larger angles. 

Turning now to the magnification factor /(@) given by 
Eq. (12), itisseen that this function could be determined 
by calculating g and its derivative g’ from the a- 
coefficients and then performing a numerical integra- 
tion. A simpler solution in series form can be obtained 
however, as shown by Walker, as follows. Let 


6 ‘ 
g é 
wo=exr( f do) exp X ant) (24) 
0 g’ n=1 
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Fic. 3. Trajectory magnification factors for currents between 
inclined plane electrodes. 
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Fic. 4. Trajectories between inclined plane electrodes. Dashed line, 
absence of space charge; solid line, complete space charge. 


Then by differentiation, 


g=2' >. 2na,6"—"', (25) 


n=l1 


so that the coefficients a can be expressed in terms of the 
a-coefficients calculated earlier. The result is 


3an=2 > (n=1). (26) 


jt+k=nt+l 


(6j-— 1 )Rajay 9 


Substitution yields 


a,=3/10, a,=3/220, ---. (27) 

Walker has given the first two members of this series. 
Numerical values of the first nine coefficients are given 
in Table I. Values of /(@) calculated from Eq. (24) are 
tabulated in Table II and plotted in Fig. 3. It is seen 
that the magnification increases very rapidly with 
increasing 6. For values of @ greater than about 150°, the 
values given are only approximate because more coeffi- 
cients are needed to give adequate convergence of the 
series. Some examples of the trajectories have been 
plotted in Fig. 4, where for convenience @ has been 
limited to 137.5°. 
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Fic. 5. Angle between trajectories and normals to equipotentials 
for inclined plane electrodes. 
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The angle of intersection, ¢, of the trajectories with 
the equipotentials, given by Eq. (13), can also be 
conveniently calculated in terms of the a coefficients by 
use of Eq. (25). The results have been tabulated in 
Table II and plotted in Fig. 5. For small values of @, 
g=0.60080. 

Let us now consider the current density corresponding 
to complete space-charge limitation. From Eq. (15) it is 
seen that the value of V”’ is needed. By differentiation of 
(17) this may be written 


yen ng 28 


where 


35 209 


Substituting Eqs. (17), (22), and (28) in (15) one obtains 
a. (=) Vai [/(6) }f2(8) 
(ra)? [ f(a) }* 


Or 
where r is related to ro by Eq. (12). At the emitter (@=0) 





cos¢, (30) 
m 
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Fic. 6. Perveance functions for space-charge-limited currents 
: between inclined plane electrodes. 
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this expression reduces to 


P 1 s2e\! V,! 1 
* OnX\ m/ (roa)? [f(a) } 





V,! 
- 2.330-—F (a) (ua/cm*), (31) 
To 


where 


F(a) = a-*[_f(a) }, (32) 


and the constant has been evaluated for electronic flow. 
As a approaches zero, Eq. (31) approaches the usual 
formula for parallel plane electrodes,’ since f(a) ap- 
proaches unity and (roa) is essentially the separation of 
the electrodes. The perveance* function F(@) is tabulated 
in Table II and plotted in Fig. 6. Since f(a) is close to 
unity for small angles, Jo varies roughly inversely as a? 
for small angles but more rapidly for large angles. For 
values of >70°, F decreases roughly exponentially 
with @. 

Calculation of the current density at the collector 
from Eq. (30) is not satisfactory since the expression 
(29) for f2(@) does not converge very rapidly. This 
difficulty may be obviated, however, by simply recalling 
that the current emitted from a given area of the 
emitter is distributed over a larger area of the collector 
according to the magnification principle, so that 


Jo Vai 
Ja=——= 2.330—h(a)- F(a) (wa/em*). (33) 
h(a) r? 


The function h(@)-F(@) has also been plotted in Fig. 6. 
It is seen that this function has a minimum value at 
about 105°. 

Combining Eqs. (12) and (14), one obtains 


o 4 Oy 
{=a nf 5 exp f “do ae (34) 
. € o g 


The transit time could be determined by double 
numerical integration as indicated by this expression, 
but a series expansion is preferable. By differentiating 
(34) with respect to 0, taking the logarithm, and differ- 
entiating again, the result is the differential equation 


d 
—(g’t’) = gl’. (35) 
dé 
Now write / as 
= Ab 1+ ¥ pn6?") = A0'p(6), (36) 
n=1 


where po has been taken as unity. The remaining p 
coefficients can be found in terms of the a’s by sub- 
stituting Eqs. (16) and (36) in (35). The resulting con- 


* Strictly speaking, the perveance should include the 2.330/r? 
factor also, since the perveance is, by definition, J/V 4}. 
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nection formula is 
35 (k+ lap: 
itk=n 


=n > (6j—1)(6k+1)a;p:, 


jtk=ntl 


(po=1),(n=1). (37) 


The corresponding solutions are 


pi=1/15, po=116/12,375---. (38) 
The values of the first nine coefficients are given in 
Table I. 

It will be seen that the above treatment has not 
yielded a value for the multiplier A in expression (36). 
This occurs because in the derivation of Eq. (35), 
differentiation of the logarithm causes the multiplicative 
constant to disappear. This constant may be evaluated, 
however, by the following reasoning. Let @ approach 
zero so that the series for g, g’, and ¢ may be broken off 
at the first term. Then the exponential term in (34) 
approaches unity and one obtains 


6 dé 9 To 
af Oy 
0 (5/3) a,64 5 a) 


The coefficient of 6! here is the desired value of A. 
Substituting the value of a; from Eq. (20), and using 
Eqs. (7) and (22), one obtains 


m\?* ail f(a) }} 
1=3n(~) —_———., (40) 
2e Ve 








It is convenient to introduce the quantity 


2m\? 
to= (=) = 3.373X 10-8 sec volt? cm~', (41) 


é 


where the numerical value applies to electronic flow. If 
now we let 6= a, since we are primarily concerned with 
the total transit time, Eq. (36) becomes 


t= Ho “Lfla)}o(ay="7(a), (42) 
V.! 
where 
T (a) =$al_ f(a) }*p(a). (43) 


For small values of a it is seen that Eq. (42) reduces to 
the usual formula for parallel plane electrodes’ if roa is 
interpreted as the electrode separation. Values of the 
function 7(6) are given in Table II and plotted in 
Fig. 7. The transit time increases more than linearly 
with the angle between the electrodes, as is to be ex- 
pected because of the increased length of the trajectory 
due to the magnification factor h. 


*K. R. Spangenberg, Vacuum Tubes (McGraw-Hill Book 
Company, Inc., New York, 1948), p. 195. 
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Fic. 7. Transit time functions for currents between inclined 
plane electrodes. 


For values of @ less than a, Eq. (36) may be rearranged 


to give 
t 6 * p(8) T(®) [f(a)} 
‘-()-a2-20 ST. 
ta \a/ pla) T(a) Lf(6) 

4. SOLUTIONS FOR THE ABSENCE OF SPACE CHARGE 


It is also of interest to consider current flow in the 
electrode arrangement considered in the absence of 
space charge. In this case the potential variation is 
obviously 


V=V,(0/a). (45) 


The equation of continuity has no meaning here and 
only Eq. (6) remains to be satisfied. To prevent con- 
fusion, the symbol g used previously will be replaced by 
y for this case. Equation (6) becomes 


2e Va 
+yt=(—)(—)o-xo (46) 
m a 


Following Walker, let 


y= 7 Cn942-D/2, (47) 
n=1 


The connection formulas obtained upon substitution are 
4K = 9c)? 
‘a” . (48) 
=— QD (4j—1)4k—-Iejcr, (n=2) 


i+k=nt+1 


The corresponding solutions are 


¢:=(2/3)K*, (¢2/e1)= —2/21, 
(c3/¢1) =10/2079---. (49) 














” } ViVe 
(a) (6) 





Fic. 8. Electrode arrangements for two-sided emitters. 


Walker has given the first three members of this series. 
Values of the first eight coefficients are given in Table I. 

Let the symbol /, designate the magnification func- 
tion, given by Eq. (12), for this case. This function may 
be evaluated by a method similar to that used in the 
preceding section for the space-charge-limited case. Let 


n=l 


hy (0) = exp f ~i0) = exp/( > d,0°"), (50) 

so that ~~ 
y=y’ x 2nd ,.6?"—'. (51) 

Substitution yields : 


C= 7. 


i+k=nt+l 


(4j—1)kejd,, (n=1). (52) 


The solution of these equations yields 
d\= 5, 


Walker has given the first three members of this series. 
Values of the first eight coefficients are given in Table I. 

The function /,(@) can now be calculated from Eq. 
(50). The results are tabulated in Table II and plotted 
in Fig. 3. For values of @ greater than about 150° the 
results are only approximate. A few trajectories are 
plotted in Fig. 4. It is seen that the magnification is 
always greater in the absence of space charge than in its 
presence and that /,(@) increases very rapidly as 0 
increases. The magnification is lower in the presence of 
space charge because the reduction of the potential by 
space charge causes the velocity to be everywhere de- 
creased, and hence there is greater opportunity for the 
field to deflect the particles than in the absence of space 
charge. The angle ¢, between the trajectories and the 
equipotentials can also be found from Eqs. (13) and (51) 
and the coefficients previously determined. The results 
are shown in Table II and Fig. 5. For small values of @, 
gi= (2/3)8. 

Let us now consider the transit time in this case. The 
solution could be obtained by the method used in the 
space-charge-limited case, but since here V’ is inde- 
pendent of @, a simpler method, given by Walker, may 
be employed. Since V is a function of @ only, only the 
angular component of velocity is affected by the electric 
field. The field strength EZ is given in this case by 


E=— (dV /rd0)= —(V./ra). (54) 


d,=4/189, d3=32/18,711, ---. (53) 


HENRY F. 
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The angular component of acceleration in polar coordj- 
nates (including the Coriolis acceleration) is 


2 ee 


Substitution of (Sb), (54), and (55) in Newton’s second 
law of motion yields 
“(= —Gy)=—— 
—(r6) =—(ry’) =— —. 
dt dt m a 


If =0 is taken at 6=0 then the transit time is 


m a 


igtam ogy, 56 
e V, (56) 


Making use of the coefficients of Eq. (49) and the value 
of K from (46), this expression becomes 





2m a\! « 2m a\} 
= ——) rE = (—-—) r6'q(9), (57) 
e Ve n=0 & Va 
where 
4n Cnt 
Ju= (++ 1) “. (58) 
3 Cy 


The values of the first eight coefficients are given in 


Table I. 


If Eq. (41) is substituted in (56) and @ set equal to a, 
the resultant transit time may be written 


ra ead 
ha=ty— =— , 59 
1 vo v3 i(@) (59) 
where 


T (ax) = ahy(a) - g(a). (60) 


Values of the function 7, have been tabulated in 
Table II and plotted in Fig. 7. For small values of a, 
the transit time in the space-charge-limited case is three- 
halves that of the space-charge-free case, as is the case 
for parallel planes,* but as @ increases this ratio becomes 
smaller, because of the greater length of the trajectory 
in the absence of space charge. For a= 118° the two 
transit times are equal. 
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Fic. 9. Electrode 
arrangement for 
emitter of finite size. 
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For values of @ less than a, Eq. (57) may be rear- 


ranged to give 
1 


(*) T (6) 
roa 6 T (a) 


5. GEOMETRICAL CONSIDERATIONS 





(61) 


It is of interest to consider cases where both sides of 
the emitter are active. Two such cases are shown in 
Fig. 8(a) and 8(b) for a large plane collector and a right- 
angled collector, respectively. The functions giving the 
variation of perveance with angle in these cases are 
obviously {F(8)-+F(180°—6)} and {F(0)+F(90°—6)}, 
respectively. These functions are plotted in Fig. 6. It 
should be noted that the anode must be large enough to 
allow for trajectory magnification. 

From Eq. (31) it is seen that the current density 
varies inversely as the square of the distance ro from 
the apex of the electrode arrangement, that is, the 
cathode loading is nonuniform. Consider now the total 
emission current density for a rectangular cathode of 
finite size as shown in Fig. 9. Guard plates are used to 
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Fic. 10. Geometrical functions for rectangular and disk electrodes. 


_ tActually these “guard plates” should be shaped electrodes, as 
in a Pierce electron gun, to compensate for the missing regions of 
space charge, or should have the same emission properties as the 
cathode itself. This fact, pointed out to the writer by a referee for 

paper, limits the application of the discussion in this section 
concerning finite emitters. 
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Fic. 11. Planar diode 
with tilted electrode. 





anode is large enough to intercept all possible tra- 
jectories. Then for the contribution from an elemental 
area of the collector 


dro 
dJ = 2.330V 4F (a)—, 





To 
so that 
(d+l/2) Gil 
J= dJ = 2.330V ,'F (a) (ua/cm), (62) 
(d—1/2) 
where (i/4) 
G(l/d) = ————_. 63 
ee (63) 


The function G(//d) has been plotted in Fig. 10. It is 
seen that for small values of //d, G approaches //d. To 
obtain the total current from Eq. (62) the value of J 
must obviously be multiplied by the length of the 
electrodes perpendicular to the plane of Fig. 9. 

Another interesting application is to consider the 
effect on the perveance of a planar diode, which pre- 
sumably has parallel electrodes, brought about by 
accidental tilt of one of the electrodes. Consider the 
electrode arrangement shown in Fig. 11, where it is 
assumed that guard plates are actually present to pre- 
vent edge effects. One electrode is tilted about its center 
by an angle from the parallel condition. The situation is 
thus quite similar to that discussed above, and Eq. (62) 
is applicable if one substitutes 


d=s/siny. (64) 


The current (per unit length) when y=0 may be written 
J°=2.330V 4'l/s? (ua/cm). (65) 
The ratio (J/J°), which gives the effect of the tilt, thus 
becomes 
J FW) 
J (1/sinp)*—(1/2s)? 





(66) 


Values calculated from this expression for small values 
of y and various values of //s are given in Table III. It 
is seen that for small values of //s the current ratio 








TaBLe III. Effect of electrode tilt on planar diode. (Rectangular 
electrode tilted about axis parallel to side.) 











J/J° 
s ¥ =5.73° ¥ =11.46° ¥ =17.19° 
0.1 0.9962 0.9852 0.9670 
0.2 0.9963 0.9855 0.9677 
0.5 0.9968 0.9876 0.9721 
1.0 0.9987 0.9950 0.9884 
12 0.9998 0.9993 0.9982 
— 1.24 1.0000 1.0003 1.0004 
1.3 1.0003 1.0018 1.0038 
2.0 1.0062 1.0256 1.0593 
5.0 1.0624 1.308 2.129 
10.0 1.327 








decreases as y increases, while for large values of //s the 
reverse is true. For one particular value of //s (roughly 
1.24) the variation with y is essentially zero. It should 
be remembered that the rotation is assumed to occur 
about the center line of the cathode, i.e., the average 
value of the interelectrode spacing remains constant. 

It is frequently of interest to construct a planar diode 
which will be relatively insensitive to changes in 
electrode alignment. The above considerations have 
shown that a rectangular electrode whose width is 1.24 
times the interelectrode spacing is insensitive to tilt 
about a line passing through its center and parallel to its 
side. If it is desired that the diode characteristics should 
be independent of angular misalignment in an arbitrary 
direction, then the use of a disk-shaped emitter suggests 
itself. The situation in the plane of the emitter is then as 
shown in Fig. 12. Here 


ro=d—r cosy, (67) 
and the space-charge equation becomes 


. 


I =2.330V .!F(a)G’(D/d) (ua), (68) 


DI? __vdrdy — 
G'(D/d)= J f ’ (69) 
(d= cosy) r cosy)? 


where 





Fic. 12. Diode 
with disk emitter (in 
plane of emitter). 
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TABLE IV. Effect of electrode tilt on planar diode (disk cathode) 




















® I/1® 

s ¥ =5.73° v =11.46° ¥ =17.19° 
0.1 0.9964 0.9852 0.9672 
0.2 0.9956 0.9834 0.9636 
0.5 0.9948 0.9868 0.9707 
1.0 0.9980 0.9924 0.9840 
1.4 0.9996 0.9997 0.9990 

— 1.42 0.9999 1.0001 0.9999 

1.5 1.0005 1.0018 1.0039 
2.0 1.0036 1.0152 1.0354 
5.0 1.0452 1.215 1.714 

10.0 1.232 








The integral is evaluated as follows: 


2e dy 
f ——————-= 21d/(d?—r’)!, 
0 (d—rcosy)? 


rdr 


G'(D/d)=2nd f senainianmion 
» (@#—r) 





_ i| (70) 


The function G’(D/d) has also been plotted in Fig. 10. 
For small values of D/d, G’ approaches (2/4)(D/d)?. 
Consider now the case when such a disk emitter is 
tilted relative to the collector so that Fig. 11 and 
Eq. (64) apply. The total current for y=0 in this case is 


J°=2.330V .iaD?/4s? (ua), (71) 
so that the effect of electrode tilt becomes 
-1| (72) 


I 2 1 
“wo 
1° (1—(D siny/2s)*)! 


Values calculated from this expression for small values 
of y and various values of D/s are given in Table IV. It 


1 
=2r 
<= 





TABLE V. Effect of electrode tilt on planar diode with disk cathode 
of optimum size. 








¥ (radians) 1/1° 


1.0000 
0.9999 
1.0001 
0.9999 
0.9987 
0.9970 
0.9941 
0.9871 
0.9782 
0.9615 
0.9393 
0.9059 
0.8622 
0.8065 
0.7378 
0.6590 
0.5985 
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is seen that for D/s= 1.42 the variation of current with 
y is essentially zero. This then is the criterion for a 
planar diode with disk emitter which shall be insensitive 
to angular misalignment. For this geometry Eq. (71) 


becomes 
1°=3.690V ,} (ua). (73) 


It is also of interest to investigate the behavior of [/J° 


‘for this case for larger values of y. This has been done in 


Table V. It is seen that a tilt of 38° is required to change 
the current by one percent, while a tilt of 20° gives only 
one-tenth this effect. 


6. CONCLUSION 


It would seem worthwhile to check and extend the 
solutions given in this paper by means of a differential 
analyzer. Such an instrument, unfortunately, was not 
available for this purpose. A solution for the case of 
partial space-charge limitation (i.e., for an electric field 
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at the emitter greater than zero) would be very de- 
sirable, but has not yet been found. This problem could 
be easily solved on an analyzer, however, 

It would also be of interest to determine the variation 
of transit time with current for an electrode orientation 
of 118° where it is known that the transit time is the 
same for very small current flow and for complete space- 
charge limitation. This problem could also be studied 
with the differential analyzer. 

The present method of attack does not allow con- 
sideration of initial velocities of emission. Some new 
method to take these into account would be of great 
value. 

The numerical evaluations of the coefficients in the 
various series solutions employed have been checked by 
Mr. R. Gaines Young of this laboratory. His aid in this 
matter and also in critically reading the entire paper is 
gratefully acknowledged. 
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Measurements have been made, using an image plane technique, of microwave diffraction near obstacles 
whose characteristic dimension is comparable to a wavelength (1.2668 cm). Detector, obstacle, and source of 
radiation are mounted on one side of a horizontal 4-ft by 6-ft conducting plane, and the operator and all 
auxiliary apparatus are located on the other. Measured distributions of both the phase and amplitude of the 
electric field near long cylinders of brass and polystyrene were obtained, and for the conducting cylinders 
these are compared directly with the results of a suitably modified theory. The technique has been extended 
to diffraction by a semi-infinite conducting plane screen, and it was found in this case that considerable error 
is introduced by the point source. With the substitution of a line source the measurements are again in close 


agreement with the theory. 


I. INTRODUCTION 


ITH the development of microwave techniques 

many problems in electromagnetic diffraction 
have become of increasing interest. They deal with 
scattering by obstacles and apertures whose character- 
istic dimension is comparable to a wavelength, falling 
between the classical limits of optics on the one hand 
and the quasi-stationary state on the other. Only re- 
cently, however, have adequate experimental methods 
been developed for investigating these problems and 
for verifying the approximations that are usually in- 
volved in their analysis. As reported in the literature,'. 
the techniques that have been employed involve ar- 
ranging the optical’ components and the associated 


*This research was made possible through support extended 
Cruft Laboratory, Harvard University, jointly by the Navy 
Department (ONR), the Signal Corps of the U. S. Army, and the 
U.S. Air Force, under ONR Contract N5Sori-76, T. O. 1. 

*C. L. Andrews, J. Appl. Phys. 22, 465 (1951). 


*,Woonton, Carruthers, Elliott, and Rigby, J. Appl. Phys. 22, 
390 (1951). ee aN 


exciting and detecting apparatus in such a way that the 
effect of boundaries not included in the idealized theo- 
retical problem is minimized or somehow accounted for. 
This procedure presents obvious difficulties since the 
extraneous boundaries whose effect is being taken into 
account are usually more complex than the one being 
investigated. 

The set-up used in this experiment is designed to 
eliminate the possibility of interaction between the 
objects of interest and the apparatus required for diffrac- 
tion measurements. To this end the components of the 
diffraction experiment are divided along a plane of 
symmetry and placed on one side of a horizontal con- 
ducting sheet; the observer and the measuring equip- 
ment are located in the field-free space on the other 
side. By thus minimizing the perturbations introduced 
into the primary diffracted field it becomes possible to 
make accurate and reliable measurements of its phase 
and amplitude. 
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Fic. 1. Schematic diagram of the principal components used in the 
image-plane method of microwave diffraction measurements. 


II. DESCRIPTION OF THE APPARATUS 


In the experimental arrangement shown in Figs. 1 
and 2 the image plane is approximated by a 4-ft by 6-ft 
sheet fabricated of duralumin panels. (At 24,000 mega- 
cycles the sheet is 96 wavelengths wide by 144 wave- 
lengths long.) The elements of the scattering experi- 
ment are located on the top surface of the two movable 
panels in the sheet: the source of radiation and the 
obstacle are mounted on the broad sliding panel; a 
small detector is set in the narrow one. By suspending 
the exciting and detecting microwave circuits from their 
respective panels, two degrees of freedom are provided 
between obstacle and detector so that field distributions 
in the plane of the conducting sheet can be explored in 
a 5-in. by 10-in. (10-wavelength by 20-wavelength) 
rectangular area behind the obstacle. 

The half-space above the image plane is maintained 
effectively free from obstructions by orienting the 
apparatus so that the incident radiation propagates 
toward an open window that is covered with a poly- 
foam screen (Fig. 2). Since the screen has a dielectric 
constant not much different from that of air and very 
low heat conductivity, it permits the scattered radiation 
to propagate out into free space without reflection while 
protecting the apparatus from the weather. Two squares 
of lossy material at the sides of the screen absorb some 
of the radiation incident upon them from the scattering 
obstacle and redirect the remainder out the window, 
thereby eliminating reflections from the window frame 
and adjacent wall areas. This arrangement, together 
with the relatively large sheet, reduces the residual 
standing waves in the area accessible to the probe to 
3 db or less. 
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The obstacle is illuminated by a horn radiator which 
flares in both E- and H-planes at an angle of 25 degrees 
to an aperture 16 wavelengths on a side. It is driven 
through a length of matched K-band wave guide by a 
2K-33 reflex klystron (free space wavelength \~1,35 
centimeters or 0.5 inch) having a very closely regulated 
power supply modulated at 1000 cycles. Over the region 
accessible to measurement, the resulting incident fielq 
of the horn is almost exactly the same as that of a point 
source located at the apex of the horn 80 wavelengths 
from the obstacle (Fig. 3). 

The detector consists of a quarter-wave antenna 
projecting through a .050-in. hole in the narrow trans. 
verse panel. This hole forms the outer conductor of a 
low impedance coaxial line which drives a wave guide 
terminated in a matched 1N26 crystal. The entire 
assembly is mounted on the undersurface of the panel 
to which a gear drive is attached. With an associated 
Ames gauge it is possible to locate the field detector to 
within +.001 in. over its entire range of travel. 

Phase measurements are made in the conventional 
manner® by means of the interference minima produced 
by mixing the diffracted signal with a reference signal 
of variable phase. In this particular case the transmis- 
sion line for the reference signal is made of wave 
guide sections connected by three rotating joints to 
provide flexibility without phase shift. Its length is 
adjusted so that the frequency dependence of the phase 
measurements is minimized. If, in addition, the relative 
amplitude of the two signals is properly adjusted, 








Fic. 2. General view of the microwave diffraction apparatus. 


*C. G. Montgomery, Techniques of Microwave Measurements 
(McGraw-Hill, Book Company, Inc., New York, 1947) Radiation 
Laboratory Series, Vol. 11, p. 915. 
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hase measurements accurate to within 5 degrees are 
easily obtained. 


III. COMPARISON OF MEASUREMENTS 
WITH THEORY 


The extent to which the experimental arrangement 
described previously approaches the ideal conditions 
required by theory is best determined by direct com- 
parison with a problem in electromagnetic scattering 
that can be solved exactly. Among the simplest of these 
is the diffraction of a plane wave by a conducting in- 
finite cylinder of circular cross section. Since the results 
are well known in this case,‘ it is necessary here to 
repeat only what will be required later. 

From the symmetry requirement imposed by the 
image plane we are led to choose the case of an incident 
plane wave with E-vector parallel to the cylinder axis. 
If this axis coincides with the z axis of a rectangular 
coordinate system whose xy plane is the plane of inci- 
dence, the entire field has only one component of the 
E-vector, and this component defines a scalar wave 
function that characterizes the problem completely. 
With harmonic time dependence e~‘“‘, the wave func- 
tion, E.(x, y), must satisfy the two-dimensional wave 
equation 

(V+) E(x, y)=0, k=2n/2, (1) 


at all points in space, subject to the boundary condi- 
tions that E,= E,'"°+ E,** vanish on the cylindrical 
surface and that the scattered wave satisfy the Sommer- 
feld radiation condition at infinity. Under these condi- 
tions it can be shown in a number of ways that if the 
incident plane wave is propagating in the positive x di- 
rection, as indicated in Fig. 4, then 


E,(x, y) = e*** 


— > €ni”™ sind,(ka)e~*m*®) (kr) cosm, (2) 
m=0 
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Fic. 3. Amplitude and phase of the incident radiation from the 
horn at 40 inches (80d) from its apex. 





*P. M. Morse, Vibration and Sound (McGraw-Hill Book Com- 
pany, Inc., New York, 1936), p. 262 ff. 
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Fic. 4. Coordinates for cylindrical scattering. The line (7-%) 
=const is both the trace of the plane of uniform incident phase 
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for an ideal plane wave and the locus of the measuring probe. 


where the various quantities are defined as follows: 


etkz=— E,‘*¢, 





1 for m=0 
én = 
2 for m>0O, 
J m(ka) 
tané,(ka) = — 
N »(ka) 


Hn (kr) =Jm( kr) +iN m(kr) 


r=(ax?+y")!; tand=y/x. 

Jm and \,, are Bessel functions of the first and second 
kind, and H,,‘” is the Hankel function which is charac- 
teristic of outgoing cylindrical waves. 

Before curves computed from (2) can be compared 
with corresponding measurements, it is necessary to 
take into account the fact that the radiating horn does 
not provide the incident plane wave assumed by the 
theory. To make the modification required by the actual 
point source, we notice first that the summation in (2) 
represents the scattered field which, in addition to 
satisfying the wave equation, must have the correct 
boundary values at r=a; that is 


E,'**= — E, 5 at r=da. (3) 


This condition serves to determine the coefficients, 
i™*! sind (ka) Kem, in Eq. (2); the remaining 
factors are required by (1) independently of the 
character of the incident field. Therefore in order to 
determine the form of the correct scattered wave we 
need only know the incident field at the cylindrical 
boundary. But it is readily shown that over this limited 
region (the largest value of 2a/X is 3) the fields from a 
distant line source and from a plane wave are nearly 
identical, so the boundary values in (3) are not altered, 
and the scattered wave does not need to be corrected. 
We conclude that the form of (2) for the total diffracted 
field corresponding to a remote line source and an ob- 
stacle that is not too large (the exact condition turns 
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Fics. 5-8. Comparison of calculated and measured diffraction patterns for a conducting cylinder one 
wavelength in diameter. 


out to be $a?/x’<1) is 


E,(x, ¥) _ afte, ” 


— > e€ni”*' sind, (ka)e~"“* H,, (kr) cosm@, (4) 


m=) 


where ¢ is the phase of the point source, 


wd 


\- 5 
o(x, y)= Hot) (14 —— ) -1] (5) 
(xo+x)? 


Field distributions computed with Eq. (4) should agree 
with measurements, provided the fields produced by a 
point source and a line source do not differ significantly 
on the image plane. This approximation appears to be a 
reasonable one at distances not too far from the obstacle. 

Representative results for brass cylinders 10 in. 
(20) long at two different distances are presented in 
Figs. 5 through 12. The quantities plotted are the am- 
plitudes and phases of the total diffracted field normal- 
ized to the unperturbed incident values. For the ampli- 
tudes these are taken to be unity; for the phases both 
plane and cylindrical incident waves are assigned zero 


phase at the central point (y=0), and the phase differ- 
ence between them at any other value of y is calculated 
from Eq. (5). Although the data shown are at the ex- 
tremes of the possible parameter variations, agreement 
in both phase and amplitude is entirely satisfactory in 
every case. 


IV. ADDITIONAL EXPERIMENTAL RESULTS 
A. Dielectric Cylinders 


When the conducting cylinder is replaced by one 
made of polystyrene, the resulting field distribution is 
much more complex, being characterized by rapid and 
large variations of both amplitude and phase. The 
theory required for a complete description of this field, 
while fundamentally the same as that of Sec. III, 
gives a correspondingly more complicated analytical 
result as a consequence of the boundary condition that 
must be satisfied on the surface of the dielectric. It is 
still true, however, that the boundary values are un- 
affected by the character of the incident wave as long 
as it is approximately plane in the vicinity of the 
obstacle. This being the case, if the cylindrical wave of 
Eq. (5) is subtracted from the measurements and a 
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Fics. 9-12. Comparison of calculated and measured diffraction patterns for a conducting cylinder three 
wavelengths in diameter. 


plane wave added to the result, the transformed dis- 
tributions will correspond to those obtained by com- 
putation from the plane wave theory. 

A number of such distributions are shown in Figs. 13 
through 16. Since the work involved in their computa- 
tion would be prohibitive, they are not compared with 
the theory, but the curves illustrate clearly the regular, 
unambiguous results which are readily obtained with 
this apparatus. 


B. The Diffracting Edge 


It might appear from the foregoing results that if the 
approximation procedure involved in transforming 
distributions from one type of incident wave to another 
is to be valid, the diffracting obstacle must be small 
enough so that an, incident cylindrical wave is very 
nearly plane over the entire obstacle cross section. Ac- 
tually, the restriction is not so severe; the procedure 
may be applied to a larger obstacle when the principal 
contribution to its scattered field comes from the 
boundary values over a relatively small part of the 
cross section and when the obstacle can be located in 
the experimental setup so that the incident field is 


nearly plane over this limited region. The simplest 
example of a large diffracting boundary that meets 
these requirements is the semi-infinite conducting plane 
for which the significant boundary values are located 
near the diffracting edge. 

In setting up this problem on the diffraction appara- 
tus described previously the infinitely thin half-plane 
is approximated by a sheet of polished chrome-plated 
steel shim stock about 50 wavelengths square and 0.014 
wavelength thick. The lower edge of the sheet is fastened 
securely in the image plane so that tension can be ap- 
plied to the other edge, thus insuring that the plane is 
straight and vertical. In Fig. 4 the obstacle would be 
located over the negative y axis with the diffracting 
edge at the origin. The distributions are then measured 
along lines parallel to the screen. 

To compare the results of these measurements with 
the Sommerfeld theory we make use of his formula® 
to get 


1 
E.r, _ exp[ —i(/4) Jei#r c088 f exp[i(rf/2) jdt, 


| (6) 
5M. Born, Optik (Verlag. Julius Springer, Berlin, 1933), p. 212. 
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Fics. 13-16. Measured diffraction patterns for polystyrene cylinders two and three wavelengths in diameter. 


where 





kr 6—fr 
s=2,./— cos( ). 
T 2 
E,(r, 9) is the diffracted E vector for an incident wave 
polarized parallel to the edge and propagating in the 


direction of the normal to the screen. This field is evi- 
dently related to the Cornu spiral, 


F(s) =f explitne/2y ar 


in fact, along the probe locus where r cos@ is constant, 
it is proportional to [F(s)—F(— ©) ]. It is therefore a 
relatively simple matter to obtain curves from (6) and, 
by means of the approximation procedure already dis- 
cussed, to transform them into field distributions which 
are directly comparable to the measurements after 
these have been properly normalized to the incident 
wave. A typical pair of amplitude curves is shown in 
Fig. 17 which is characteristic of the best results ob- 


tainable with the single image plane. It will be noted 
that although the positions of the extreme values of the 
distribution are in accurate agreement, their magnitudes 
are considerably different. The discrepancy can be at- 
tributed to only two possible effects, since all other 
sources of error have been carefully eliminated: 1. The 
interaction between horn and screen. 2. The nonuni- 
form illumination of the edge. 

The second of these possibilities has been investi- 
gated with a recently constructed diffraction apparatus 
similar to the one already described except that it has 
two image planes which form a parallel plane transmis- 
sion line supporting only the TEM mode at a wave- 
length of 3 cm. With the elements of the scattering 
problem sandwiched between these planes the equip- 
ment is especially well suited to the measurement of 
diffraction by obstacles which are either uniform or 
periodic in one direction. In particular, the flat feeding 
horn is imaged into a very close approximation of a 
uniform line source. So by inserting between the planes 


-@ vertical strip of lead foil, which is supported by a4 
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Fic. 17. Diffraction by a semi-infinite conducting plane. Com- 
parison between measurements made on the single image plane 
and the theory corrected for a line source. 


polyfoam rod since it is only 0.005 in. (0.005) thick, 
the set-up comes very close to the idealized situation in 
the problem of the diffraction of a cylindrical wave by a 
semi-infinite conducting plane. Typical results obtained 
with this arrangement are given in Fig. 18. Almost 
complete agreement has been achieved, the small 
residual error probably being the result of the somewhat 
larger interaction on the double plane. (In terms of 
wavelengths the horn to plane separation is only one- 
half as great as that on the 1.25-cm equipment.) 


Vv. CONCLUSION 


We have seen that by employing an image plane 
technique it is possible to measure precisely the distri- 
bution in phase and amplitude of the E-field near a 
diffracting obstacle. If a two-dimensional distribution 
or the diffraction by a periodic array of infinite extent 
is being studied, the double plane gives the better 
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Fic. 18. Diffraction by a semi-infinite conducting plane. Com- 
parison between measurements on the double image plane and the 
theory corrected for a line source. 


results. However, if the obstacle (or aperture) lies within 
a region of the order of a few wavelengths in diameter, 
the single image plane must be used and in such cases 
gives results with the same degree of exactness. Three 
limitations are inherent in the method: 1. Arbitrary 
changes in the polarization and the direction of propa- 
gation of the incident radiation are not possible. 2. The 
obstacles must have a plane of symmetry. 3. Measure- 
ments are confined to the symmetry plane. 
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The Emission of Radiation from Diatomic Gases. III. Numerical Emissivity Calculations 
for Carbon Monoxide for Low Optical Densities at 300°K and Atmospheric Pressure* 


S. S. Penner, M. H. Ostranper,t ano H. S. Tsten 
Guggenheim Jet Propulsion Center, California Institute of Technology, Pasadena, California 


(Received September 27, 1951) 


Numerical emissivity calculations at 300°K and atmospheric 
pressure for nonoverlapping rotational lines have been carried out 
for CO using a dispersion formula for the line-shape representa- 
tion. Use of the best available experimental data on integrated 
absorption and rotational line-width leads to calculated emis- 
sivities which are in excellent agreement with extrapolated em- 
pirical data published by Hottel and Ullrich. In particular, the 
theoretical dependence of emissivity on optical density, for small 
optical densities at 300°K, has been shown to follow experimental 
observations with satisfactory precision. 

For small optical densities the calculated emissivity is found 
to be proportional to the square root of the assumed rotational 
line-width, thus emphasizing the need for accurate line-width 
determinations at elevated temperatures. The limits of validity 


of the treatment utilizing nonoverlapping rotational lines are 
defined by examining overlapping between adjacent weak and 
strong rotational lines. 

The calculation of emissivities can be simplified by the use of 
approximate treatments. Thus absolute values of the emissivity 
can be predicted within 10 percent by utilizing a treatment for 
nonoverlapping, equally spaced, and equally intense lines, together 
with empirically determined values for the equivalent mean 
integrated absorption of the rotational lines of CO. A better 
analytic solution, which does not involve the assumptions of equal 
spacing and equal intensity of the rotational lines, has been ob. 
tained by utilizing asymptotic relations for large values of modified 
Bessel functions. 





I, INTRODUCTION 


HE general problem of emission and absorption of 
radiation involves two essentially distinct parts. 

One part of radiant heat transfer investigations is con- 
cerned with the determination of intensities if emis- 
sivities, absorptivities, and scattering coefficients are 
known. These studies are restricted to the problem of 
radiative transfer. For any defined geometric arrange- 
ment the radiative transfer problems can be formulated 
without difficulty. An exhaustive account of this work 
may be found in a recently published book by Chan- 
drasekhar.' The other part of the general problem is the 
determination of emissivities, absorptivities, and scat- 
tering coefficients, which enter into the radiative trans- 
fer calculations. Until very recently, practical applica- 
tions have been based almost entirely on the use of 
empirically determined emissivities. These emissivities 
are compiled, for instance, in McAdams’ well-known 
treatise on heat transfer.? However, the problems in- 
volved in the theoretical calculation of emissivities were 
solved, in principle, a good many years ago. The results 
of these theoretical studies have been applied, to a 
limited extent, in the use of spectroscopic measurements 
for flame temperature determinations from line in- 
tensities* and for the analysis of absorption and emission 
of radiation in the atmosphere.‘ An important paper by 

* Supported, in part, by the ONR under contract Nonr-220 (03), 
NR 015 210, with the California Institute of Technology. 

t This article uses, in part, the results of a thesis submitted by 
M. H. Ostrander in partial fulfillment of requirements for the 
degree of Aeronautical Engineer, California Institute of Tech- 
nology, June, 1951. 

1S. Chandrasekhar, Radiative Transfer (Clarendon Press, Ox- 
ford, 1950). 

2H. C. Hottel, “Radiant heat transfer,” in McAdams’ Heat 
Transmission (McGraw-Hill Book Company, Inc., New York, 
*. For a review, containing numerous references to the original 
literature, see Am. J. Phys. 17, 422, 491 (1949). 


*W. M. Elsasser, Harvard Meteorological Studies No. 6, Blue 
Hill Observatory, Milton, Massachusetts, 1942. 


Dennison,® written more than twenty years ago, con- 
tains many of the basic theoretical relations which have 
been used for numerical emissivity calculations on CO 
in the present studies. 

In preceding publications an approximate method for 
carrying out emissivity calculations at elevated total 
pressures, leading to complete overlapping of rotational 
lines, has been described.*-* Limited comparison of 
calculated emissivities with experimental measurements 
has shown that the approximate method is, as expected, 
not accurately valid at atmospheric pressure for a 
diatomic emitter such as CO. In particular, the calcu- 
lated dependence of emissivity on optical density for 
nonoverlapping rotational lines is not predicted cor- 
rectly by a method based on the use of average absorp- 
tion coefficients for entire vibration-rotation bands.’ It 
is the purpose of the present investigation to demon- 
strate that the observed discrepancies between the 
previously proposed theory and the experiments can be 
removed by a more satisfactory analysis of the emission 
of radiation from vibration-rotation bands with rota- 
tional lines which do not overlap appreciably. 

In Section II we present a summary of basic relations 
which are used for calculations on diatomic molecules 
with nonoverlapping rotational lines. Numerical emis- 
sivity calculations for CO at 300°K and a comparison 
with extrapolated experimental data are presented in 
Section III. The limits of validity of a treatment for 
nonoverlapping rotational lines are discussed in Section 
IV. In Section V approximate methods for performing 
emissivity calculations are considered under the condi- 
tions which are of interest for the present calculations. 


5D. M. Dennison, Phys. Rev. 31, 503 (1928). 

*S. S. Penner, J. Appl. Phys. 21, 685 (1950); L. E. Benitez and 
S. S. Penner 21, 907 (1950). 

7S. S. Penner, J. Appl. Mech. 18, 53 (1951). 

*S. S. Penner and D. Weber, J. Appl. Phys. 22, 1164 (1951). 
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_II. SUMMARY OF THEORETICAL RELATIONS 


For diatomic molecules which do not possess a Q 
branch but a rotational line shape which may be repre- 
sented by a dispersion formula, the spectral absorptions 
coeficient ?. at the wave number w resulting from 


energy transitions corresponding to the fundamental 
yibration-rotation band is*:*:'° 


P,=(b/r) Xi (SiL(o—wjP +P} 
+Sjal(o-ojaPt+Py'}, (1) 


wheret 


S;=(Nrwé/3pcQ)[(w;/w*)j 


x fexpl — E(0, j)/kT ]} JFG(w*/w.), (2a) 
S;= (Nrwé/3ucQ)((wj-1/*) j 
X fexp[— E(0, j—1)/RT]} FG’ }(w*/w,.). (2b) 


Here \Vr=total number of molecules per unit volume 
per unit of total pressure; u= reduced mass of the dia- 
tomic molecule under discussion; c= velocity of light; 
e=rate of change of electric moment with internuclear 
distance; b=rotational half-width in cm™; w,.= wave 
number corresponding to an infinitesimal oscillation at 
the equilibrium interatomic distance; w*= wave num- 
ber of the (forbidden) transition j7=0—-j=0 and 
n=0—-n=1, where 7 and n denote, respectively, rota- 
tional and vibrational quantum numbers; w;= wave 
number corresponding to the transitions j—j—1, 
n=0—n= 1; wj-1= wave number corresponding to the 
transitions j—1—j, n=O-n=1; E(n, j)=energy of 
the nth vibrational and jth rotational level; 


F=148yj[1+ (5yj/4)—(37/4)]; 
” =1—8yj[1—(5yj/4)— (3y/4)]; 


y=h/8mIcw, where / represents the equilibrium mo- 
ment of inertia of the radiating molecule; 


G=1—exp(—hcw;/kT); 
1’ =1—exp(—hcw;_,/kT; 


Q=complete internal partition function referred to zero 
as reference state. 

At elevated temperatures the actual value of P,, must 
be obtained by adding a small number of series of the 
type given in Eq. (1) corresponding to vibrational 
transitions of the form n—>n+1. Furthermore, contri- 
butions from vibration-rotation bands for which 
n—n+2, n—n+3, etc., become important for large 
optical densities. Detailed applications are discussed in 
reference 9. 

The total equilibrium intensity of radiation emitted 
per unit surface area per unit time into a solid angle of 

*S.S. Penner, J. Chem. Phys. 19, 272, 1434 (1951). 

10 J. R. Oppenheimer, Proc. Cambridge Phil. Soc. 23, 327 (1926). 
_} Equations (2a) and (2b) differ from the corresponding rela- 
tions obtained from the treatment of B. L. Crawford, Jr., and 
H. L. Dinsmore (J. Chem. Phys. 18, 983, 1682 (1950)) through 
the occurrence of the factors F and F’, respectively. These factors 


are nearly equal to unity for the values of 7 which are important 
for the present studies. 





RADIATION FROM 


DIATOMIC GASES 


Nm 
uw 
~ 


2m steradians in the wave number interval between w 
and w+dw by heated gases distributed uniformly and 
of optical density X (X=product of partial pressure p 
of emitter and radiation path length L) is given by the 
well-known relation 


R(w) = Rw) [1—exp(— PoX)]. (3) 


Here R°(w) is the intensity of radiation emitted by a 
blackbody in the wave number interval between w and 
w+ dw into a solid angle of 27 steradians per unit surface 
area per unit time. It is given in analytic form by the 
Planck blackbody distribution function. The engineer- 
ing emissivity E is defined by the relation 


xa 


E= J R(w)dw/aT*, (4) 


where a is the Stefan-Boltzmann constant. 

Subject to the approximations and assumptions in- 
volved in the use of Eq. (1), it is evident that the prob- 
lem of emissivity calculations reduces to the evaluation 
of integrals of the type appearing in Eq. (4). This inte- 
gration can be accomplished if the width of the rota- 
tional lines is so small that they may be treated as being 
completely separated. The results obtained for non- 
overlapping rotational lines are useful at low pres- 
sures.'*:'"' The integrals can also be evaluated, approxi- 
mately, if the pressures are so high that very extensive 
overlapping of the rotational lines occurs. The results 
obtained in this case are useful for emissivity calcula- 
tions at elevated pressures in rocket combustion 
chambers.** Emissivity calculations at intermediate 
pressures are more difficult to carry out. 

We proceed by considering the problem of emissivity 
calculations for nonoverlapping rotational lines. In 
order to evaluate the infinite integral 


x 


f Rlw)do= f Ri(w)[1—exp(—P.X) Ma, (5) 


for nonoverlapping rotational lines, the approximation 
is first made that R°(w) may be treated as constant in 
the wave number interval for which exp(—P.X) is 
sensibly different from unity. Replacing R°(w) by an 
appropriate average value introduces negligibly small 
errors into the emissivity calculations for nonover- 
lapping rotational lines at low pressures, since the 
intervals Aw for which PX is significantly different 
from zero are exceedingly small. For example, at atmos- 
pheric pressure and room temperature Aw is of the order 
of 0.3 cm for CO. The change of R°(w) in wave 
number intervals of this size is less than 1 percent. 

At low pressures the rotational lines are so narrow 
that the only term contributing to R°(w), for example, 
in the vicinity of the rotational line centered at w; is 
the term S;{(w—w,;)?+ 6? }"'. Hence we can break up the 
integration interval in such a way that each subinterval 


" R, Ladenburg and F. Reiche, Ann. Physik 42, 181 (1913). 
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Taste I. Integrated absorption for the rotational lines For fixed values of 6 the infinite integrals ap is 
° s pearing In 
of the fundamental of CO at S00 K. Eq. (7) are readily evaluated with the result*.®.™ 
—- pana | ( Si, 7 ws yy Sts, «o a 
ion cm cm 4- ransition m m+. 
j-j-1 atmos!) atmos™) j-1-9 atmos“) atmos~) f R(w)dw= 2xb > { R°(w;)x; 
1-0 5.528 2.064 0-1 5.572 2.081 0 ine 
2—1 10.71 4.000 1-2 10.88 4.062 
342 ~—s-:15.28 5.705 2393S s(«15.64 Ss 5.841 X exp(— xj) [Jo(x;)+11(xj) J+ R(wj_1) x51 
443 19.02 7.101 334 19.62 -— 7.326 ; WFolss-a)4-T4 
5-4 21.79 8.135 45 22.65 8.457 Xexp(— xj-1 X-D+lT (x 
695-2351 8.780 5-6 2464 9.200 where HVT), @) 
76 = 24.24 9.050 67 25.58 9.551 nuttin _ + 
87 — 24.00 8.960 7138 2554 9.535 j= SjX/2mb, Xj 1=S;1X/2nb, 
9-8 22.97 8.577 8—9 24.63 9.199 , . 
109 1.32 7960 9-10 23.04 8.603 and Jo, J; denote modified Bessel functions of the first 
3-10 19.23 7308 ie ane 1a kind. Calculations of the emissivity E from Eqs. (4) 
12—11 16. 31 —12 18.53 91 ° . . 
13312 14.45 5.397 1213 1599 5969 2nd (8), which neglect contributions from upper har- 
14413 12.07 4.509 13314 13.46 5.025 monics, can now be carried out by utilizing intensity” 
15-14 oo oo 14-15 eyed — and line-width data® obtained at room temperature. 
er Hed ao oe reo yo The contribution to the emissivity E from the first over- 
18-17 4.673 1.745 1718 5.370 2.005 tone is obtained by adding to Eq. (8) a series which js 
2019 2551 0.9525 1920 2975 1.111 Aen: serena An (S), except that the integrated 
22-921 «1.281 «0.4783. «ss 21-922~—S«:1.622 0.6057 ~—« Absorption S; is replaced by S;’ and S;_, by S;_1’ where 
2-23 omnes o2883 ie oo I the primed quantities identify appropriate values for 
' y a> 3 4 ; Hy e+ 
28-27 0.0998 +—-0.0373 7-28 0138 +««0.0si6~—«t he Vibrational transition 0-2. 
30—29 0.0364 0.0136 29-30 0.052 0.0195 
35-334 0.0021 0.0078 34335 0.001 0.0052 Ill. REPRESENTATIVE EMISSIVITY CALCULATIONS 
40-39 0.0001 0.0037 39-40 0.000 0.0000 FOR CO AT 300°K 








For the present calculations the spectroscopic con- 
is centered about one of the wave numbers w;, w;;.? stants of Sponer were used." Since these data have been 


Thus the following close approximation is obtained 
TABLE II. Integrated absorption for the rotational lines 

















a of the first overtone of CO at 300°K. 
fi Rlodo= Ef RW) | C1-exp(—P:X) Mo 
0 dui Awi Transition 102S; Transition 102Sj.1 
j-j-1 (cm~?-atmos~!) j-1-j (cm~?-atmos~!) 
fu); 1—exp(— P;_.X 6 1-0 1.428 0-1 1.440 
2 ‘ as 3.9 2-3 4.04 
where R°(w;) and R%(w;-1) denote, respectively, the 4-3 4.914 34 $070 
spectral intensities of a blackbody radiator evaluated 5—4 5.629 4-5 5.852 
at the line centers corresponding to the indicated ee ae ie 6.367 
transitions. Similarly, P; and P;_, are the characteristic 87 6.201 7-48 6.598 
values of the spectral absorption coefficients valid if 9-8 5.935 89 6.365 
ae the indicated t ti d. Th b 10-9 5.508 9-10 5.953 
only the indicated transitions occurred. e sub- 11-10 4.968 10-11 5.411 
intervals Aw; are chosen conveniently to extend from a 12-11 4.366 1112 4.788 
wave number midway between two line centers to the ie oa ee a 
adjacent wave numbers which are located similarly. | 1514 2.545 1415 2.859 
For nonoverlapping lines the error involved in replacing 16-15 2.030 15-16 2.297 
17-16 1.583 16-17 1.805 
« 18-17 1.208 17-18 1.388 
19-18 0.9017 18-19 1.0437 
[1-—-exp(—P;X) ]dw by f [1—exp(—P;X) ]dw, 20-419 0.6591 19-+20 0.7688 
Awi ° a) 22-21 0.3310 21-22 0.4191 
os ; ’ 24-423 0.1531 23-24: 0.1996 
etc., is negligibly small. The magnitude of this error 26-25 0.0653 25-26 0.0878 
increases with increasing optical density X and can be rd aoe ie peor 
estimated readily by numerical calculations. Equation 35-434 0.0054 34-35 0.0036 
(6) now becomes 40-39 0.0028 39-40 0.0000 
wo @ 
f R(w)dw= >; | R%w) f [1—exp(— P;X) ]dw Pos S. Penner and D. Weber, J. Chem. Phys. 19, 807, 817, 974 
A 
eee 18S. S. Penner and D. Weber, J. Chem. Phys. 19, 1351, 1361 
(1951). 
+Rw,1) f [1—exp(— P;-1X) Jdw : nak Sponer, Molekiilspektren (Verlag Julius Springer, Berlin, 
-_ 1935). 








revis 
cent 
from 


ever 
emis 
perc 

A 
rece 
func 
four 


The 
Eqs 
spe 
at ; 
of ¢ 


the 
apy 
ply 
ove 
me. 


+o 


so 








EMISSION OF RADIATION FROM DIATOMIC GASES 259 


revised recently,'*'® all of the wave numbers of line 
centers, as well as the values of blackbody radiation 
from the line centers, will be somewhat in error. How- 
ever, the over-all effect on the calculated values of 
emissivity is certainly negligibly small (less than 0.1 
percent). _ | 

Assuming the validity of the ideal gas law and using 
recently published integrated intensity data’ for the 
fundamental vibration-rotation band of CO, it is 
found that 


(w*/we)(Nrré/3uc’Q) = 371.9 cm atmos. 


The terms appearing in the large square brackets of 
Eqs. (2a) and (2b) are designated as A; and Aj-1, re- 
spectively. Numerical values of A;, Aj-1, and of Sj, Sj 
at 300°K for the fundamental vibration-rotation band 
of CO are listed in Table I. 

The integrated absorption for the rotational lines of 
the first overtone, S,’ and S;_,’, are obtained, in close 
approximation, from S; and S;_1, respectively, by multi- 
plying by the ratio of integrated absorption of the first 
overtone to the integrated absorption for the funda- 
mental. The experimentally observed ratio” is 1.64/237 
=6.92X10-*. Using this ratio, the results summarized 
in Table II are obtained for Sj and Sj’ at 300°K. 

By utilizing the intensity data listed in Tables I 
and II, the emissivity has been calculated” from Eqs. 
(4) and (8) as a function of optical density and rota- 

TaBLE III. Calculated and extrapolated emissivities for CO 


at 300°K as a function of optical density and rotational half- 
width. 











T =300°K E 
b=0.06 cm! E (Extrapolated from 
X =pL (cm-atmos) (Calculated) reference 18) 
0.1 3.62 10-* 4.1 x10 
0.5 9.30 10-4 1.05 107% 
2.0 1.92 10-3 2.2 X10°° 
6.0 3.43 10% 3.35X 10°% 
T=300°K 
b=0.07 cm™ 
X=pL (cm-atmos) 
0.1 3.81 1074 4.1 «1074 
0.5 9.90 10-4 1.05 10-3 
2.0 2.03 X 10-3 2.20X 10-3 
6.0 3.64X 10-3 3.35X 10% 
30.0 8.24 10-3 5.8 10-3 
70.0 1.26 107 7.9 X10 
T=300°K 
b=0.08 cm 
X=pL (cm-atmos) 
0.1 4.131074 4.1 x10™ 
0.5 1.08 x 10-3 1.05 10-% 
2.0 2.21X 10-3 2.2 X10 
6.0 3.90 10-4 3.35 10-3 
30.0 8.84x 10-3 5.9 X10-% 
70.0 1.35X 10 7.9 XK10"3 














*K. N. Rao, J. Chem. Phys. 18, 213 (1950). 

Silverman, Plyler, and Benedict, Paper presented before the 
Symposium on Molecular Structure and Spectroscopy, Columbus, 
Ohio, 1951. 

” Further details concerning this calculation may be found in 
the thesis of M. H. Ostrander. 
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Fic. 1. Emissivity as a function of optical density at 
300°K and atmospheric pressure. 


tional half-width. The results of these calculations are 
summarized in Table III and plotted in Fig. 1, where 
they are compared with extrapolated empirical data 
reported by Ullrich." 

Reference to the data listed in Table III and shown 
in Fig. 1 indicates that the calculated emissivity is 
proportional to the square root of the assumed value of 
the rotational half-width. Almost exact agreement be- 
tween calculated and observed emissivities, for small 
optical densities, is obtained for b=0.076 cm™ at atmos- 
pheric pressure. This value is in fair agreement with 
infrared line-width measurements on CO obtained by 
standard techniques.”:' We therefore arrive at the 
important conclusion that emissivities calculated from 
spectroscopic data are in quantitative agreement with 
empirically determined results, well within the claimed 
limits of accuracy of the latter measurements. The fact 
that the calculated emissivities appear to be too large 
for optical densities in excess of 2 cm-atmos is the result 
of failure of the assumption that no overlapping occurs 
between rotational lines. This matter will be discussed 
in Section IV. 

Reference to the data listed in Table III and plotted 
in Fig. 1 shows that the emissivity E is very accurately 
a linear function of (X)!. This result, together with the 
observation that E is proportional to the square root of 
the rotational half-width, is obviously in accord with 
Elsasser’s well-known square-root law for nonover- 
lapping, equally intense, and equally spaced rotational 
lines.‘ Unfortunately, the simplified treatment‘ cannot 
be used to predict quantitatively (cf. Section VA for 
details) the slope of a plot of E vs (X)! in terms of the 
known basic spectroscopic constants.§ 

The results of the present calculations are of con- 
siderable practical importance. They clearly show that, 
for small optical densities, the emissivity is a sensitive 
function of rotational half-width. Thus we must con- 
clude that not only is it not justified to extrapolate 


1%W. Ullrich, Dr. Sci. thesis, M.I.T., Cambridge, Massa- 
chusetts, 1935. 


19, A. Matheson, Phys. Rev. 40, 813 (1932). 

§ The same difficulty arises also if attempts are made to calcu- 
late the rotational half-width from experimental measurements of 
transmission. Compare reference 13. 
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emissivities indiscriminately over temperature, pres- 
sure, or optical density intervals by using unsound 
simplified equations, but it is also essential to consider 
the problem with proper regard for the concentration 
of infrared-inert gases. 


IV. LIMITS OF VALIDITY OF THE TREATMENT FOR 
NONOVERLAPPING ROTATIONAL LINES FOR CO" 


To illustrate the effect of overlapping on P., repre- 
sentative calculations involving the contributions to P., 
from two adjacent rotational lines have been carried out. 
In this case the correct expression for the spectral 
emissivity is evidently 


ey = 1—exp[— (Pit Poe) |X, (9) 


where Pu, and Pus represent, respectively, the values of 
the spectral absorption coefficients arising from each of 
the two rotational lines separately. If the two rotational 
lines are separated sufficiently to permit neglect of 
overlapping, then the spectral emissivity is represented 
by the relation 


€ = 1—exp(— Pui X)+1—exp(—Pu2X). (10) 


By evaluating the differences €,’—, from Eqs. (9) and 
(10) we can determine the error incurred in making 
numerical emissivity calculations, if overlapping be- 
tween two adjacent rotational lines is ignored. The 
resulting expression, 


é.'— &= (PoP 2) X? 
‘es (Por Poot Poy > wo”) X3/2+ nr 


is useful for small values of Pu,X and Pu2X. 
Emissivity calculations for two rotational lines based 
on the correct expression given in Eq. (9) can be used 
as a qualitative guide in ascertaining the limits of 
validity of theoretical calculations based on a treatment 
for nonoverlapping rotational lines. Representative 


(11) 
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Fic. 2. Spectral 
emissivity €, as a 
function of w and 
optical density for 
two adjacent intense 
rotational lines (”= 
0—n= 1, j=8-j=7 
and j=i7—j=6) at 
300°K and atmos. 
pheric pressure. 


values of ¢,, calculated from Eq. (9) are shown in Figs. 2 
and 3 as a function of w with X treated as a variable 
parameter. Reference to Fig. 2 indicates that the emis- 
sivity at a point midway between the rotational line 
centers which are characterized by the transitions 
n=0-n=1, j=8—j=7, and j=7—j=6, respectively, 
remains very small (i.e., €¢.<0.2) for X=2 cm-atmos, 
Since the indicated transitions correspond to the two 
most intense rotational lines, it appears justifiable to 
conclude that emissivity calculations based on the use 
of Eq. (8) will yield valid results at least for X¥ <2 cm- 
atmos. Calculations similar to those shown in Fig. 2 for 
intense adjacent rotational lines are shown in Fig. 3 for 
weak rotational lines, namely, for the lines correspond- 
ing to the transitions n=0—--n=1, j=19-—>j=18, and 
j=18—j=17. As is to be expected, the emissivity «, 
is represented more adequately by Eq. (10) for larger 
values of X than it was for the more intense rotational 
lines described in Fig. 2. 

Although the precise evaluation of errors arising from 
the use of Eq. (8) is difficult to carry out, it is evident 
from the data described in Figs. 2 and 3 that the calcu- 
lated values of the emissivity are reliable at least to 
X=2 cm-atmos and probably to somewhat larger 
values. This conclusion is borne out by the comparison 
between calculated and observed emissivities described 
in Section III. 


V. APPROXIMATE EMISSIVITY CALCULATIONS FOR 
DIATOMIC MOLECULES WITH NONOVERLAPPING 
ROTATIONAL LINES 


The numerical work involved in the emissivity calcu- 
lations indicated in Section III is very heavy. It is thus 
worthwhile to consider the possibility of developing 
approximate analytical expressions which avoid much 
of the tedious computations. In this section we shall 
present two such approximations, in the order of in- 
creasing accuracy. 





emi 
fun 
opt 
twe 
rot 


anc 


phe 


VA 








er ~~ *" Pf FTF = | 


er 


er 
on 
ed 


all 
in- 





EMISSION OF RADIATION FROM 


Fic. 3. Spectral 
emissivity €) aS a 
function of w and s 
optical density for 
two adjacent weak 
rotational lines (n=0 
—m=1,j=19—j=18 
and j= 18-»j= 17) at 
300°K. and atmos- 
pheric pressure. 
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VA. Emissivity Calculations for CO at 300°K for 
Nonoverlapping Rotational Lines, Assuming 
Equal Spacing and Intensity of Lines 


From Eqs. (3) and (4) it is apparent that 
p=(R/oT) f [1—exp(— PX) ]dw, (12) 
0 


where R° represents an average value for R°(w) in the 
wave number interval for which P., is sensibly different 
from zero. The principal contribution to radiant heat 
transfer arises in the present problem from the funda- 
mental vibration-rotation band. For moderate values of 
the optical density and nonoverlapping, equally spaced, 
and equally intense rotational lines it is well-known 
that‘ 


J Ct-exp(— PX) Ho= dor 208 06x) (13) 


Here Awe is the effective bandwidth,* Sp represents the 
integrated absorption of the equally intense rotational 
lines*-* for the fundamental vibration-rotation band of 
CO, and q is the spacing of the equally spaced rotational 
lines. Combining Eqs. (12) and (13) leads to the result 


E=2(R°Awr/oT*)(SpbX)!/q. (14) 


As is known from the known limits of validity of the 
assumption that the lines are equally spaced and 
equally intense, Eq. (14) predicts accurately all of the 
qualitative features of an exact numerical solution for 
small values of X. Thus 


dE/d(X)'=constant for fixed 6, 
and 


0E/0(b)!=constant for fixed X. 


Actually, we can do better than predict the functional 
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form of E. Thus it has been shown" that for CO at 
300°K - 
Sr=1.9 cm™ atmos”. (15) 


Also Aw r-250 cm™ extending from 2000 to 2250 cm“, 
g=4 cm™, and 6=0.08 cm™. Hence, Eq. (12) becomes 
at 300°K 

E=1.48X 10-*(X)!, 


where X is in cm-atmos, b=0.08 cm. 

The emissivity E calculated for CO at 300°K for a 
rotational half-width of 0.08 cm (cf. Table III) is 
plotted as a function of (X)! in Fig. 4. Reference to 
Fig. 4 shows that 


E=1.64X10-*(X)! 
(6=0.08 cm, 0.1<.X <2 cm-atmos). (16b) 


Comparison of Eqs. (16a) and (16b) shows that we can 
predict absolute emissivity values with an accuracy 
of about 10 percent without performing numerical 
calculations. 

Considering that the objective of the present investi- 
gations is the theoretical calculation of emissivities from 
spectroscopic data, the following objections may be 
raised to the use of Eq. (14): (1) the absolute error 
involved in the use of Eq. (14) cannot be estimated 
without performing accurate numerical calculations; 
(2) Eq. (15) is an empirical relation whence it follows 
that the dependence of Sr on temperature and total 
pressure cannot be predicted accurately. Nevertheless, 
particularly in view of the fact that Elsasser* has ob- 
tained an integral representation for partial over- 
lapping between equally spaced and equally intense 
rotational lines, the use of simplified treatments of the 
type given in Eq. (14) may be indicated in some cases. 
Thus we note that as the temperature is increased P» 
must approach the ratio of integrated absorption to 
bandwidth,’ a quantity which can be calculated® with- 
out difficulty. 


(16a) 








° ' 2 3 4 5 6 7 a 9 10 
You (em -atm)'2 


Fic. 4. Calculated emissivity EZ as a function of the square 
root of the optical density at 300°K and atmospheric pressure 
(b=0.08 cm“). 


VB. Emissivity Calculations for CO at 300°K for 
Nonoverlapping Rotational Lines Using 
Asymptotic Expressions for the 
Modified Bessel Functions 


The emission functions 
f(x) =x exp(—x)[Jo(x)+/1(x)], 


appearing in Eq. (8) have been studied and evaluated 
by Elsasser‘ who has emphasized the fact that, even 
for moderate numerical values of x, asymptotic expres- 
sions for the modified Bessel functions yield very good 
approximations to the value of f(x). However, this 
result has not heretofore been utilized in connection 
with accurate treatments on nonoverlapping rotational 
lines in which proper allowance is made for the change 
in intensity from one rotational line to another. It is the 
purpose of the present discussion to evaluate the inte- 
gral appearing in Eq. (8) and to determine the value of 
the emissivity E from Eq. (4) under conditions where 
the asymptotic expressions for the modified Bessel func- 
tions can be used. 

Before describing the details of the integration it may 
be in order to emphasize the fact that the results of the 
present approximate treatment must be used with cau- 
tion since the analysis rests on two seemingly contra- 
dictory assumptions. Thus overlapping between rota- 
tional lines is minimized by small values of x (compare 
Section IV), whereas the asymptotic expressions for the 
modified Bessel functions apply most accurately for large 
values of x. Fortunately a range of values of «x exists 
(particularly at low pressures where the rotational half- 
width is small) for diatomic molecules with relatively 
distant rotational spacing, where both restrictive condi- 
tions are satisfied closely. In particular, for the problem 
under discussion, it has already been shown that over- 
lapping between rotational lines is unimportant for 
optical densities smaller than about 2 cm-atmos (com- 


(17) 
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pare Sections III and IV). Furthermore, the Tange of 
values of integrated absorption for the rotational lines 
of the fundamental vibration-rotation band (cf. Table I) 
is such that the error made by setting* 


f(x)=2(x/2m)! (18) 


is small for most of the rotational lines, provided the 
optical density is greater than about 0.25 cm-atmos. | 
Hence, it is to be expected that a useful approximate 
solution will be obtained at least for 0.25 cm-atmos 
<pL<2.0 cm-atmos. The approximate treatment utiliz- 
ing asymptotic expressions for the modified Bessel 
functions is, of course, not applicable to calculations on 
the first overtone because of the small values of Sj, 
S;-:' (cf. Table IT). However, as was noted in Sections 
III and VA, the contribution to the emissivity E from 
the first overtone is negligibly small in the present 
problem. 

Utilizing the approximation expressed by Eq. (18) in 
Eq. (8) it is found from Eq. (4) that 


* (w;/w*)* 
E= 30(u/2)* 
(u/s) 2 [exp(uw;/w*) ]—1 
(w;/w*)* 
Lexp(mw;-1/w*) ]—1 


where explicit relations have been introduced for the 
Stefan-Boltzmann constant and, by using the well- 
known Planck distribution law, for the spectral radia- 
tion intensity emitted from a blackbody. Here we have 
adopted the notation of Mayer and Mayer” with 


u=hew*/kT=hv*/kT. 





[bS;X/(w*)*}! 





[bS;1X/(w*)?}#}, (19) 


In terms of the customary notation for the spectroscopic 
constants" we now introduce the following close ap- 
proximations, neglecting terms involving (7j)* and 
higher, 

w;/w* =1—2yj—(8/y) 77, (20) 


Fh=144yj—3777, (21) 


GiLexp(uw;/w*)—1}" 
=e™(1—e) “FH 1+ yjul2+e“(1—e") *] 
+? 7*Lu(2ut+ 6/y)+ ue“(1—e~-") "(3+ 6/27) 
+ (3/2)we“(1—e~*)*]}, (22) 


|| By utilizing the known values of f(x) and of S;, S;-1 it is 
readily shown that the error involved in using asymptotic forms 
for the Bessel functions is 


less than 5 percent for 1<j<18 for X=2 cm-atmos, 
less than 5 percent for 2<j<16 for X=1 cm-atmos, 
less than 15 percent for 2<j<14 for X=0.25 cm-atmos, etc. 


Since most of the contributions to E result from the rotational 
lines with 1<j<16, the preceding statement suggests the range 
of validity of the present treatment. 

20 J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940). 

* A compilation of numerical values may be found on p. 468 
of reference 20. 





#, 





and 


Qe 


The 
tral 


tral 
of j 
the 
(20 
cor 
i- 


wh 
by 


be 
ing 
res 


Si 
te’ 


th 











EMISSION OF RADIATION FROM 


exp{—-[E(, j)— E(0, 0)/2kT} 
=[exp(—vj*u/2) [1 — (yju/2)+ (y*7*?/8)], (23) 


and?” 


Q expLE(0, 0)/kT ] 
= (yu)(1—e-“) "14 y(u/3+8/u) 
+8(e"—1)42x*u(e"— 1). (24) 


The relations corresponding to Eqs. (20) to (23) for the 
transitions 7— 1—7 are obtained by replacing j by —j. 
Because of this symmetry, the sum of terms from the 
transitions 7>j— 1 and j7— 1—>/ for every / is a function 
of 7? only, and the linear terms in 7 will cancel. Hence 
the following result is obtained from Eq. (19), Eqs. (2a), 
(20) to (23), and Eq. (2b) together with the relations 
corresponding to Eqs. (20) to (23) for the transitions 
j-1-7: 


E=30u'a te" f(y, 5, x*, u)(yb/w*) (A X/w*) J}. 
Lj 2jhe-™* "(1+ fey, 5, u) ], 


where the temperature-independent quantity A is given 
by the relation 


A=(Norré/3yucu)(w*/w.). 


(25) 


(26) 
The function f(y, 6, x*,«), which is obtained from 
Eq. (24), 

fly, 6, x*, u) =1—y(u/6+4/n) 

— 6[2(e"—1) }'—x*u(e"—1)-, (27) 
is evidently close to unity. The function g(v, 4, ~) is 
gly, 6, #) = (3/2)(ue")*(1—e-") 

+ue—*(1—e-*) 1 (5u/2+-6/2y—3) 
+u(5/y—9/2+9u/8)+27/2—76/2y. (28) 


The Euler-Maclaurin summation formula” can now 
be employed to evaluate the summation over 7 appear- 
ing in Eq. (25). Details are given in the Appendix. The 
result is 


E=30u'x-e—"“{_(-yb/w*)(AX/w*) }} 
X f(y, 6, x*, u){1.225(2/yu)? 
xX [1+ (3y/2u)g(y, 5, u)]—0.417}. (29) 


Since f(y, 6, x*,) is close to unity and, at room 
temperature, 


(3y/2u)g(y, 6, u)“K1, 0.417&1.255(2/yu)?, 
the following close approximation is obtained: 
E=0.6345u'e—"(yu)—*[ (yb/w*)(AX/w*) }*. (30) 


Utilizing the spectroscopic constants of Sponer™ for 


* See, for example, reference 20, p. 431. 
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CO and setting” 
A=22.95 cm~ atmos“, 
it is found from Eq. (29) for b=0.08 cm™ that 
E=1.67X10-*(X)! 
(X in cm-atmos, 6=0.08 cm='). (16c) 


The expression for E given in Eq. (16c) is seen to be in 
excellent agreement with the result of numerical calcu- 
lations given in Eq. (16b).”* Hence, we conclude that 
Eqs. (29) and (30) represent useful approximations for 
nonoverlapping rotational lines under appropriate con- 
ditions. It is evident from the previous discussion that 
Eq. (16c) cannot apply, even approximately, for values 
of X much smaller than 0.25 cm-atmos. This conclusion 
is in agreement with the well-known fact that the ab- 
sorption of radiation is not proportional to the square 
root of the optical density for very small values of the 
optical density. 

The expression given for E in Eq. (29) represents a 
significant improvement over Eq. (14) (which was de- 
rived from Elsasser’s treatment for equally spaced and 
equally intense rotational lines). Thus the parameters 
appearing in Eq. (29) are, in most cases, well-known 
molecular constants. However, Eq. (29) must be used 
with discretion, particularly as regards the calculation 
of emissivity as a function of temperature.” 


APPENDIX 


Application of the Euler-Maclaurin summation for- 
mula” to the sum appearing in Eq. (25) leads to the 
relation 


ow 


@ 
2D jhe? "(1+ y272¢(7, 5, u) 2 f jlemrr 
1 


j=1 
X (1+ y77¢(y, 6, u) Jdj+ (11/12). 


The integral from 1 to © can be expressed as the differ- 
ence between the integral from 0 to © and from 0 to 1. 
The integral from 0 to 1 can be evaluated approximately 
as 4/3. Therefore, 


(Al) 


2 > jhe?" 1+ y77?¢(7, 4, u) ] 
7=1 


~2 f pre-™F I 1 +477 p(y, 6, u) }dj—5/12 
0 


= 1'(3/4)(2/yu)*L1+ (3y/2u)g(7, 6, u)J—5/12. (A2). 


% The fact that the present analysis leads to emissivities which 
are somewhat too large is a necessary consequence of the use of 
the asymptotic relation given in Eq. (18), which overestimates f(x) 
for every finite value of x. 

* Compare Section IV of reference 9. 
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In the further study of breakdown mechanisms in high vacuum, experiments show that secondary electron 
emission from metals under positive hydrogen ion bombardment is small and increases only slowly with the 
electric field strength at the bombarded surface. Although more significant emission may yet be found with 
the heavier ions obtained in an actual vacuum gap, the particle interchange component of the breakdown 
process appears to be quantitatively inadequate on the basis of present measured electron and positive ion 
emission coefficients. The possible importance of negative ion emission deserves consideration in the par- 


ticle exchange process. 


INTRODUCTION 


HE work described in this report is part of a 

program to study the fundamental mechanisms 
of electrical breakdown between metal surfaces in high 
vacuum. The vacuum breakdown phenomenon has been 
reviewed by Trump and Van de Graaff' and the status 
of the electron-ion-photon exchange theory® has been 
assessed. This theory may be stated as follows: An 
electron in the interelectrode space is accelerated 
towards the anode and on impact liberates A positive 
ions and C photons which travel to the cathode. On 
arrival each ion will liberate B electrons and each pho- 
ton D electrons so that the number of electrons in the 
interelectrode space is now (AB+CD). These coeffi- 
cients are dependent primarily on the total gap voltage, 
the electric field at the metal surfaces, and the nature 
of the metal and its contaminants. If (AB+CD)>1, 
the number of electrons will multiply and breakdown 
will ensue. This theory satisfies the observation that 
positive ions of the anode material take part in the re- 
action,’ and can explain the dependence of breakdown 
upon the total voltage between the electrodes rather 
than on the gradient at the cathode. 

The coefficient A has been measured! as a function 
of electron energy for the case of a parallel plane steel 
gap, the ions being subjected to an assisting extracting 
electric field. This coefficient increases sharply near the 
breakdown voltage to about 2 10-*. Hence if this AB 
mechanism is to be important, either the value of co- 
efficient B must be of the order of several hundreds near 
the breakdown voltage, or some other particle process 
must be present. 


EARLY WORK 


Experiments conducted to determine coefficient B, 
i.e., number of secondary electrons emitted per positive 
ion from a metal surface under bombardment, by Allen,‘ 


‘J. G. Trump and R. J. Van de Graaff, J. Appl. Phys. 18, 
327 (1947). 

2Van Atta, Van de Graaff, and Barton, Phys. Rev. 43, 158 
(1933). 

3 Anderson, Elec. Eng. 54, 1315 (1935). 

‘J. S. Allen, Phys. Rev. 55, 236 (1939). 


Linford,® Hill et a/.,° and Trump and Van de Graaff} 
using in all cases a low extractive cathode field of the 
order of tens of volts per cm, have yielded a value from 
2 to 20, the number increasing with incident ion energy, 
The coefficient B obtained for these small collecting 
fields appears to reach a limiting value at relatively low 
voltage gradients. It had been suggested by Trump and 
Van de Graaff that copious secondary electron emission 
might be produced in the presence of high electric fields 
by the impact of the relatively heavy positive ions re- 
leased in actual vacuum gaps from the positive elec- 
trode and its superficial layers of absorbed gas and 
condensed organic vapors. Such ions would distribute 
a portion of the energy acquired in the interelectrode 
gap to the superficial layers of cathode contamination 
and absorbed gas and to the underlying depths from 
which escape of secondaries is still possible. The second- 
ary electron emission might be expected to be strongly 
dependent on the molecular weight and size of the im- 
pinging ion, since these would influence the area from 
which emission would occur as well as the energy im- 
parted to the emission volume. It was further suggested 
that the low values of coefficient B previously observed 
might be accounted for by space charge limitation act- 
ing during the short emission time associated with the 
passage of the ion through the emission depth and the 
subsequent dissipation of its energy by the rapid re- 
combination and high conductivity characteristic of 
metal surfaces. In this event a large exponential in- 
crease of secondary electrons with electric field would 
be expected. Although the curves of both Hill ef al. and 
Linford showed a saturation in electron emission at low 
collecting voltages and no sign of the } exponential 
space charge law, it appeared reasonable that higher 
electric fields approaching those producing field emis- 
sion might produce greatly increased current flow. The 
availability of a source of analyzed hydrogen ions with 
energies up to 250 kev afforded the opportunity of 
measuring coefficient B under conditions of high cathode 
gradient. 


5 L. H. Linford, Phys. Rev. 47, 279 (1935). 
® Hill, Buechner, Clark, and Fisk, Phys. Rev. 55, 463 (1939). 
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SECONDARY ELECTRON 


EXPERIMENTAL ARRANGEMENT 


Sol 


Several methods of obtaining high cathode gradients 
at relatively low collecting voltages were considered in 
order to simplify the problem of insulating two field- 
producing electrodes without excessive leakage be- 
tween them. A sphere-plane gap with a maximum gradi- 
ent of three times that existing at a parallel plane 
through the sphere diameter was compared with a wire 
and concentric cylinder arrangement. The latter was 
chosen since it involved a simpler system of location 
and insulation of the cathode with respect to the 
anode, since wires of various metals are more easily 
procured and mounted than spheres, and since with 
suitable ratios of radii, higher concentrations of gradi- 
ent are possible. For a given collecting voltage V across 
this arrangement, a gradient 


E=V//r log.R/r 


exists at the wire, where R and r are the cylinder and 
wire radii, respectively. For example, with r=0.1 cm 
and R=1.0 cm, E=4.35V. 

A section through the cylindrical bombarding cham- 
ber is shown in the drawing of ‘the over-all experimental 
arrangement depicted in Fig. 1. A beam of positive 
ions was projected into the cylinder and impinged on 
the wire which was at a variable negative potential 
with respect to the cylinder. Those ions which did not 
strike the wire were collected in a Faraday cage im- 
mediately beyond the wire; the ion current to this 
cage was measured merely to monitor the beam and to 
assist its alignment with the wire. A quartz disk sealed 
on the bottom of the cage also facilitated positioning 
of the beam with respect to the wire. Both the secondary 
electron current from the wire to the cylinder and the 
ion current to the wire were measured on microammeters 
readable to 0.01 wA as shown in the circuit diagram of 
Fig. 1. 

Precautions were taken by collimation to insure that 
none of the positive ion beam impinged on the cylinder 
and by the use of repressing voltage to insure that none 
of the secondaries from the wire escaped collection by 
the cylinder. Bias voltages were also applied to prevent 
collection of secondary electrons from the Faraday cage 
by the cylinder, and to avoid secondary electrons pro- 
ceeded from the collimation diaphragm into the cylinder. 
By observing the meter currents both with and without 
the ion bombardment, any electrical leakage across the 
insulators of the wire, corona currents from connections 
to the cathode, back leakage through the high voltage 
power pack, or field emission currents from the wire 
were excluded in the secondary electron current e. 
Throughout the experiment, clean high-polished steel 
wires were used, out-gassing being effected both by ion 
bombardment and by heating electrically in vacuo to 
red heat. The vacuum was maintained at about 10-5 


mm Hg. 
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Fic. 1. Over-all experimental arrangement. 


The gradient at the wire surface was varied both by 
change of collection voltage and by change of wire 
diameter. The latter was limited by the smallness of 
the proton current measurable and the former by the 
incidence of large leakage currents or even sparkover 
across the bushings. To facilitate changes of cathode 
wire without serious interference with the vacuum 
system a flap-type high vacuum valve was included in 
the pumping line immediately above the target 
chamber. 

The positive ions were obtained from a capillary arc 
source using hydrogen and were accelerated to about 
250 kv by means of an air-insulated electrostatic gen- 
erator. Separation of protons, singly-charged hydrogen 
molecules, mass 3 ions, and ions of intermediate energy 
was accomplished by a magnetic analyzer. The analyzed 
ion beam currents used in this work were in the range 
0.1 to 0.5 microamperes after collimation. The ac- 
celerating voltage was stabilized by a corona loading 
device, but this was insufficient to keep the ion current 
impinging on the wire cathode steady enough to permit 
accurate simultaneous measurements of 7 and e. Hence 
an averaging device was adopted whereby condensers 
were connected in parallel with the meters so as to 
give the same discharge time constants of several sec- 
onds for the e and i circuits. Many pairs of simultaneous 
current readings at practically steady state conditions 
were recorded for each value of extracting gradient. 
The coefficient B= ratio e/i was determined from each 
pair of readings. 


insulated collimating 
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‘In Fig. 2 are plotted the series of values obtained for 
coefficient B for extracting gradients ranging from 0 to 
200 kv/cm. Steel wires and both H;* ions and H;* ions 
were used. 200 kv/cm is the lowest gradient at which 
field currents were observed from the wires. The con- 
siderable spread among the individual measurements 
is believed to arise from the small movements of the 
positive ion beam and resultant variations in the angle 
of incidence on the target wire. 
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The results show a definite but slow increase in co. 
efficient B with extracting field strength. This increase 
is markedly greater for H,* ions than for H;* ions, but 
never exceeds a factor of 3 and gives no indication of 
the large exponential dependence on field strength 
which had been anticipated. The coefficient B is sig. 
nificantly larger for the molecular hydrogen ion. 

In the ion-exchange theory of electrical breakdown 
in high vacuum, it appears from these measurements 
with very light ions that field-enhanced emission of 
electrons by positive ion bombardment may not ac. 
count in a primary way for the observed breakdown 
phenomena in single gaps. Further, more refined ex- 
periments are planned to extend these results. The 
emission properties of heavier ions such as those of 
nitrogen, mercury, and oil will be investigated since 
these are much more representative of the actual ionic 
particles in the vacuum gap. The possibility that ac- 
companying negative ion emission under positive ion 
bombardment as observed by McKibben’ may be the 
important link in this interchange will be studied. 
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Pulse techniques for the measurement of attenuation in solids have been extended and refined sufficiently 
to obtain dependable measurements over a frequency range from 5 to 50 megacycles. Understanding of the 
relative importance of beam spreading, geometrical boundaries, and method of coupling has been improved. 
Coupling by means of water buffer and direct mounting is discussed in detail. 

Attenuation measurements in the frequency range from 5 to 50 megacycles have been made on chrome 
molybdenum steel specimens, and these measurements have shown large differences in ultrasonic attenuation 
for samples of the same chemical composition but different heat treatment. The resulting differences are 
connected with anisotropy which appears in the photomicrographs. The attenuation measurements are quite 
sensitive to heat treatment and other factors. The application of the methods to metallurgical problems and 


the physics of solids is suggested. 





INTRODUCTION 


ULSED ultrasonic radiation for attenuation meas- 

urements in solids has been used by relatively few 
workers'~* although wide use has been made of pulsed 
ultrasonic energy for velocity measurements to obtain 
elastic moduli especially to determine the moduli of 
single crystals. The pulse method has been very widely 
used to measure both velocity and absorption in liquids 
and gases. The techniques used in liquids and gases are 
well known and have been refined to obtain sufficient 
accuracy for most purposes. 

The measurement of attenuation of ultrasound in 
solids is beset with a number of difficulties both in 
technique and in interpretation of results, and depend- 
able attenuation measurements in solids are very scarce. 
Of the two or three sets of reliable results the limitations 
of the methods as regards sample size, geometry, usable 
frequency range, and attenuation range are usually 
severe. The work described here has removed some of 
these limitations and offers methods of wider applica- 
bility and reliability than have been available previously. 

It has been determined for a large class of measure- 
ments of attenuation in solids that several differences 
exist between true attenuation of the solid material 
alone and the measured attenuation of that material 
before allowance is made for the nature of the radiation 
pattern of the sound beam, the effect of the geometry of 
the sample, and the effect of the boundary conditions of 
the sample. The main source of error has turned out to 
be that resulting from the curvature of the wave front 


*This work was supported by Watertown Arsenal under con- 
tract DA-19-020-ORD-13. The equipment used in this work was 
developed under this and previous contracts W-19-020-OR D-6487 
and DA-19-020-ORD-11 with Watertown Arsenal. 

t Now at Specialties, Inc., Syosset, Long Island, New York. 
oa P. Mason and H. J. McSkimin, J. Acoust. Soc. Am. 19, 464 

*W. Roth, J. Appl. Phys. 19, 901 (1948). 
ps P. Mason and H. J. McSkimin, J. Appl. Phys. 19, 940 

). 
*W. J. Price, Phys. Rev. 75, 946 (1949). 
oan K. Roney, Ph.D. thesis, California Institute of Technology 
(1950). 


in the medium or what may be called beam spreading. 
The apparent loss because of this effect is large in 
certain frequency ranges, and in some cases it is the only 
loss measured. It is demonstrated that losses of the type 
mentioned can be experimentally detected and that 
corrections can be made for such losses when present. 
Certain developments in instrumentation have _ per- 
mitted an increase in the latitude of attenuation meas- 
urements as well as improved accuracy. A comparison 
has been made between the results obtained on one hand 
by using a water buffer between the transducer and the 
specimen and on the other hand by using direct coupling 
of transducer to specimen through a very thin cement 
film. It is not always easy to make such a thin film, and 
the water buffer is usually more reliable. If transverse 
waves are necessary, the water buffer obviously cannot 
be used and direct coupling is necessary. 

The techniques developed are applied to steel speci- 
mens which are identical except for heat treatment. 

Energy losses in the mechanical vibration of solids 
have been studied by other techniques at frequencies up 
to about 100 kc.*? 

The term “energy loss,” as used here, includes energy 
lost from the beam by scattering and energy lost by 
absorption or internal dissipation in the material. 
Studies at the lower frequencies indicate that most 
solids exhibit an elastic hysteresis such that the absorp- 
tion coefficient appears to be a linear function of the 
frequency.® The elastic hysteresis loss exists in many 
solids even at the megacycle frequencies, and it appears 
to be the primary loss in glasses and fused quartz.! 

At megacycle frequencies the only method available 
at present for obtaining energy losses in solids is the 
pulse-echo technique. Rough estimates of energy loss in 
solids have been made by Carlin,® Arenberg,'® and 


8S. Siegel, J. Acoust. Soc. Am. 16, 26 (1944). 

7C. Kittel, Reports on Progress in Physics (The Physical 
Society) 11, 205 (1947). 

§ R. L. Wegel and H. Walther, Physics 6, 141 (1935). 

® B. Carlin, Product Engineering, October, 1947. 

10D. L. Arenberg, J. Acoust. Soc. Am. 20, 1 (1948). 
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Fic. 1. Block diagram of ultrasonic pulse system. 


Huntington" using the pulse technique. The first re- 
liable measurements were made by Mason and McSkimin 
on polycrystalline aluminum rods, glasses, and fused 
quartz. Additional measurements on polycrystalline 
magnesium and aluminum have been made by Mason 
and McSkimin, Roth, and Roney. The explanations 
offered by Roney show that all of the measurements can 
be correlated fairly well by the attenuation expression 


2 sAK\? « 
w= But —(— > (2m+1) sin’, 
“AK 


bu m=0 


where n= 7D/\X, d is the wavelength in the material, a is 
the attenuation coefficient, D is the average grain size, 
By is the linear elastic hysteresis absorption term ob- 
tained from low frequency data, (AK/K)* is the square 
of the mean value of the fractional variation of the 
elastic constants of a single crystal (the elastic ani- 
sotropy factor), 6,, is defined by 


Mj m—1( ub) — (m+ 1) jm+i(u) 
mm 1(u)—(m+1) nmin) 





tané,,= 


and j, and m,, are the Bessel and Neumann functions. 
The second term is due to the “scattering” of the sound 
by the grains of the polycrystalline metals. When u—0, 
the scattering term is proportional to yu‘ and was given 
by Mason and McSkimin. When y—~, the scattering 
term is independent of » and was empirically obtained 
by Roth. 

Two methods have been used here to measure the 
attenuation. The first method is to directly mount the 
piezoelectric quartz crystal on the face of the speci- 
men.*-!9-!! The opposite face is made accurately parallel 


“ H. B. Huntington, Phys. Rev. 72, 321 (1947). 
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to the first. The dimensions of the specimen are made gp 
that the reflections from the sides do not interfere with 
the main echoes. The second method involves the use of 
water as a buffer between the specimen and the trans. 
ducer.’ *° The sound pulse is radiated from the transducer 
and traverses the water path until it encounters one of 
the parallel faces of the specimen. Part of the energy js 
then reflected back toward the transducer and part of it 
enters the specimen. The water path is made long 
enough so that the sound can travel back and forth in 
the specimen many times before the sound makes one 
round trip in the water buffer; a number of specimen 
echoes can then be observed in the same space of time as 
that required for one trip from the transducer to the 
specimen and back. One advantage of the water buffer 
method is that the reflection coefficients at the specimen 
faces can be determined experimentally. The transmis- 
sion loss is found by taking attenuation measurements 
first with one face submerged in the buffer and then with 
both faces submerged. 

In comparison with attenuation measurements jn 
solids by the pulse technique those in liquids can be 
obtained rather easily and to a high degree of accuracy, 
Pinkerton” gives an excellent analysis of the technique 
for liquids. The essential difference between liquid and 
solid measurements is that in liquids the path length 
may easily be changed, making it possible to eliminate 
the evaluation of reflection losses of any kind and at the 
same time making it possible to use only one reflected 
pulse. In solids it is difficult to change the path length 
and this change cannot be made continuously. In some 
cases such as with single crystals the sample must not be 
destroyed. Also it would be difficult to repeat measure- 
ments on the same sample at some later date. Meas- 
urement of attenuation as a function of temperature, 
magnetic saturation and frequency could not be done 
directly and in any event would be troublesome if the 
sample length were changed to determine the at- 
tenuation. 

The availability of specimens makes it desirable that 
it be possible to make measurements on reasonably 
small specimens. The general requirement on the 
method of determining the attenuation is that it must 
work with small specimens which may not be destroyed. 
Since the sample size is usually fixed, it is desirable for 
purposes of interpretation of the data that the design of 
the equipment be directed toward making measurements 
over as large an attenuation and frequency range as 
possible. 


EXPERIMENTAL PROCEDURE AND TECHNIQUE 
(DIRECT MOUNT) 


The block diagram of Fig. 1 outlines the system used 
for the measurements; when a water buffer is used, the 
water buffer and the sample are the sound media. If at 


2 J. M. M. Pinkerton, Proc. Phys. Soc. (London) B62, 286 
(1949). 
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MEASUREMENT OF ULTRASONIC ATTENUATION 


frst the switching circuit and the comparator oscillator 
are ignored, the sequence of operations is as follows. The 
trigger pulse from the A/R scope (about 300 pulses per 
second) triggers the transmitter. The transmitter pro- 
duces a one-to-four microsecond pulse of radio frequency 
energy between 5 and 50 megacycles. This high fre- 
quency electrical energy is applied to a piezoelectric 
quartz crystal which converts the electrical oscillations 
into mechanical vibrations. These ultrasonic waves pass 
into the media to be tested and are returned to the 
transducer by reflection from the far end of the specimen 
and reconverted to electrical signals. By the time the 
returned signal has arrived the transmitter is off; the 
received signals enter the input of a sensitive receiver 
which presents an amplified video pulse to the vertical 
plates of the A/R scope, the horizontal sweep of which 
was initiated with the trigger pulse. There will, in 
general, be many reflected echoes arising from the first 
pulse which is reflected back and forth within the 
sample media, and many pulses will appear on the A/R 
scope after the initial pulse from the transmitter. The 
next trigger pulse from the 4/R scope causes the 
process to be repeated. 

The time between successive transmitter pulses is 
about 3000 microseconds, and the transit time for one 
round trip in the sound medium is approximately 5 to 50 
microseconds. There are no standing waves in the sound 
medium under proper operating conditions. 

A crystal calibrated time delay is available on the 
A/R scope which makes it possible to pick out 4, 10, and 
25 microsecond sections of the full sweep at any time 
delay up to 1000 microseconds. The delayed trigger can 
be initiated at any time up to 1000 microseconds after 
the main trigger going to the transmitter. 

The time between successive echoes gives the velocity 
if the length of the sound media is known. The attenua- 
tion is determined by introducing an auxiliary radio 
frequency pulse from another pulsed transmitter called 
the comparator oscillator, operated at the same fre- 
quency as the transmitter. The variable delayed trigger 
which operates the comparator oscillator makes it 
possible to delay this pulse in relation to the radio 
frequency pulse from the transmitter and so place the 
comparator pulse near the echo to be measured. The 
relative amplitude of each echo is determined by 
matching the pulse from the pulse comparator to it by 
inserting attenuation by means of a calibrated at- 
tenuator box and recording the attenuator readings. 
These readings give the relative amplitudes of the 
reflected pulses in decibels. 

Low level anomalous reflections frequently appear 
between the main echoes. In addition one often uses 
small specimens which crowd the main echoes together. 
In both cases the amplitude of the comparator pulse 
becomes indeterminate when placed between two main 
echoes for comparison. In order to avoid this a switching 
circuit was designed which alternately pulses the trans- 
mitter and the pulse comparator so that on the A/R 
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scope two superimposed sweeps appear, one containing 
the echo pattern and the other the pulse from the pulse 
comparator. 

In the direct mounting or coupling method one 
cements, with a very thin film, a piezoelectric crystal 
(e.g., a circular 10-mc X-cut quartz crystal having a 
diameter of ? inch and a thickness of 0.0114 inch) ontoa 
smooth flat surface of the solid specimen as in Fig. 2. 

The actual measurement technique is as follows. The 
pulse transmitter is tuned to the resonant frequency of 
the quartz crystal or its harmonic. Three 3-inch X-cut 
quartz crystals are used; a 5-mc crystal operated at 5, 
15, 25, 35, and 45 mc, a 10-mce crystal operated at 10, 30, 
and 50 mc, and a 20-mce crystal operated on its funda- 
mental. The time difference between the first and last 
echo within the range of the 0 to 100 microsecond time 
delay is recorded from which the dilatational velocity is 
computed. The amplitude of each echo is then compared 
with the pulse from the pulse comparator and attenuator 
readings are taken. A plot is made of attenuation as a 
function of the echo number and the slope is determined 
graphically. This, after taking into account the length 
of the sample, gives the apparent attenuation in 
decibels/unit length. The relation between these meas- 
urements and the attenuation coefficient can be found 
where the attenuation coefficient, a, is defined as 


_e 
o(z) 


where o(z) is the maximum stress amplitude of a 
dilatational or a rotational plane sinusoidal wave 
traveling in thé z-direction. o(z) can be either a norma! 
or a shear stress. Then 





= 


a=lim 
Az 0 a(z) 


a(z)—o(z+Az) / 


o(z) = (€onst.)e~*, 


where a is assumed to be the same in all parts of the 
solid through which the wave travels and independent 
of the stress amplitude. The actual measurements, taken 
in decibels/unit length, are related to a in nepers per 
unit length by 


decibels nepers 
«(—~—_) = 8 686a(———_). 
unit length unit length 
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Fic. 2. Electrode arrangement with crystal mounted directly 
on specimen. 
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It has been assumed that the electrical output of the 
quartz transducer is directly proportional to the ampli- 
tude of stress applied to it from the solid. 

Since the measurements were made on conducting 
specimens, the specimen was taken as one of the elec- 
trodes. The other electrode is a piece of brass pressed 
against the crystal by its own weight. No great care had 
to be taken with the contact between this electrode and 
the crystal since the dielectric constant of quartz is 
reasonably small. Figure 2 shows the electrode and the 
centering ring in position. Rounding the electrode at the 
edges tends to reduce the side lobes in the radiation 
pattern. Oils, Vistac, phenyl salicylate, and phenyl 
benzoate have been tried as cement films between the 
quartz crystal and the specimen. In every case repeatable 
results were secured by “wringing” the crystal onto the 
specimen much as one does with gauge blocks. Reason- 
ably good transmission was obtained with all. The oil 
films changed very rapidly with time. The Vistac gave 
higher losses at the higher frequencies than the phenyls. 
The phenyl benzoate has a higher melting point (70°C) 
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Fic. 3. Sound field of circular piston radiator. 


than salol (43°C) requiring the sample to be raised to a 
’ higher temperature, but phenyl benzoate was easier to 
use because it solidified more rapidly. Generally, how- 
ever, salol has been used here. The Vistac and oils 
caused poorer pulse shapes. The use of the ‘“‘wringing in” 
technique with salol gave results which were repeatable 
to within a few percent on remounting the crystal. 

The crystal when excited electrically produces a 
radiation pattern of sound waves traveling into the 
specimen. Some of the energy is lost through beam 
spreading, and it is necessary to determine either ex- 
perimentally or analytically the nature of this pattern in 
order to determine the corrections to be applied to the 
attenuation data. In some cases errors of 1000 percent or 
worse can be traced to this source. 

The first approach to the analysis of this problem is 
given by the extensive work that has been done both 
experimentally and analytically on the radiation pattern 
of a circular piston source in an infinite rigid baffle 
radiating into a half-space filled with fluid. The excited 
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piezoelectric crystal is made equivalent to an oscillating 
piston-like displacement. The amplitude of the pressure 
p(z), on the axis of symmetry can be found explicitly as 


p(2)= p(0) sin {Zk (2+ a*)*—2)}, 


where z is the distance along the axis of symmetry, 
k=2n/X, Xd is the wavelength in the medium, and g jg 
the radius of the piston source. Near the sound source 
the waves are nearly plane and the on-axis pressure, 
given by the foregoing formula has a series of maxima 
and minima because of the interference of the sound 
waves. Figure 3 taken from Simmons and Urick" shows 
a plot of this function for a= 1.086 cm and A=0.075 cm 
(in water at 2 mc). Simmons and Urick measured the 
amplitude of a sound pulse reflected back to the trans- 
mitting crystal by a small reflector. The position of the 
last maximum is at 29/2=a*/A. The experimental curve 
in Fig. 3 shows that the effective plane wave region 
extends to zo (twice the distance from source to last 
maximum of the on-axis pressure amplitude) because of 
the off-axis character of the radiation pattern, i.e., the 
pressure remained constant up to twice the distance 
from the source to the last maximum of the on-axis 
pressure amplitude. The receiver used here is the 
radiating sound source itself which averages the received 
sound over its surface, and since a pulse of finite dura- 
tion is used a time average occurs also. The net result is 
that the averaged pressure amplitude is constant in the 
near or plane wave region. 

Far from the circular piston source the pressure 
amplitude, p(r, @), is given by" 


e~rk J,(ka sin@) 
p(r, 0)~ (const) : , 
r ka sin@ 





r>da, 


where r is the radial distance from the center of the 
piston source and @ is the angle from the axis of sym- 
metry to r. Hence, the sound waves are spherical and 
decay like 1/r far from the source. 

In measuring the attenuation in liquids by the pulse 
method Pinkerton” found it necessary to use a large 
reflector for averaging in the plane wave region and to 
correct his measurements for beam spreading in the 
spherical wave region. 

If a circular crystal is cemented on the surface of a 
solid as is done here in the direct mounting technique, 
the radiation pattern differs in several ways from the 
radiation pattern in a fluid as discussed previously. An 
analysis of the sound radiation pattern obtained for a 
piston-like sound source on a semi-infinite solid has been 
made by one of the authors." One finds that even though 
the source is vibrated longitudinally the restraining 
influence of the stress free surface causes shear waves to 
unm D. Simmons and R. L. Urick, J. Acoust. Soc. Am. 21, 633 
EP. M. Morse, Vibration and Sound (McGraw-Hill Book 
Company, Inc., New York, 1948). 


1 R. L. Roderick, Metals Research Laboratory Report, Brown 
University (1950). 
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Fic. 4. Attenuation results in steel (Rockwell ““C”’ 61) with crystal 
mounted directly on sample. 


be produced. Far from the source the radiation pattern 
of the longitudinal waves is of the same general nature 
as the radiation pattern for the pressure waves in fluids 
under similar circumstances. The determination of the 
radiation pattern near the source would require rather 
lengthy numerical work. 

The existence of a plane wave region and a spherical 
wave region for a piston source on a solid is demon- 
strated in Fig. 4. The relative amplitude in decibels of 
the series of pulses reflected back and forth in a hard 
chrome-molybdenum steel (Rockwell “C”’ 61) is plotted 
for frequencies from 5 to 45 mc. The loss in amplitude is 
plotted positively. If we assume the radiation pattern in 
the solid is like the fluid radiation pattern experimentally 
checked by Simmons and Urick," then the plane wave 
region should extend to 2a?/X. This point was calculated 
for each of the frequencies used and plotted on the 
attenuation curve, Fig. 4, as the extent of the plane 
wave region. For this calculation a=} inch and cp=2.13 
X10° inch/sec, the dilatational velocity of sound in the 
steel. The general agreement of the theoretical points 
with the break in the actual attenuation curves is better 
than one should expect at the lower frequencies in view 
of the underlying assumptions that a longitudinal wave 
in a solid behaves like a pressure wave in a fluid, that the 
crystal is a piston source, and that the many reflections 
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from the plane surfaces of the solid do not greatly alter 
the radiation pattern from the pattern in a semi-infinite 
solid. Since the 1000-volt pulse from the transmitter 
goes directly into the receiver and saturates it for about 
1@ microseconds, the first echo is unusable. In highly 
attenuating solids where only a few echoes can be de- 
tected the time dependence of gain resulting from 
saturation can be determined, by use of the comparator 
oscillator, with reasonable accuracy and with valid 
measurements made on all echoes. The time dependence 
of gain is determined by finding the relative amplitude 
of the pulse from the comparator oscillator at a series of 
points along the sweep. 

It is possible to obtain fair response when driving a 
crystal at nearly any frequency because of the loading 
of the crystal by the solid. The operating frequency 
must, however, be at the natural resonant frequency of 
the crystal or one of its harmonics for attenuation 
measurement. This fact can be seen from the curves in 
Fig. 5. The attenuation and velocity were measured in 
the neighborhood of the fifth harmonic of a 5-mc X-cut 
quartz crystal. The minimum in attenuation and the 
maximum in velocity show clearly the position of the 
proper operating point. The explanation of the observed 
attenuation effect is that when the sound pulse is re- 
flected from the solid-crystal interface, some of the 
energy passes into the crystal and is reflected from the 
crystal-air interface back into the solid. At the resonant 
frequency this energy comes back in phase with the 
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Fic. 5. Effect of operating around the resonant frequency with 
directly mounted crystal with steel sample (Rockwell “C”’ 61) and 
5-megacycle X-cut crystal and salol cement. 
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Fic. 6. Echo pattern in specimen with large ratio of sound path 
length to diameter for the frequency used. Small “in between” 
pulses arise from mode conversion at sidewalls. (Photograph 
retouched. ) 


reflected sound pulse. Off the resonant frequency the 
energy comes back out of phase thereby decreasing the 
amplitude of the echo. Substantially the same result is 
obtained at the other harmonics. With a thinner 10-mc 
X-cut crystal the effect is less pronounced. The best 
velocity measurements are made with a light coupling 
such as oil or Vistac and a thin crystal. The attenuation 
limits the maximum usable frequency and hence the 
thinness of the crystal used. 

Figure 6 shows the type of echo pattern obtained 
when the diameter of the sample is too small compared 
to the path length for the sound. If the diameter of the 
sample is large enough, then energy reflected back from 
the side walls returns to the crystal at a much later time 
and does not stay with the proper earlier pulses. Inter- 
ference effects account for the pattern observed. From 
Fig. 7 it is seen that the energy radiated from the crystal 
at an angle will return to the crystal on the uth echo 
where n= R/L. The first lobe of the radiation pattern of 
a piston source is at an angle 6=0.85)/a. From this an 


estimate can be made on the size of a sample for a’ 


particular measurement in order that the energy being 
returned by the sides of the sample does not interfere 
with the pulses on which the measurements are taken. In 
general the lowest frequency gives the most trouble 
since @ is inversely proportional to frequency. The 
interference effects just mentioned can, of course, only 
arise when there is sufficient beam spreading and when 
the path to the side walls and back is sufficiently short. 
If beam spreading could be eliminated completely, the 
effect mentioned would obviously vanish even for 
samples small in diameter. If the sample is sufficiently 
large in diameter, energy loss through beam spreading 
alone will occur and this will be reduced as the frequency 
is increased. 

The effect of nonparallelism on the reflected echoes 
when one uses a common sending and receiving crystal 
can be estimated as follows. The crystal of radius a is 
assumed to act as a piston source on a semi-infinite 
stress free solid. The wave front is spherical with center 
at the crystal center far from the source. 

Assume the sample is slightly out of parallel by an 
amount a and that the crystal acts as a spherical point 
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source. In Fig. 8, 4 is the angle between the line from 
the center of the crystal to the normal to the Opposite 
face and the emerging ray. The distance between faces 
is d. It turns out that the distance, X,,, from the origin of 
radiation (center of crystal) to the point where the nth 
echo returns to the plane of the crystal can be expressed 
as 


X.=>> Xi» 
1 


where 
n—1 


d—sina ; 
sin2[ 0’—2(n—1)a] ~ 5 





bs cos[6’—(2n—1)a] cos{_6’—2(n—1)a] 

The angles @ for which the rays return to the crystal on 
the mth echo can now be found from —a<X,(6’)<a. 
Since na<<1, the foregoing expression can be summed 
giving X,/2d=n tané’—n(n—1)(1—tan’6’)a, from 
which 6’ in the inequality could be computed nu- 
merically in every case. If also #’1 and letting 0’=6-—« 
then 


a a 
——+na<6<—-+na. 
2nd 2nd 


This is a beam centered at 0,.=na, of width a/nd, and 
forms the nth echo. 

Actually the beam forming the th echo is an elliptical 
cone. The pressure at the center of this cone is a measure 
of the response of the crystal to the mth echo. 

A combination of these results shows that minima 
should occur in the echo patterns approximately when 
6.(n)=6; where n=echo number, 6; are the zeros of 
J (ha sin@) and 6,=0.6d/a, 62= 1.1X/a, and 6;=1.71X/a. 
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MEASUREMENT OF 


In order to be sure nonparallelism has no effect on the 
reflected echoes, it is necessary that a<<0.6\/an where 
» is the number of echoes detected. Using steel and a 
crystal with a=} inch and taking 10 as the number of 
ysable echoes one obtains the condition a<0.055/f 
where f is in megacycles. This requirement is easily met 
by using a surface grinder to grind the flats on the 


specimens. 


EXPERIMENTAL PROCEDURE AND TECHNIQUE 
(WATER BUFFER) 


The difference between the direct mounting method 
and the water buffer method lies in the provision of an 
isolation medium between the sound source (transducer) 
and the specimen, Fig. 9. The isolation medium (in this 
case, water) makes it possible to measure directly the 
reflection loss. Whereas in the direct mounting tech- 
nique, the reflection loss cannot be measured directly 
and is dependent on the technique of crystal mounting 
and the thickness of the resulting cement film, as well as 
on pulse length and other factors. There is, moreover, no 
pulse distortion at the reflecting surfaces as is the case 
with the direct mounting technique. The maximum 
measurable attenuations are as large as those that can 
be made by directly mounting the transducer on the 
specimen. The band pass of the water loaded transducer 
does limit the minimum pulse length, whereas a solid 
loading makes possible transmission of very short pulses 
although these pulses will be quite distorted. 

Figure 9 shows the sound path. The paths followed by 
the sound are drawn at an angle only in order to dis- 
tinguish them. The relative amplitude of the transmitted 
and reflected wave at the solid-liquid interface is de- 
termined by the ratio of the acoustical impedances, 


(pc) for liquid 





oi : 
(pcp) for solid 


The transmission and reflection losses are useful here 
when expressed in decibels (db). A loss is taken as 
positive. The loss in amplitude of a wave going from the 
liquid into the solid is 


T,=20 og 





<2) 


TABLE I. 











Rockwell Fused S.A.E, 4150 steel 
—" quartz 61 43 * 18 14 Units 
coX10> 5.87 583 587 5.88 5.86 cm/sec 
creXl10° 3893.75) 2.77) Ss 3.20) 3.18 =— 2.79 —s cm/sec 
p 2.206 7.800 7.808 7.816 7.845 g/cm? 
wX10™" — 3.10 = 5.98 7.99 7.90 6.10 dynes/cm? 
AX10™"—-—s-11.40 «14.53 10.87 11.22 14.70 dynes/cm? 
EX10™ 3 =7.16 16.21 20.61 20.46 16.53 dynes/cm? 
a 0.155 0.354 0.288 0.298 0.354 
peoX10° 312.95 45.47 45.81 45.96 50.99  g/cm?/sec 
T; 13.71 23.94 24.02 2404 2492 db 
-T, 5.08 5.74 5.74 5.74 5.77 db 
Ri=R, 200 O57 056 056 O51 db 
R:measave 2.14 Average forallspecimens 0.66 db 
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AIR 
SPECIMEN 
a 
BRY To WATER 
, _S TANK 
SOUND 
PATH — WATER 
==! 
TRANSDUCER 
Fic. 9. 
The other coefficients are 
i+¢ 2 
R,=20 log——=R, and T.,=—20 log— 
1-¢ I+¢ 


‘These coefficients are tabulated in Table I for the 
steel specimens used in this investigation and for fused 
quartz using water as the liquid buffer (pc for water was 
taken as 1.49 10° g/cm? sec). 

The relative amplitudes of the successive reflections 
in the solid are measured in the same manner previously 
outlined. The logarithm of the ratio of the amplitude of 
the nth echo to the amplitude of the energy incident on 
the solid from the liquid is 7,;+2nLa+(n—1)R2+T>. 
The slope of this expression as a function of is taken 
from the measurements, i.e., 2La+ Ro. If the other face 
of the sample is also submerged in the water, then the 
expression for the slope will be 2La+ 2R». The difference 
in slopes is, then, the reflection coefficient. The average 
of the reflection coefficients measured for the steel 
samples was 0.66 decibel over a frequency range of from 
5 to 50 me with a scatter of from 0.5 to 0.8 decibel. 
Considering this it was felt that the value obtained from 
the velocity data was satisfactory, and this value was 
used in computing the attenuation coefficient, a, from 
the slope of the attenuation curve obtained with one 
surface of the specimen submerged. The large value of 
the reflection coefficient, R», for fused quartz (2.00 
decibel) makes attenuation measurements in quartz 
more difficult than equally accurate measurements in 
steel where R» is smaller. 

Perhaps the most important single factor in the 
measurement of attenuation in solids is that of curvature 
of wave front or beam spreading. The effect of beam 
spreading on the measurements is especially pronounced 
in the specimens of low attenuation, see Figs. 14, 15, and 
16. The extent of the plane wave region and the exact 
nature of the beam spreading is complicated slightly by 
the addition of the water buffer although an estimate of 
the extent of the plane wave region can be made by 
taking into account the slower velocity of sound in 
water. The average slope of the measured attenuation 
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curves corrected for reflection losses but including the 
beam spreading was taken from Figs. 14 and 15 for fused 
quartz and steel 61 and plotted in Fig. 10. These curves 
of apparent attenuation versus frequency show the 
approximate magnitude of the beam spreading correc- 
tion at 5 and 10 mc. The attenuation in fused quartz 
extrapolated from data of Rapuano'® is shown for 
comparison. 

Errors which can be large will arise when the sample 
is not precisely aligned with the quartz crystal. The 
procedure for alignment was to maximize the echoes 
from the solid water interface; this seemed to be the 
most sensitive and satisfactory procedure. 

Figure 11 shows the water tank with a specimen in the 
specimen holder. The three crystal holders contain 5-, 
10-, and 20-mc crystals used to cover the 5- to 50-mc 
frequency range. The construction details of the crystal 
holders were taken from Roth.'? The specimen holder 
was constructed so the specimen could be fully sub- 
merged to measure the reflection coefficient without 
interference from reflections from the holder. The 
aligning head provides rotation about two perpendicular 
axes. The use of a milling table and a standard drill 
press stand makes the equipment versatile and easy to 
construct as well as rigid. 

The maximum measurable attenuation was limited, 
primarily, by two factors. Cavitation in the water, 
especially at the lower frequencies where the transmitter 
was most efficient, limited the maximum amplitude of 
the sound pulse. The minimum detectable echo was 
determined by the signal-to-noise ratio of the first radio 
frequency amplifier. 


ELECTRICAL EQUIPMENT 


The design considerations in constructing the pulsed 
transmitter and receiver for optimum performance were 
many and often conflicting. Those of most importance 
were best signal-to-noise ratio in the receiver, maximum 


vol 














1 We 
| FUSED QUARTZ 


TRUE_|ATTENUATION 





. Pa 
= 7 








DB/ ROUND TRIP 




















te) 10 20 30 40 50 
FREQUENCY (MC) 
Fic. 10. Effect of beam spreading in water buffer using fused 
quartz (points ©) and steel 61 (points x). 


%R. A. Rapuano, Tech. Rep. 107, Research Laboratory of 
Electronics, M.I.T. (1949). 
17 W. Roth, Ph.D. thesis, M.I.T. (1947). 
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Fic. 11. Water buffer tank and mounting. 


excitation of the transducer, best receiver recovery 
time, and easily variable frequency. A method of 
measuring the attenuation was used which avoided the 
many difficulties arising from the high frequency used 
and from the nonlinearity of the receiver both with 
regard to time and amplitude. This equipment was 
designed primarily by Bronzo.'* The block diagram, 
Fig. 12, shows the system in detail. Figure 13 is a 
photograph of the equipment set up to take measure- 
ments by the water buffer technique. 


EXPERIMENTAL RESULTS AND DISCUSSION 
VELOCITY MEASUREMENTS 


rhe direct mounting technique was used to measure 
the velocity. The time difference between the first echo 
and the last echo within the range of the 100-micro- 
second time delay was measured and divided by the 
number of echoes; this and the length of the sample gave 
the velocity. A 10-mc X-cut crystal was used for 
measuring the dilatational velocity and 5- and 10-mc 
AC-cut crystals were used for measuring the rotational 


18 J. A. Bronzo, Metals Research Laboratory Report, Brown 
University, (1950). 
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Fic. 12. Complete block diagram of ultrasonic pulse equipment. 


velocity. Other measurements were made at the higher 
frequencies and to within the accuracy of the measure- 
ments the velocity was constant. The effect of the 
crystal on the effective sound path was not taken into 
account. The density was measured by submersion in 
water. 

The elastic constants can be computed from the 
velocities and density as 


B= pcr’*, A= pcr*(R?—2), 
3R?—4 R?—2 
R’-1 2(R?—1) 


where cp is the dilatational velocity, cr is the rotational 
velocity, R=cp/cr, \ and yp are the Lamé constants, E 
is Young’s modulus, and @ is Poisson’s ratio. The 
velocities, densities, and elastic constants for the steel 
specimens and fused quartz are tabulated in Table I. In 
addition the reflection and transmission coefficients are 
tabulated along with the acoustical impedence. The 
average measured value of Reis included. The definitions 
of T;, T2, Ri, and R» have been given. 


ATTENUATION MEASUREMENTS 


The most reliable attenuation measurements were 
obtained by the use of a water buffer between the speci- 
men and the transducer. The technique for making the 
measurements has been described. Figures 14, 15, 16, 
and 17 present the relative amplitude of the successive 
echoes in the respective specimens for each of the 


frequencies used. The relative decibel loss is plotted as a 
function of the number of round trips and a loss in 
amplitude is plotted positively. The curves are arbi- 





Fic. 13. View of equipment as used with water buffer. 
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Fic. 14. Attenuation values taken on fused quartz using water 
buffer. Data corrected for reflection loss. Reflection loss=2.00 
db/reflection. Specimen thickness 0.7500 in. 


trarily separated. Only the slope of the curves has 
significance. In order to make all the curves comparable 
the reflection loss, computed from the velocity data, was 
subtracted from the data. The actual measurements 
(data) were taken with only one face of the sample 
submerged in the water buffer. 

Since fused quartz has a very small attenuation, 
especially in the frequency range used here, it has been 
used to ascertain the sources of error, in particular to 
indicate the magnitude of the beam spreading and the 
extent of the plane wave region. The velocity in fused 
quartz is very nearly the same as the velocity in steel for 
longitudinal waves so that the quartz sample could be 
made the same thickness as the steel samples for direct 
comparison to determine the beam spreading. All 
samples were 0.7500 inch in thickness so that a round 
trip represents 1.5 inches of travel. 

Figures 14, 15, and 16 for the fused quartz, steel 43, 
and steel 61 samples bring out clearly the extent of the 
beam spreading region and where valid attenuation 
measurements can be made on low attenuating samples. 
The apparent attenuation in fused quartz at higher 
frequencies is caused by error introduced by the rela- 
tively high percentage of the measured attenuation 
represented by the reflection losses and to the difficulty 
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Fic. 15. Attenuation values taken on hard steel (Rockwell 


“C” 61). Data corrected for reflection loss. Reflection loss=0.57 
db/reflection. Specimen thickness 0.7500 in. Water buffer. 
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Fic. 16. Attenuation values on steel (Rockwell “‘C” 43). Data 
corrected for reflection loss. Reflection loss=0.56 db/reflection. 
Specimen thickness 0.7500 in. Water buffer. 
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Fic. 17. Attenuation values on steels 14 and 18 using water 
buffer. Data corrected for reflection loss as indicated. Specimen 
thickness 0.7500 inch. 


in alignment. The accuracy of the measurements in 
steel is appreciably higher than in quartz because of the 
higher acoustical impedence of steel. The attenuation in 
the highly attenuating steel 14 and 18 samples, Fig. 17, 
shows only vaguely the curvature and break point 
associated with beam spreading. This is due to the 
relatively large amount of scattering which masks the 
beam spreading effects. | 
A linear plot of attenuation coefficient as a function of 
frequency for each of the steel samples is shown in __ Fic. 19. Log-log 
Fig. 18. Figure 19 is a logarithmic plot of the linear ae 
portions of the curves in Fig. 18 and shows roughly that the 4150 steels. 
in steels 14 and 18 the attenuation coefficient is pro- 
portional to the fourth power of the frequency and that 
in steels.43 and 61 proportional to the square of the 
frequency. 
Photomicrographs were made of sections of each of 
the steel specimens. After the attenuation measure- 
ments were made the specimens were cut up and those 
surfaces lying in or near the sound beam path were 
etched and photographed. The metallurgical history of 
all of the samples was the same as far as the austenitic 0.01 
grain size is concerned. The microstructure is brought ' a — 
out in the X1500 photomicrographs, Figs. 20, 21, 22, FREQUENCY (MC) 
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Fic. 21. 750 photomicrograph of steel 18. 


and 23. Metallurgical analysis of the microstructure is 
omitted here; it is apparent that the structural arrange- 
ment in samples 14 and 18 differ appreciably from 
sample 43 and in turn from sample 61. It should be 
pointed out that there are different types of etches and 
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Fic. 23. X750 photomicrograph of steel 61. 


that the different types will show different features of 
the microstructure. It is sufficient for our purposes to 
say that samples 14 and 18 are very different in struc- 
ture from samples 43 and 61. 

While the number of specimens used in this work was 
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not large, some conclusions of physical and metallurgical 
interest can be drawn. Ultrasonic attenuation in the 
megacycle range is sensitive to differences in internal 
structure. Differences such as those caused in the steels 
by differences in heat treatment are very apparent as 
seen from the differences between the 14 and 18 steel on 
one hand and the 61 and 43 steel on the other hand. The 
61 and 43 steel specimens were water quenched, and the 
18 and 14 specimens were furnace cooled; steels 14, 18, 
and 61 were austenitized at the same temperature and 
have the same chemical composition, but da/df differs 
by as much as a factor of 50. The frequency at which the 
attenuation becomes measurable by this technique is 
about 5 megacycles for the furnace cooled specimens and 
about 15 megacycles for the water quenched specimens. 
The sensitivity of the attenuation measurement to these 
differences is indicated by the difference detected be- 
tween the two furnace cooled samples 14 and 18; at 10 
megacycles there was a 100 percent increase in attenua- 
tion from the 14 specimen to the 18 specimen while the 
hardness index changed only 28 percent. It has been 
found that in some cases at least the measured differ- 
ences are further enhanced when transverse waves are 
used instead of compressional waves. 

The work done on polycrystalline aluminum and 
magnesium by Roth, Mason, and McSkimin, and Roney 
has shown how the scattering of ultrasonic waves by 
grain boundaries depends on frequency. In particular 
the scattering at low frequencies and small grain sizes 
appears to vary as f'D®. The attenuation versus fre- 
quency curves for steels 14 and 18 follow roughly a 
fourth-power law. 

Sharp grain boundaries, such as appear in nonferrous 
metals, are not present in the photomicrographs of steel 
shown in Figs. 20 through 23, but regions of one struc- 
ture do appear adjacent to regions of a different structure 
or perhaps adjacent to regions of the same structure 
differently oriented. Both gradual and sharp transitions 


from one oriented area or colony to another appear in 
the photomicrographs. 

In the highly attenuating samples 14 and 18 there is in 
the photomicrographs indication of a high degree of 
anisotropy. This is in agreement with the general idea 
that a high degree of anisotropy of a material is as- 
sociated with large scattering hence large attenuation. 

Since steels 43 and 61 appear to be more homogeneous 
and isotropic than steels 14 and 18, the relatively low 
attenuation in the 43 and 61 samples is assumed to be 
related to their relative apparent homogeneity. The 43 
and 61 samples have entirely different structures, and 
it will require further work to determine whether the 
difference in attenuation is caused by the degree of 
anisotropy or caused by the different kind of structure 
present. 

Obviously a more extensive sampling program is 
necessary in order to make more than qualitative esti- 
mates of the causes of ultrasonic losses. The high 
sensitivity of the ultrasonic attenuation measurements 
suggests many uses in the physics of solids and in 
metallurgy as well as in quality control problems. 

The methods described here in connection with the 
examination of steels are part of a larger program in this 
laboratory, both experimental and analytical, aimed at 
the study of the nature of scattering processes in single 
crystal and polycrystalline media under various elec- 
trical and mechanical conditions of the medium. 

Support and encouragement for this and related work 
has been provided by a number of people at Watertown 
Arsenal Laboratory. In particular Mr. Carlton Hastings 
has provided continuous aid and advice. The metal- 
lurgical facilities and experience of Watertown Arsenal 
have been indispensable to this work. The contributions 
of Dr. H. Lester and Dr. R. Beeuwkes are also gratefully 
acknowledged as are those of all of the members of the 
Metals Research Laboratory at Brown University. 
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The Electric Field in Diodes and the Transit Time of Electrons as Functions of Current 
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Equations, applicable to all the most simple symmetries, are developed as approximate solutions of the 
related problems of potential distribution and transit time in diodes as functions of current. For the case of 
coaxial cylinders, calculations based on these equations have been made. Although these calculations fail to 
confirm Ivey’s suggestion that the ratio of the field at the cathode with any degree of space-charge to that in 
the absence of space-charge is a universal function of the ratio of the actual current to the space-charge- 
limited current, they suggest that the function varies slowly as the geometry is changed. Thus small correc- 
tions to the function developed for parallel planes suffice to give a solution of high accuracy for any ratio of 
anode to cathode radius. Functions, applicable to electrons moving between coaxial cylinders, are tabulated 
to facilitate calculations of off-cathode field, off-anode field, transit time, and the potential distribution for 


any fraction of the space-charge-limited current. 


HEN electrons originating at an equipotential 
cathode travel in the field produced by their own 
space charge and the charges on the electrodes, the 
problems concerning potential distribution and transit 
time are interesting and important. For the most simple 
symmetries the limiting cases, in which space charge is 
negligible and in which the current is limited by space 
charge, have been solved.' In addition the potential 
distribution in the case of parallel planes has a satis- 
factory general solution which has been discussed re- 
cently by Ivey.*? This solution has been extended by 
Barut? to take account of initial velocities common to all 
electrons. Recently also Page and Adams,' starting with 
a differential equation specifying the behavior of the 
potential distribution between coaxial cylinders, have 
developed solutions in terms of a number of infinite 
series, which taken together constitute a complete 
solution for the potential distribution between coaxial 
cylinders corresponding to any current per unit of axial 
length and any initial energy of the electrons injected 
into the space from the equipotential cathode. The 
variables chosen and the series obtained by Page and 
Adams do not make their expressions very convenient 
for the calculation of transit time, and the relation of 
transit tirne to the general problem has not been 
emphasized in the literature cited. . 

It is quite evident that the physical principles 
underlying the potential distribution for all of the simple 
symmetries are exactly the same, and it should be 
possible to formulate the solution in such a way that the 
equations developed could be applied to the entire range 
of problems arising for the various geometries and cur- 
rent densities. Thus the purposes of this paper are: first 
to show that for all of the simple symmetries, namely for 
parallel planes, coaxial cylinders, and concentric spheres, 
the solutions for the problems of potential distribution 


1T. Langmuir and K. B. Blodgett, Phys. Rev. 22, 347 (1923); 
24, 49 (1924) ; L. Page and N. I. Adams, Phys. Rev. 68, 126 (1948) ; 
D. N. Eggenberger, M. S. Thesis, I. I. T. (1947). 

2H. F. Ivey, Phys. Rev. 76, 554 (1949). 

3A. O. Barut, Phys. Rev. 81, 274 (1951). 

4L. Page and N. I. Adams, Phys. Rev. 76, 381 (1949). 


and transit time as functions of current density may be 
put upon the same formal basis by starting with 
Poisson’s equation in the same form, and then from this 
formulation to derive additional relationships. The par- 
ticular case in which electrons originate with negligible 
energy at an equipotential cathode will be emphasized, 
and detailed calculations will be confined to the practical 
situation of electrodes in the form of coaxial cylinders, 

In the present analysis the dependence of space 
charge upon transit time is basic. The application of 
Gauss’s law indicates that if the steady current between 
electrodes for any of these simple symmetries is multi- 
plied by the transit time of the electrons, the product is 
the total instantaneous space charge. Similarly if the 
transit time in a definite part of the path is multiplied by 
the current, the result will be the corresponding part of 
the space charge. The transit time has definite limiting 
values which may be calculated for the case of negligible 
space-charge and for the case of space-charge-limited 
current.® The difference between the two limiting values 
amounts to about 50 percent. The transit time varies 
slowly as a function of space current, and the variation is 
especially slow for currents small in comparison with the 
space-charge-limited value. This situation in itself would 
make it possible to estimate the transit time for various 
currents, and it suggests that the transit time in the 
absence of space-charge is a basic function, the prop- 
erties of which may be used for obtaining other desirable 
information such as the potential distribution with any 
fraction of the space-charge-limited current. 


SOLUTION OF GENERAL PROBLEM 


In all of the cases to be considered, the symmetries 
reduce the potential to dependence upon a single 
properly chosen coordinate. The boundary conditions 
take a particularly simple form if the distances in all 
cases are measured from a center of symmetry, and, 
because of this, the distance variable is called r. The law 


6 P. L. Copeland and D. N. Eggenberger, J. Appl. Phys. 20, 1148 
(1949). Other symmetries are treated in Eggenberger’s thesis. 
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of Gauss then gives 


(dV /dr)A (r)=— trl ot f p(r)A wndr|, (1) 


where V is the electrostatic potential, Q, is the total 
charge on the cathode, and p(r) is the charge density in 
space. A is the area of a surface, defined by taking a 
constant value of r, through which all the electrostatic 
fux terminating on the cathode charge Q. passes. 
Throughout the equations of this paper the cgs electro- 
static units are used for all quantities. In general A will 
be a function of r, and in all of the simple symmetries it 
isa readily determinable function. We now take a very 
convenient coordinate z such that 


dz=dr/A(r). (2) 
We then have 


iV /de=—4n( Oot f pAdr ) 


@V /dz*= —4apA (dr/dz) = —4rpA’. (3) 


and 


This is Poisson’s equation in a form which is very con- 
venient for the subsequent analysis. Integration of 
Eq. (3) between any selected limits z; and 22 gives 


(dV /dz)2— (dV /dz),= —4nq, (4) 


where g is the total charge between the surfaces for 
which z=2; and 2=2e. 

Since the potential in the absence of space-charge is a 
linear function of coordinates, which like z, may be 
shown to be solutions of Laplace’s equation simplified 
by the existing symmetries, these coordinates have a 
special advantage in that the equations assume a very 
simple form. We call them harmonic coordinates. As the 
need for additional symbols to represent this harmonic 
coordinate arises, we use letters such as w’, y, and w, the 
differentials of which are all defined by the same 
relationship to dr, namely by Eq. (2). 

When a steady current flows between electrodes of 
fixed difference of potential, the charge between any 
two surfaces in the space separating the electrodes, and 
defined by =z, and z=2, is obtained through multi- 
plying the current by the time / spent by each electron 
in passing from 2, to z2. Thus 


q=it=([ (dV /dz)2—(dV/dz), |/(—47), (5) 


where 7 is the current and ¢ is the portion of the transit 
time which the electron spends between 2; and 22. Both i 
and g are negative by convention. If we agree to let / 
and Q represent the numerical magnitudes of i and g, 
respectively, Eq. (5) may be written without the nega- 
tive sign before the 4x, and subsequent equations will 
be considerably simplified. 

For the case of negligible current, the potential and 
transit time are functions of z which can be determined 
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without great difficulty. The electrostatic potential V4 is 
given by 
Vo=Ct+kz, (6) 


where the constants C and & are to be evaluated from the 
boundary conditions. The increment AW in kinetic 
energy which the electron acquires between the cathode 
and a position corresponding to the coordinate z is 
AW =ek(z—z.), where e is the numerical value of the 
electron’s charge and z, is the value of the harmonic 
coordinate at the cathode surface. The total kinetic 
energy of the electron is obtained by adding this to the 
initial kinetic energy, mv,”/2, where m is the mass of the 
electron and % is the initial speed. In the case of 
negligible space charge we thus obtain 


W =ek(z—2,)+mv?/2=eU (sz), (7) 


where U» measures the total kinetic energy in units of 
potential difference. If all electrons have the same initial 
speed as they leave the cathode and if the velocity is 
directed along 7, the transit time may be found from 


r(z) 
to(z) -{ dr/(2eUo/m)', (8) 


¢c 


where 7, is the value of r at the cathode and r(z) is in 
general a value of r between the cathode and anode. For 
the complete transit time r(z) is set equal to the plate 
radius. 

The work of Ivey” and Barut*® suggests that the field 
at the cathode is a simple function of /, and, letting 
5=1/I,, where J, is the space charge limited current, we 
write the power series 


(dV /dz).=(dV/dz))(1—ab—b&—cH'—---) (9) 


to express this relationship in a particularly convenient 
form. 

In the case of steady currents uniformly distributed 
over surfaces of symmetry, current density is given by 
pv. In the simple symmetries considered here, p and v are 
functions of the harmonic coordinate z. Since both v and 
p are constant for a fixed value of z, we may write 


p=J/v=1/A(2eU(z)/m)}, (10) 


where J represents the current density. If the function 
U(z) were known, the transit time could be obtained 
with the help of Eq. (5). A method which permits the 
determination of U(z) to any desired accuracy may be 
obtained from the equations 


(dV /dz).=(dV/dz).+ f (d2V/dz*)dz, (11) 


vie)= f (dV /dz) dz. (12) 


In the foregoing equations A, J, J,, Uo(z), to(z), 
(dV /dz)o, and 6 should be regarded as knowns. Obvi- 
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ously not all of the equations are independent, but taken 
together they completely determine the transit time and 
the potential distribution. The particular case in which 
the energy of the electrons at the cathode is negligible 
will be treated in detail. In this case Up= Vo, and the 
solution for the electrostatic potential may be put into 
a more explicit form through inserting into the combina- 
tion of Eqs. (11) and (12) values from Eqs. (3), (9), and 
(10) to give 


dV z 
v@)=(—) (1—as—e—---) f dz 
dz 0 ze 
4nl ai Sr Adu’ 
tim 








(13) 


dnl 
roe -) (1—08- 6a) fast dz+ . 
& [ 2e/ ‘m(dV /dz)o }* 


Adu’ 
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Our procedure in the calculation is suggested by the 
fact that the solution is known for 6 equal to zero, Smal] 
currents will not alter the potential distribution much, 
and the charge distribution in the first approximation js 
given by dQ=TIdt) where dQ is the part of the total] 
charge associated with the part of the transit time dlp, 
Having obtained the distribution of charge in the first 
approximation, the variation of the potential due to this 
charge is given at once by Poisson’s equation, and the 
corrected expression for the potential may be inserted 
under the integral sign for use in the calculations, 4 
solution with any desired accuracy may be obtained by 
carrying enough terms in the expression for the electro. 
static potential. For illustration in this case of negligible 
energy at the cathode we carry terms up to and including 
order 6, 6/, and J*. This results in the expression 


~ 











Adu’ 
+ F2e/m(aV dao} fe ef 


({) *) 


~ Ad 
us ‘(dV /de Saal: wf y! = 
dV\ f 
—bs(—) f dz 
dz 0 zc 





(2), S-“(G) 


2rliéa Adu’ 
+ -_ 
[2e/m(dV /dz)o }? -f 4 :{ —— 


(f, *) 





u’ uy Adw 
——[2al —___— dy} ——~. (if 
{ i fe ff {(dV /dz) (u' - —U, u.’)}3 ;  & f ve LI ro(w)} i 


In the final equality the first term on the right hand 
side gives the potential distribution in the absence of 
space charge. If the current is very small, the transit 
time may be computed as in the space charge free case. 
The charge is then determined from the relation Q= Jt, 
and the contribution of this charge to the potential is 
indicated by the terms containing the first power of the 
current or of 6. Thus the term in the expression for the 
off-cathode gradient which is linear in the current de- 
pends simply on the transit time in the absence of space 
charge. The computed change in the potential distribu- 
tion as compared with the space-charge-free case has a 
small influence on the transit time, which in turn reacts 
to give a variation in the potential distribution of order 
I’, Thus the term in the off-cathode gradient depending 
on the second power of the current involves only a more 
complicated function of the transit time in the absence 
of space charge and on the coefficient “a” as determined 
in the first approximation. It is clear that this process 
might be extended to give any desired accuracy in the 
potential distribution, because the coefficient of a given 
power of 6 in the expression for the off-cathode gradient 





depends only on the coefficients of the lower powers of 6 
and on a determinable function of the transit time in the 
absence of space-charge. 

A point of particular importance is that the boundary 
conditions are to be satisfied for all values of 6, and 
therefore the sum of the terms containing the first power 
of either 6 or J must vanish when the upper limit of the 
integrals is assigned its value at the anode. This condi- 
tion gives an equation for determining ‘a.’ Similarly 
the sum of the terms of order & must be zero for 
integrations extended to the anode, and this provides a 
means for the determination of “b.” Similarly any other 
coefficients, such as “‘c’”’ and “d,” might be evaluated if 
desired. 

The required integrals may be evaluated. If A depends 
on the zero power of z, as for parallel plane geometry, all 
integrations can be performed in closed form. Of course 
the potential distribution for parallel planes is known’ 
and the suggested procedure is unnecessary in this case. 
The direct procedure is to evaluate the coefficients a, }, 
c, and d from Eq. (17) of Ivey’s paper. Before this paper 
appeared, however, the writers, being unaware of the 
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TRANSIT TIME 


existence of the exact solution of the problem, had 
applied the procedure outlined. The first two coeffi- 
cients, which were obtained by this method, are in 
agreement with those subsequently obtained from 
Ivey’s Eq. (17). Table I contains values computed from 
the latter equation. 

For the case of concentric spheres, the leading terms 
depend on integrations which can be completed in closed 
form. The case of coaxial cylinders is the most difficult. 
The integrals have to be evaluated numerically with the 
aid of series. Because of the great practical interest in 
this case, we have chosen to illustrate the method by 
calculations for coaxial cylinders. In this case it is 
customary to reduce the area considered to that as- 
sociated with unit axial length. Hence du’=dr/2xr and 
y’=(Inr/r-)/2m. It is convenient to eliminate the nu- 
merical factor by using the variable u which is custom- 
ary in this work. Thus u=27u’=In(r/r.). Since the 
logarithm of unity is zero, u.=0. 


The Transit Time between Coaxial Cylinders 
without Space-Charge 


The basic function in this analysis is the transit time 
of electrons between coaxial cylinders in the absence of 
space-charge. In the case of coaxial cylinders with 
internal cathode the potential function is 


V=V,(Inr/r.)/Inr,/re, (15) 


and the expression for the transit time of electrons 
leaving the cathode with negligible velocity is 


w(a)= f ar/o=romuy/2eV,)' f dx/(Inx)*, (16) 
- 1 


where x=1/r-. The problem presented here is that the 
integral appearing in Eq. (16) cannot be evaluated in 
finite terms. For small values of the ratio x, the variation 
of the logarithmic factor is most important, and this 
suggests successive integrations by parts in which the 
differential is chosen to be the logarithmic factor 
multiplied by the differential of the logarithm itself. In 
this way we obtain 


1a)= [ ax/(inx)'=2X (nx) 
X[1—2(Inx)/3+4(Inx)?/15—--- 


(—2)""(Inx)"“! 
fees 
| 1+3-5+++(2n-+1) 





(17) 


The series converges for all finite values of x, but except 
for low and intermediate values of x it is not very con- 
venient because the calculations are very tedious. Well- 
known numerical methods for evaluating the contribu- 
tions to the integral at the largest values of the variable 
* are more convenient, and they may be made sufh- 
ciently accurate for all practical purposes. 
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TABLE I. 

Order of Symbol for Value of 
term coefficient coefficient 
1 a 0.59259 

F b 0.109739 

3 c 0.052025 

4 d 0.031793 

5 e 0.025195 








If the cathode is the external cylinder 
E mel (—dr) 

ta | —_—— ——. 

° 2eV > re Llnr,./r]}} 


n=1/x 


Let 


so that 
dn/n=—dx/x and (—dr)=(r?/r,)dn. 
Then 


to=rLm(—uy)/2V 50} dn/n*(\nn)! 


=r m(—uUy)/2V ze }'((2/n)(Inn)? 
+ (4/3n)(Inn)!+ ---]. 


If in Eq. (17), x is replaced by 1/n and the square root of 
minus one occurring in the coefficient of the series is 
ignored, the result is identical with that just obtained. 
This rule will be used for the evaluation of the integrals 
by the series of Eq. (17). Values of this integral, which 
are fundamental to the calculation of transit time in the 
absence of space-charge, are shown in Table II. 

Although the transit time in the absence of space- 
charge is the basic function, it enters the computation of 
potential as a result of further mathematical operations 
performed upon it. The function upon which the term 
containing the first power of the current depends is of 
the form 


f (dx/x)T (x). 


The integrand is seen to be an infinite series. Each term 
of this series may be integrated by parts through 
repetition of the methods applied for the first integra- 
tion. Thus we obtain 


S(x)= f (dx/x)T(x) 


= (4/3)xu31— (4u/5)+(12/35)u2 
— (32u®/315)-+ (80u4/3465)—-+-]. (18) 


This function also is shown in Table II. 
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TABLE II. 
2 dx dx dx 
T(x) = _ (x)= —T( — _. = _ 
x=r/Te ” 1 ul - J x 7 — Sao on J x -_ u=Inx 
ss ra. 
0.00100 1.7720 11.355 — 1.1386 6.88 — 6.9078 
0.0100 1.7682 7.280 — 1.133 4.26 — 4.6052 
0.100 1.7159 3.245 — 1.0576 1.705 — 2.3026 
0.200 1.6434 2.077 —0.9599 1.002 ~1.6004 
0.333 1.5274 1.2637 — 0.8187 0.5441 — 1.0986 
0.500 1.3488 0.6768 — 0.6292 0.2476 — 0.69315 
0.700 1.0664 0.2652 — 0.3872 0.07393 — 0.3567 
0.800 0.8789 0.13456 —0.2611 0.03042 —0.2231 
0.909 0.5983 0.0385 —0.1201 0.005832 — 0.0953 
0.990 0.1988 0.001321 — 0.01332 0.0000658 — 0.00995 
1.00 0 0 0 0 0 
1.01 0.2002 0.001326 0.01334 0.0000662 +-0.00995 
1.03 0.3473 0.006816 0.04012 0.0005895 0.02956 
1.10 0.6376 0.04000 0.1346 0.006294 0.09531 
1.25 1.0200 0.14713 0.3413 0.03637 0.2231 
1.50 1.4688 0.3748 0.69736 0.1300 0.4055 
2.00 2.1450 0.8943 1.4483 0.4322 0.69315 
3.00 3.2003 1.9716 3.0820 1.323 1.09861 
5.00 4.913 4.0204 6.774 3.737 1.6094 
10.0 8.466 8.552 17.88 11.70 2.3026 
20.0 14.58 16.33 46.03 32.33 2.9957 
30.0 20.16 23.32 80.42 57.29 3.4012 
50.0 30.59 36.08 164.5 117.2 3.9120 
100.0 54.73 64.81 446.8 312.4 4.6052 
200.0 99.51 116.66 1258. 854.0 5.2983 
300.0 142.1 165.1 2345. 1561. 5.7038 
500.0 223.9 257.0 5225. 3394. 6.2146 
1000.0 418.6 472.5 15950. 10040. 6.9078 








The final functions to be evaluated here are 
Ro)= f (dx/u})S(x) = (2/3) x?—1]—(8/3-5)u? 
1 


+ x*((160u*)/(3?-5-7)— (272u*)/(3-5-7-9) 


+ (630405) /(3-5?-7-9-11)—---] (19) 
and 


o(s)= f (dx/x)R(x) = 4[x?—1]—(2/3)u 


— x°0.177777u? —0.2158730u! 

+0.1439153u5—0.06810971°+-0.025502u? 

— 0.007929u'+-0.002096u° — 0.000486u"" 
+0.000100u!'—---]. (20) 


Values of these functions also are listed in Table IT. 


Analysis of Results 


It is of interest to determine “a” and “b” as functions 
of the ratio of the radii of the electrode cylinders. The 
space-charge-limited current per unit of axial length is 


2 
J’ =—(2e/m)'V ,'/r,B? 
9 


where 6 is a function which has been tabulated by 
Langmuir and Blodgett.’ If in Eq. (14), J is interpreted 


as current pef unit of axial length, A=2zr and 
I= 62/9(2e/m)'V ,1/r,8*. This value is to be used in 
Eq. (14). For a given pair of electrode cylinders with a 
given potential difference between them, Eq. (14) 
applied to obtain the potential of the anode should give 
the same result regardless of the value of 6. This 
condition requires that 


a=[4u,5S(x,) |/[9xp8?], (21) 


b= a?/2—[8uy’O(x») |/[81x,"8*]. (22) 


For a given ratio of the radii of the electrodes “a” and 
“6” are constants, and in the application to a given 
geometry, they will be treated as constants. When from 
Eqs. (21) and (22) calculations are made for electrodes 
having various ratios of the radii, it is found that “a” 
and “b” are slowly varying functions of this ratio. The 
results of such calculations are shown in Table III. 

It would be possible to carry terms involving the third 
and higher powers of 6 in Eq. (14), and this procedure 
could be used to determine the behavior of “c.” The 
labor involved in these calculations, however, increases 
quite rapidly as higher powers of 6 are carried in them. 
At this point we can decide upon an approximation 
which is adequate for most practical purposes and which 
will involve very little additional labor. The propor- 
tionate variation in “b” is not greatly different from that 
in “a,” but the former is only about a fifth as large as 
the latter. Therefore the importance of the variation of 
“b” in the determination of the field at the cathode is 
very much less than that of ‘a.’ Because a reverse 
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variation in the coefficients of the higher powers of 6 is 
necessary to satisfy the known conditions imposed by 
the limiting cases, it is expected that there will be several 
coefficients in which the variation is extremely small. 
We decide, therefore, to neglect the variation in “c” and 
«q.” The higher powers are required because the slope 
of the plot* of €./€o against 6 becomes negatively infinite 
at 6=1. It is not possible for a finite number of terms in 
the series for the ratio of the fields to represent the 
details of this behavior, but the effects remaining after 
the fourth-power term has been set down can be ap- 
proximated by a single term of the seventh power in 6. 
Thus we propose as an adequate approximation 


€e= €o(1— 05—b8?—c5*—dd'— f,87). (23) 


In this equation a, 6, c, and d should be regarded as 
knowns. It is also known that for 6=1 the off-cathode 
gradient falls to zero. Thus for any ratio of the radii we 
may determine f, from 


fr=1—a—b—c—d. 


The values of the coefficient f, listed in Table II were 
determined from this equation. 


The Field at the Anode 


In the parallel plane case Ivey? has shown that the 
ratio of the field at the anode with space charge to that 
in the absence of space charge is €,/e9>=[(€-/€0) 
+ 165/9]! and our own expansion of this in powers of 6 
gives 


€,/€o= 1+0.296305+0.021955?+0.00656°+ ---. 


It will be useful to have a similar expression for the field 
at the anode in the cylindrical case. 

Differentiation of the expression for the space-charge- 
limited current per unit of axial length gives 


dV /du=§V ,[ 1+ 2(d8/du)/8]=feou,l 1+ 2(d8/du)/8]. 


The well-known behavior of 8 shows that for large 
positive values of u, the second term in the brackets 
becomes negligible, and for large values of the ratio of 
the field at the anode with space-charge limitation to the 
field with negligible space-charge approaches the ratio 
2u/3. Term by term operations with the series for 8 
results in the following expression for the ratio of the 























TABLE III. 

x a b tr (dV /du)./(dV/du)e a’ b’ Se’ u 
0.00200 0.5907 0.1101 0.2154 1.0590 0.0513 0.0048 0.0029 — 6.2146 
0.01000 0.5909 0.1100 0.2152 1.0816 0.0702 0.0061 0.0053 — 4.6052 
0.1000 0.5920 0.1099 0.2143 1.1463 0.1287 0.0105 0.0071 — 2.3026 
0.2000 0.5923 0.1098 0.2141 1.1878 0.1621 0.0125 0.0092 — 1.6094 
0.3333 0.5924 0.1097 0.2141 1.2188 0.1943 0.0147 0.0096 — 1.0986 
0.500 0.5924 0.1097 0.2141 1.2545 0.2261 0.0169 0.0115 — 0.69315 
0.700 0.5925 0.1097 0.2140 1.2895 0.2573 0.0190 0.0132 — 0.3567 
0.800 0.5925 0.1097 0.2140 1.3050 0.2701 0.0200 0.0149 —0.2231 
0.909 0.5926 0.1097 0.2139 1.320 0.2839 0.0211 0.0150 — 0.0953 
1.000 0.59259 0.109739 0.21385 1.33333 0.29629 0.02195 0.01509 0.0000 
1.100 0.5926 0.1097 0.2139 1.3463 0.3075 0.0228 0.0160 +0.0953 
1.25 0.5925 0.1097 0.2140 1.3657 0.3247 0.0241 0.0164 0.2231 
1.50 0.5924 0.1097 0.2141 1.3928 0.3493 0.0259 0.0176 0.4055 
2.00 0.5923 0.1097 0.2142 1.4421 0.3926 0.0293 0.0202 0.69315 
3.00 0.5922 0.1097 0.2143 1.5228 0.4638 0.0352 0.0238 1.09861 
5.00 0.5914 0.1097 0.2151 1.6493 0.5717 0.0444 0.0332 1.6094 

10.00 0.5896 0.1097 0.2167 1.8619 0.7542 0.0612 0.0462 2.3026 
20.0 0.5862 0.1094 0.2206 2.1149 0.9814 0.0840 0.0495 2.9957 
30.0 0.5839 0.1092 0.2232 2.3200 1.133 0.1004 0.0865 3.4012 
50.0 0.5801 0.1090 0.2271 2.5859 1.345 0.1238 0.117 3.9120 
100.0 0.5733 0.1080 0.2349 2.9856 1.6564 0.1604 0.1688 4.6052 
200.0 0.5650 0.1065 0.2447 3.420 1.9486 0.1980 0.274 5.2983 
300.0 0.5593 0.1053 0.2516 3.709 2.187 0.2246 0.297 5.7038 
500.0 0.5525 0.1041 0.2596 4.040 2.437 0.2556 0.347 6.2146 
1000.0 0.5424 0.1014 0.2724 4.532 2.778 0.2975 0.457 6.9078 








* Note Added in Proof.—In this paper epsilon is used to stand for the gradient in the harmonic coordinate. Thus the definitions are 
«=(dV/dZ)o, 
é=(dV/dZ).. 


Values of the integral involved in the computation of transit time in the absence of space charge can be obtained from standard 
tables through the substitution x=e. Then 
dx (In z)¢ : 
2 f edt. 


1 (In xi 


The values of this function with six-decimal-place accuracy for .01<(In x)#<2.00 were worked out by H. G. Dawson and are 
contained in Proc. London Math. Soc. 29, 519 (1897). With four-place accuracy they are also given in Jahnke-Emde, Tables 
of Functions (Dover Publications, New York, 1943), p. 32. 
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off-anode gradients. 


[(dV /du),/(dV/du)o |p 
‘= 2[2+2.000000U + 4.6666667 U?+ 6.54547U 
+ 3.8067 U4— 65.007 U5+- 46.807 U® 
+177.8U7+241.6U%+85U®--- (23) 
where U=u/10. When U is negative and not sufficiently 
small in magnitude to make the series converge rapidly, 


dB/du may be evaluated from the assymptotic form 
given by Langmuir and Compton,® namely, 


—~4.6712(r./r)[logyor-/1.4142r]}, 
which gives 


(—) /(-) Inr,/r 
du/ J \du J 1n.707r,/r 
Values of this function are shown in Table III. 


In general the ratio of the off-anode gradient with 
space-charge to that without space-charge is given by 


dV dV 
() / 3, =1+0'5+657'+---, (24) 
du p du 0 


(23’) 





where 
a’=(4u,!T (xp) 1/(9x,]—a, (25) 
and 
es dias 8u,*R(xp) a (26) 
9px», 81x,’6* 


These functions also are shown in Table III. Since when 
5=1, the ratio of the gradients is given by Eq. (23), it is 
clear that we can determine the sum of the remaining 
coefficients in Eq. (24) from 


w(Z) /(Z)rern 


and this also is shown in Table III. 


Additional Relationships 
In all cases we have Q=/1, and differentiation gives 
dQ=tdI+ Idt. 


This relation may always be used to obtain small 
increments in the charge from small increments in the 
current. The second term on the right hand side is 
usually small compared with the first, and a reasonably 
accurate estimate of dt will often suffice to give a result 
of high accuracy. 

The Taylor’s series expansion for the charge in powers 
of (I—J,) where Q:=/,1; is 


Q=Miht+[ath(dt/dl)U—-lh)+::- 
+[n(d"'t/dI") + 1,(d"t/dI),(I—1,)"/n!+- +. 


If J,;=0, (dQ/dt)o=to, and (d"Q/dI")y=n(d"™"t/dI")o. 
The Maclaurin’s series then is 


Q= tol + (dt/dI) ol?+ (d*t/dI*)oI*®/2+ (d*t/dI*)oI*/6+ - - -. 
6 Langmuir and Compton, Revs. Modern Phys. 2, 247 (1931). 
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These relationships may be used directly for calculation 
or through comparison with the previous relationships 
still others may be obtained. ‘ 


Use of the Relationships in Calculations 


In all cases where a given potential difference jg 
established between cathode and anode, the potential] 
distribution in the absence of space-charge is easily 
determined, and the space-charge-limited current may 
be computed. Hence at any current which is physically 
possible, the current ratio 6 may be determined. 
Equation (14) and the tables may then be used to 
approximate the potential distribution. The off-cathode 
field is given by Eq. (23) and may be evaluated with the 
aid of the tables. The off-anode field is given by Eq. (25) 
and the tables. The transit time for any degree of space. 
charge is then most easily computed by a proper 
application of Eq. (5). 


CONCLUSION 


Equations for the potential distribution as a function 
of the current, applicable to all of the simple symmetries 
—parallel planes, coaxial cylinders, and concentric 
spheres—have been developed. In this way it is empha- 
sized that the physical principles in all of these cases are 
exactly the same. In this development, the behavior of 
electron transit time at low currents has been a funda- 
mental consideration. The methods developed in this 
paper together with the tabulated functions for the case 
of coaxial cylinders have a great practical advantage. 
Although the numerical analysis underlying the study as 
applied to coaxial cylinders is quite tedious, the basic 
functions T(x), S(x), R(x), and Q(x) are considered to be 
of sufficient importance to have justified this work, and 
the completed tabulations provide a very convenient 
basis for calculations. Two circumstances contribute to 
the ease of calculations on this basis. First, the field at 
the cathode is a very slowly changing function of the 
geometry. Hence the solution which has been worked 
out for the plane parallel case is applicable with only 
small corrections, and an accuracy sufficient for all 
practical purposes is readily obtained. Secondly, the 
field at the anode, while it changes quite appreciably 
with geometry, can be expressed for each geometry in 
terms of a rapidly converging Maclaurin’s series in 
powers of the ratio of the current to the space-charge- 
limited current. Thus Maclaurin’s series expansions for 
the cathode field function, although slowly converging, 
can be approximated readily by corrections to the known 
behavior in the parallel plane case. The anode field, 
although far from a universal function, has a Maclaurin’s 
series in powers of the current ratio which converges s0 
rapidly that rather accurate information can be ob- 
tained without excessive labor from calculations based 
upon the first few terms. The fact that the principles 


employed are so general is in itself an aid in the applica- | 


tion of this analysis. 
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Orientation of Crystallites in Stretched 
Polyethylene 
SAMUEL KRIMM 


Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received November 5, *°*1) 


HE x-ray diffraction patterns of oriented polyethylene in- 
dicate that when the polymer is initially stretched at room 
temperature, the preferred direction of the crystallite chain axes 
does not coincide with the direction of elongation but is inclined 
to it2-* As the elongation is increased, the crystallite orientation 
changes, until at elongations of about 500 percent the chain axes 
practically coincide with the stretching direction? From an 
analysis of the x-ray diffraction patterns, Brown? has concluded 
that at elongations of up to 200 percent the long chain axis of the 
crystallite is inclined at an angle of 64° to the stretching direction. 
The purpose of this note is to point out that his analysis is not 
consistent with an angle of inclination of 64°, but rather the com- 
plement of this, viz., about 26°. 

After mentioning that the angle of inclination between the 
stretching direction and the long chain axis of the crystallites is 
64°, Brown says, “There is a unique direction in the crystal lattice 
which is also inclined to the long chain axis at an angle of 64°. 


This is the 011 direction. Examination of Fig. 7 reveals that this . 


reflection has indeed moved over to the meridian from its normal 
position in the first layer line. As a consequence of this, the 001 
direction, or long chain axis, is inclined to the stretching direction 
at an angle of 64°.’ The inconsistency in the above statement 
arises from a failure to distinguish between a direction in the real 
lattice, defined in terms of unit cell translations, and one in the 
reciprocal lattice, defined by the normal to a set of planes. Thus, 
the angle between the 001 and 011 directions in the real lattice of 
polyethylene, viz., 62° 48’, is not the same as that between the 
vectors from the origin to the points 001 and 011 in the reciprocal 
lattice, which is 27° 12’. Therefore the movement of the 011 
reflection to the meridian implies a tilt of 27° 12’ with respect to 
the stretching direction. 

1W. O. Baker, Advancing Fronts in Chemistry (Reinhold Publishing 
Corporation, New York, 1945), Vol. I. 

?A Brown, J. Appl. Phys. 20, 552 (1949). 


4S, Krimm and A. V. Tobolsky, J. Polymer Sci. 7, 57 (1951). 
4See reference 2, p. 555. 





Reply to Samuel Krimm’s Note 
ALEXANDER BROWN 


Carbide and Carbon Chemicals Company, South Charleston, West Virginia 
(Received November 14, 1951) 


HE comments made by Dr. Krimm about my paper are 

quité correct. I erred in the interpretation of the x-ray dif- 
fraction pattern. The angle of inclination between stretching 
direction and long chain axis of the crystallites is 26° (27°) and 
not 64°. 





Distribution of Activation Energies for 
Viscoelastic Deformation 


W. James Lyons 


Chemical and Physical Research Laboratories, Firestone Tire 
and Rubber Company, Akron, Ohio 


(Received December 3, 1951) 


RIGINALLY defined to characterize macroscopic deforma- 
tional phenomena, the’ concept of “relaxation time,” along 
with the more recent idea of its distribution, is still in quite general 
use in the physical theory -of polymers, even though more or less 
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detailed models at the molecular level have since been developed. 
Essentially a mathematical abstraction of large scale effects, re- 
laxation time becomes inadequate as a basic quantity when it is 
adapted to the molecular picture. The dependence of relaxation 
time on an over-all activation energy has been suggested by 
a number of writers!‘ in accordance with the relationship: 


+ =r» exp(F*moi/RT), (1) 


where r=relaxation time, 7o>=constant, F*no1= activation energy 
per mole, R=gas constant, and T=absolute temperature. Specific 
experimental evidence is cited by deBruyne? in support of Eq. (1). 

For a number of years, also, the distribution of relaxation times 
has been recognized qualitatively as an implication of the distri- 
bution of activation energies, as is suggested by the comments 
of Huggins.® It is the purpose of the present note to call attention 
to a relationship which (differing slightly from Eq. (1)) refers to 
the elementary (or unit) deformation process, and to present the 
distribution of activation energies corresponding to one experi- 
mentally derived relaxation-time distribution. 

In terms of the reaction-rate theory, the shear modulus is given 
by Tobolsky, Powell, and Eyring® as 


G=(A2a*F*)/(A), (2) 


where A=distance between adjacent equilibrium positions, 
\i=lateral distance between shearing molecular chains or seg- 
ments, A =effective area of the deformation unit, and F*=activa- 
tion energy per molecule. The coefficient of viscosity is given by 


n=(Aih/M*A) exp(F*/kT), (3) 


where h=Planck’s constant, and k=Boltzmann’s constant. If, 
now, we consider the rates of elastic and viscous shear in the 
molecular process to be additive, as do Tobolsky et al., there is ob- 
tained an equation of the form of the well-known relaxation 
equation of Maxwell, according to whom the relaxation time is 
defined r=/G. Thus, from Eqs. (2) and (3), 


1 =(h/2a?F*) exp(F*/kT). (4) 


For constant F*, Eq. (4) gives the same dependence of relaxation 
time on absolute temperature as does Eq. (1), but it should be 
noted that Eq. (4) gives the relaxation time of the elementary 
deformation process, whereas Eq. (1) applies to the viscoelastic 
system as a whole. It is significant that in the derivation of Eq. (4), 
other molecular parameters cancel out, and r is dependent only 
on the activation energy at constant temperature. 

In an analysis of dynamic-property and stress-relaxation data 
on polymers, Tobolsky, Dunell, and Andrews’ point out that the 
dynamic modulus £ of the whole system as a function of the con- 
tinuous distribution of the relaxation times of component Maxwell 
units is given by the relation 


E= SI E(z)dr, (5) 


where E(r) is a distribution function such that E(r)dr expresses 
the contribution to the total E, from units having relaxation times 
between r and r+dr. Tobolsky and co-workers cite experimental 
results which indicate that 


E(r)=Eo/r 
E(r)=0 


(rix< T<Tm), 


(r<171,7>Tm); (6) 


where Eo=constant. We may suppose each Maxwell unit to 
correspond to an elementary molecular deformation process. Then, 
referring to Eq. (4), it can be readily deduced that 


E(r)dr = Eo(1/kT—1/F*)dF*. (7) 


The distribution function for activation energies §&(F*) 
= Eo(1/kT—1/F*), corresponding to E(r) = Eo/r, is plotted in Fig. 
1, for T=300°K, & being expressed in multiples of Eo. Because of 
the nature of the function given. by Eq. (4), in general two limits 
on F* correspond to each of the limits r; and tm. In the present 
case, however, two of the F* limits are superfluous, for they are 
below the lower limit (F*=%T) which must be imposed if 8(F*) 
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Fic. 1. Distribution function for activation energies, for T =300°K, 
based on the relaxation-time distribution given by Eq. (6). 


is to have only the positive values for which there is ready physical 
interpretation. The two remaining limits F*; and F*,, correspond- 
ing to 7; and tm, are shown in Fig. 1, being positioned quite 
generally. It is conceivable that F*; coincides with the limit 
F*=kT, but this does not appear to be generally necessary. 

The significance of &(F*), as derived here, is analogous to that 
of E(r). &(F*)dF* expresses the contribution to the dynamic 
modulus of the system from molecular deformation processes 
having activation energies lying in the interval F* to F*+dF*. 

1 J. Frenkl, Z. Physik 35, 652 (1926), 

2N. A. deBruyne, Proc. Phys. Soc. (London) 53, 251 (1941). 

* Robert Simha, J. Phys. Chem. 47, 348 (1943). 

4T. Alfrey, Mechanical Behavior of High Polymers (Interscience Pub- 
lishers, Inc., New York, 1948), p. 77. 

5M. L. Huggins, J. Appl. Phys. 21, 518 (1950). 

* Tobolsky, Powell, and Eyring, edited by Burk and Grummitt, Chemistry 


of Large Molecules (Interscience Publishers, Inc., New York, 1943), p. 133. 
7 Tobolsky, Dunell, and Andrews, Textile Research J. 21, 404 (1951). 





Viscous Energy Dissipated During the 
Atomization of a Liquid 
G. W. Monk 


Camp Detrick, Frederick, Maryland 
(Received November 28, 1951) 


HILE the detailed mechanism of generation of small drop- 
lets from bulk liquid is not completely understood, the 
difficulty in creating them at a high rate is readily apparent. When 
the liquid changes from the initial continuous state to the final 
dispersed state, its dimensions change by a factor of about 10*. We 
shall assume for this discussion that the continuous state changes 
shape by flowing from the bulky configuration to a greatly extended 
thread or film which collapses under surface tension to droplets 
of various sizes, the mass average of which is at least as great as the 
thread or film thickness. Since the discrete state does not occur 
until after the change of shape, viscous energy must be dissipated 
in creating this extension and we shall show it to be appreciable 
in the rapid generation of small droplets. 

The difficulty of obtaining the necessary rate of change of shape 
is illustrated by the fact that a one-micron thread would have to be 
ejected at about 10* cm/sec in order to disperse one cubic centi- 
meter in a second. One way to estimate the minimum energy 
needed to effect the change of shape is to assume first that the 
liquid flows steadily into a transition region at low velocity and out 
at high velocity and small cross section. The viscous energy loss 
can then be computed by integrating the expression for the power 
loss per unit volume, W’, at any point,' where 


W’ =n{2(du/dx)*+2(dv/dy)*+2(dw/dz)?+(du/dy+ dv/ dx)? 
+(du/dz+dw/dx)*+(dv/d2+dw/dy)*}, (1) 

in which » is the viscosity and u, 9, w are the velocity components. 

If pure viscous flow occurs, a knowledge of the velocity distribu- 


tion throughout the volume would allow a rather precise evalua- 
tion of the energy dissipated. 
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Since all the terms in Eq. (1) are positive, we shall attempt to 
estimate the magnitude of the first one, neglecting the others, ; 
order to determine the minimum energy that must be diss} ar 
in atomizing unit volume of liquid. If the liquid enters the 
end of a conical transition region of diameter d, with a veloc 


° t 
suffers a constant rate of increase of velocity, and leaves = 


thread of diameter dz, the minimum energy dissipated per pa 
volume dispersed is of the order of W, given by 
W =8nd*R/3rd-'L, (2) 


where R is the rate of flow and L is the length of the transition 
region. The proportionality of W to R in Eq. (2) is in agreement 
with a more general rule, pointed out by J. B. Keller of New York 
University,? that in viscous flow the energy loss is proportional to 
the mass rate of flow. In order to give an idea of the magnitude of 
the energy, Eq. (1) has been used to compute the data of Table I 


TABLE I, Minimum viscous energy in calories required to atomize o 
cubic centimeter of liquid at a rate of one cm?/sec. The viscosity is assumed 
to be 0.01 poise, the length of the transition region and the diameter of it 
entrance to be 1 cm. 











Thread diameter Number of threads 














d:, microns 1 10 100 
1 2,000,000 200,000 20.000 
5 3200 320 l— 32 
10 200 | 20 2.0 
20 13 1.3 0.13 
— SS 











The resulting average droplet size should be at least as large as 
the thread diameter. Those values below the solid line in Table I 
probably represent conditions under which viscous energy losses 
are not a limiting factor in atomization. The existing two fluid 
atomizers operate under conditions such that this minimum vis- 
cous energy loss is not appreciable even though large quantities of 
energy are used in overcoming the resistance to flow of the 
propellant. It would therefore seem very difficult to generate a 
fine dispersion rapidly with the same inefficient method. 

The single fluid hydraulic nozzle applies its available energy 
more efficiently to changing the shape of the liquid, but pressures 
of the order of 60,000 psi would be needed to supply 100 calories 
for each cm? dispersed and much of this must be used in over- 
coming the resistance to flow caused by the stationary walls of 
the nozzle. 

Although these approximations are very crude, they do seem to 
indicate the increasing importance of viscous energy losses as 
the droplet size is decreased. We are attempting to evaluate the 
magnitude more precisely in some particular cases. 

1L. M. Milne-Thomson, Theoretical Hydrodynamics (Macmillan and 


Company, Ltd., London, England), second edition, p. 510. 
2 Private communication. 





A Note on “Electron Microradiography of 
Electrodeposited Metals” 


SHIGETO YAMAGUCHI 
Scientific Research Institute, Bunkyo-ku, Tokyo, Japan 
(Received December 3, 1951) 


T was reported by R. Weil and H. J. Read! that the electro- 

deposited thin film of nickel on copper and zinc served for 
study on electroplating by means of electron microscopy. It is 
known by electron diffraction investigation? that the crystal 
particles of metal, which are deposited electrolytically on the 
surface of a metal single crystal, are crystallographically oriented 
according to the orientation of the boundary faces of substrate. 
This phenomenon is quite similar to the oxidation taking place 
on metal; as a matter of fact, the thin oxide film formed on metal 
is composed of the oriented crystal particles. This oriented oxide 
film serves as a faithful replica of substrate in electron micros 
copy.’ It is, therefore, reasonable to think that the electrode- 
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ited films prepared by Weil and Read express not only the 
initial state of plating, but also they are the replicas of the cleaned 
surfaces of copper and zinc substrata. The electrodeposited replica 
should be compared with the collodium replica prepared on the 
cleaned surface before electrodeposit. The discussion on the 
structure of replica film proposed in a previous letter* by the 
author might be applicable to the case of electrodeposited film. 

1 Rolf Weil and Harold J. Read, J. Appl. Phys. 21, 1068 (1950); cf. 
G. M. Corney 22, 682 (1951). } ; : 

2G. P. Thomson and W. Cochrane, Theory and Practice of Electron 


: tion (Macmillan and Company, London, 1939),{p. 170. 
Difeovamaguchi, J. Appl. Phys. 22, 1295 (1951). 





Radiation or Diffraction Patterns Close to 
Receiving Antennas 
L. S. PALMER 


The University College of Hull, England 
(Received November 26, 1951) 


N the April issue of this journal C. L. Andrews described some 

interesting experiments with 8-cm waves in which a probe 
was used to measure the field intensity in the neighborhood of 
a half-wavelength rod when actuated by an incident plane elec- 
tromagnetic wave from a distant transmitter. The field at any 
point was assumed to be the resultant of the incident wave and 
the wave reradiated from the rod. The field “pattern” round the 
rod was then obtained by considering the variation of the re- 
sultant field along any radial line. Andrews’ experimental meas- 
urements were made, in particular, along the line joining the rod 
to the transmitter and along the line through the rod at right 
angles to this. 

It is surprising to realize that Andrews’ results with a single 
rod and 8-cm waves were, in fact, obtained in 1929 by Englund 
and Crawford! in America and at the same time by Palmer and 
HoneybalJ!? in England, the former using a wavelength of 434 cm 
and the latter a wavelength of about 800 cm. In 1938 Palmer and 
Honeyball’s work was extended by Palmer, Abson, and Barker* 
on a wavelength of 80 cm. In all these cases the measuring probe 
used by Andrews was replaced by a second tuned antenna. The 
results, as is to be expected, were practically identical as shown 
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by the following figures photographically reproduced to the same 
scale of abscissas for convenience of comparison. Figure 1 of this 
letter compares Andrews’ Fig. 2 with Figs. 5 (reversed) and 7 
from reference 3 for the ‘‘end on” position (@=0° and 180°), and 
Fig. 2 of this letter compares Andrews’ Fig. 3 with Fig. 3 of refer- 
ence 3 for the “‘broad-side on’”’ position (@=90°). 

Palmer and Honeyball’s theory was based on the original dipole 
theory of Hertz; Andrews’ theoretical equation (Eq. 6) is based 
on an expression for the radiation field given in Stratton’s book, 
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Electromagnetic Theory. They are, in fact, different treatments of 
the same fundamental electromagnetic problem. 

By way of a further comparison, Palmer and Honeyball speak 
of the “reflecting” action of an antenna arising from initial ab- 
sorption and subsequent reradiation of the incident wave, while 
Andrews refers to “the reradiated wave from the rod.” Both these 
points of view are obviously the same; they yield the same results 
and both treat the problem as one of interference. 

It is particularly interesting to realize that, after a lapse of 
twenty-two years during which the wavelengths used changed 
from 800 cm to 8 cm, there has been no fundamental change in 
the theoretical explanation of the results. 

There is, however, a difference between the two points of view 
concerning the physical phenomena involved. Andrews refers to 
the “diffraction pattern” round the half-wave rod although he 
correctly explains the nature of the field as one produced by the 
interference of an incident wave from the transmitter with a re- 


radiated wave from the rod. Does, in fact, a diffracting rod act . 


as a reradiator of electromagnetic energy or does it act merely 
as an obstructive object absorbing energy from the incident 
radiation? It would perhaps be best to restrict the term “diffrac- 
tion” to cases where opaque bodies absorb energy from an in- 
cident field with negligible reradiation. The problem of the nature 
of the residual field in the neighborhood of the diffracting body 
can then be treated in the usual way as a Fresnel or Fraunhofer 
diffraction problem without reference to the electrical properties 
of the body. 

When, however, absorbed energy is reradiated, the inter- 
ference between the reradiated energy and the incident energy 
may produce a resultant field quite different from the “residual” 
field arising from diffraction. Obviously, this effect will be greatest 
when no absorbed energy is degenerated to heat in the body. Thus 
the electrical properties of the body will be of paramount im- 
portance. Ideally, perfect conductors with maximum conduction 

‘current and perfect insulators with maximum displacement cur- 
rent will produce the maximum interference with the incident 
radiation in the neighborhood of the reradiating conductor or 
dielectric. There will obviously be no firm line of demarkation be- 
tween these radiation fields and the diffraction fields of opaque 
nonradiators, because resistive conductors or conducting di- 
electrics will produce fields which will be combinations of the two. 

It is clear, therefore, that radiators of small dimensions com- 


THE EDITOR 


- pared with the wavelength, even if they have imperfect electrica] 


properties, will have negligible effect in absorbing incident radia- 
tion. Both Andrews and Palmer make this assumption. On the 
other hand, absorbing bodies of large dimensions compared with 
the wavelength will have negligible interfering reradiation but 
maximum obstructive absorption. 

Thus the radiation problems of the wireless engineer would seem 
to be distinct from the optical problems of the physicist. It is not 
felt, therefore, as Andrews suggests, that a study of the radiation 
patterns produced by ultra-high frequency wireless waves wil] 
assist appreciably towards the understanding of optical diffrac. 
tion problems. However, if the dimensions of the wireless aerial] 
system could be enormously increased and its reradiating power 
similarly reduced, then ultra-high frequency diffraction fields 
would result but with little profit to the radio engineer. Alterna. 
tively, antenna radiation patterns might possibly help the physi- 
cist to understand those optical problems which can arise with 
ultra-microscopic absorbing and scattering obstacles. But the 
combined interference and diffraction fields that would be pro. 
duced in these particular cases are an intermediate region in which 
very little experimentation has yet been undertaken. 
asa C. Englund and A. B. Crawford, Proc. Inst. Radio Engrs. 17, 1277 

LS. Palmer and L. L. K. Honeyball, J. Inst. Elec. Engrs. 67, 1045 


(1929). 
* Palmer, Abson, and Barker, J. Inst. Elec. Engrs, 83, 424 (1938). 





Concerning the Letter by Mr. P. E. Ohmart on 
“A Method of Producing Electric Current 
from Radioactivity’’* 


W. H. WALDO 
Mound Laboratory, Monsanto Chemical Company, Miamisburg, Ohio 
(Received January 31, 1952) 


R. OHMART’S professional affiliation at the time the work 

described in his letter was done was incorrectly given on 
page 1504. It should have read “Mound Laboratory, Monsanto 
Chemical Company, Miamisburg, Ohio.” This work was per- 
formed under an AEC Contract Number AT-33-1-GEN-53. 
Mr. Ohmart’s present address is the Ohmart Corporation, Cin- 
cinnati, Ohio. 


* P. E. Ohmart, J. Appl. Phys. 22, 1504-1505 (1951). 
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Ferromagnetism 
By RicHarp M. Bozortu. Pp. 968+xvii. D. Van Nostrand 
Company, Inc., New York, 1951. Price $17.59. 


For a number of years the only existing “bibles” of magnetism 
were either not up to date or not in English. Thus a need for new 
hooks in this field is great not only among research physicists who 
are interested in the fundamental aspects of theoretical and ex- 
perimental magnetism but also among applied physicists, electrical 
engineers, metallurgists, etc. The long expected and recently 
published book by Bozorth was undoubtedly written with this 
widely diversified need in mind, and as a result it leans towards 
being an encyclopedia rather than a textbook. This is apparent 
even at a first glance through its 860 pages of actual text and some 
100 pages of appendices, indexes, etc., which disclose an unusually 
high number of quantitative diagrams and references. Actually 
there are about one illustration and two references per page. In 
that respect the book is quite unique. No need to say that the 
appearance of a book of this type written by an outstanding 
researcher in the field of magnetism and a member of the technica] 
staff of the Bell Telephone Laboratories, which for a number of 
years had a virtual monopoly in the field of magnetic research in 
this country, is an event of great importance. 

In any book, and especially in a book which attempts to cover 
such a vast field, the choice of the boundaries and of manner of 
presentation is of vital significance. Bozorth’s book consists 
essentially of two parts of about equal size. The first, of particular 
value to applied physicists, engineers, etc., is primarily a reference 
book and compendium of data on various magnetic alloys, and the 
subject matter is accordingly arranged in individual chapters on 
iron, on iron-nickel alloys, on iron-cobalt alloys, etc. Properties 
here described are mostly those of practical significance, and, 
especially for commercial alloys, they are very complete. A sepa- 
rate chapter is devoted to permanent magnet materials. Two in- 
troductory chapters deal with basic concepts of magnetism and 
with production problems such as melting, casting, role of 
impurties, etc. 

The second half of the book is a survey of various magnetic 
phenomena and theories, and it also contains much experimental 
material. The accent is on a descriptive and intuitive manner of 
presentation with negligible amount of mathematics (for instance 
only 22 equations had to be numbered). “Derivations” are almost 
completely omitted and reference is given to original papers. The 
theory of magnetism proper, including a brief summary of the 
basic notions of paramagnetism, diamagnetism, and antiferro- 
magnetism, is treated in about 50 pages. More than a quarter of 
this part of the book is a chapter on “Stress and Magnetostriction” 
which plays such a critical role for various practical applications 
and is of theoretical interest. The last chapter, 24 pages, deals 
with some of the more common and also some of the special 
methods of magnetic measurements. 

As pointed out before, Bozorth’s book is a huge and ambitious 
undertaking, and it attempts to cover a vast field of knowledge. 
Anyone who has tried to write a book of that sort, even on a much 
smaller scale, knows well what a thankless task it is to try to 
balance the choice of the material and method of approach so as 
to satisfy most of the readers. It is only by strict adherence to a 
certain pattern that a book acquires a character and remains 
within a reasonable size. Bozorth has accomplished this primarily 
by stressing the phenomenological aspects at the expense of 
theoretical analysis. This feature is no drawback (perhaps even 
an advantage) to a majority of those who are interested in applica- 
tions and in engineering problems, and from that point of view 
the book is indeed very good. It is less satisfactory for those who 
would like to have a critical analysis and evaluation of current 
theories which, in the final instance, are the measure of our 
understanding of physical phenomena. The reviewer would have 
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perhaps preferred a more extensive coverage of such interesting 
current topics as antiferromagnetism, ferrites, resonance, etc., and 
in particular more stress on the relation between magnetic and 
other phenomena in solids. These and similar wishes will be 
undoubtedly expressed by other readers, but it should be kept in 
mind that there is a limit to what can be included in a book (or, 
for that matter, in its review) even if it costs $17.50. 

The book is very neat in appearance and nicely published. The 
subject index is unfortunately disappointing and uneven; for in- 
stance “‘resonance” is not listed, while names of various commer- 
cial alloys are. No need to say that in keeping with the best tradi- 
tions of the Bell Telephone Laboratories the illustrations are very 
clear and well captioned. Altogether there is no doubt that the 
book will be of great value in the fields of magnetic research and 
magnetic engineering, both of which are recently receiving a 
renewed interest. 

R. SMOLUCHOWSKI 
Carnegie Institute of Technology 


Modern Interferometers 


By C. CANDLER. Pp. 592. Hilger & Watts, Ltd., London 
N.N.W. 1, 1951. 


This is a timely, comprehensive, lucidly expressed, and ably 
organized book on interferometry and its applications. Candler, 
whose books on spectroscopy are well known, has here carried out 
his most able exercise as an author, and this book can be recom- 
mended almost without qualification, not only to those who are 
interested in interferometers as tools, but to all who are interested 
in them as scientific instruments. An excellent balance is achieved 
between the theory of operation of interferometric instruments 
and their applications in the laboratory and shop. 

After several chapters dealing with monochromatic radiation 
and the factors which limit monochromaticity, measurement of 
length in terms of wavelength is considered. Various methods of 
producing interference fringes are then discussed in detail, and the 
application of interferometry to measurements of all sorts is 
taken up. Measurements of displacements, of expansion, and 
of gauge thicknesses are considered in especially great detail. 
This discussion is followed by chapters on the Michelson in- 
terferometer and its applications, and on Twyman prism and 
lens interferometers. Gauge measuring interferometers are dis- 
cussed in considerable detail, with the principal emphasis on 
British developments. 

There are also chapters on the Fabry-Perot etalon and its 
uses. The Michelson stellar interferometer receives a chapter, 
and then the reflection and transmission echelons come in for 
careful discussion, as does the Lummer-Gehrke plate. Methods of 
adjustment of interferometers are gone into in such detail that 
the book will be found very useful by practical operators. 

Chapter XV is concerned with the ruling of diffraction gratings 
and gives an excellent historical account, including a summary of 
work done in this field up to late 1947. Chapters are then devoted 
to the plane grating and the concave grating and to their uses and 
properties in various mountings. 

While the reviewer is so impressed with the general excellence 
of this book that any adverse criticism seems captious, it is only 
fair to state that the author does not always say exactly what he 
means. In some cases this may lead to misapprehension on the 
part of the reader, as when the statement is made that “for this 
work (the measurement of length) the interferometer is superior to 
any other instrument, for it measures the differences in units 
which are invariable wavelengths of monochromatic light”; the 
barometer probably has more effect on a wavelength than on a 
foot rule. Similar carelessness extends in certain cases to the names 
of people, as when Mack, Stehn, and Edlen are on page 445 referred 
to as Mach, Stern, and Edlen. Some distortion in historical per- 
spective might be induced by the reference to a grating “ruled 
by Rowland in 1913.” Many staunch optical hearts will be 
perturbed by the statement on page 111 that “the Michelson 
interferometer may be fairly described as obsolete today; the 
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Twyman interferometer, however, is widely used by all who 
manufacture high quality optical instruments.” Sufficient credit 
should be available for both Michelson and Twyman to make un- 
necessary specious arguments which suggest that the latter has 
displaced the former. The statement that “the Michelson inter- 
ferometer is always made with the two arms at right angles, but 
this is not essential” seems unnecessarily severe, since most of 
those in the possession of the reviewer have their arms parallel, 
in one instrument these having been arranged so by Michelson 
in person. 

In a field so large and growing, it would have been helpful to 
append initials to the authors’ names given in the references, 
though in general these references are excellent. Although the 
above criticisms are representative of many others, they are, of 
course, minor, and would be easy to correct in the second edition, 
which is sure to be called for. 

This reviewer was unable to find any type of interferometer 
that is not well described in the Candler book, and it should 
fill a very great need in a relatively new and rapidly expanding 
field, that of application of the most refined optical measurements 
to industrial uses. 

GEorRGE R. HARRISON 
Massachusetts Institute of Technology 


Elasticity 


R. V. CHurRcHILL, E. REISSNER, AND A. H. Tavs. Vol. III. 
Pp. 233+v, Figs. 10. McGraw-Hill Book Company, Inc., 
New York, 1951. Price $6.00. 


“Elasticity” was the subject of the American Mathematical 
Society’s Third Symposium on Applied Mathematics. This book 
contains the papers presented at that symposium. In “Approxi- 
mate Methods of Solution of Two-Dimensional Problems in 
Anisotropic Elasticity,” I. S. Sokolnikoff outlines several perturba- 
tional procedures and indicates that useful results can be obtained. 
‘‘Beams under Concentrated Loading,” by G. E. Hay, is a mis- 
leading title for a problem in plane strain of a cylinder whose 
section has confocal ellipses as boundaries and concentrated forces 
at the ends of the major axis of the outer boundary. From a prac- 
tical point of view, the problem is left unsolved. 

A masterly paper by E. Reissner, “On Axisymmetrical Deforma- 
tions of Thin Shells of Revolution,” is concerned with the nonlinear 
theory of finite deflections and is a major contribution to the theory 
of shells. F. E. Hildebrand, in a paper “On Asymptotic Integra- 
tion in Shell Theory,” considers small deflections of the general 
shell of resolution and presents asymptotic developments for the 
edge effects in explicit form suitable for direct application. 

“Some Recent Applications of the Theory of Finite Elastic 
Deformation,” by B. R. Seth, makes interesting reading because 
of its extraordinary claims and expressions of preference. In 
“Elastic Stability of the Facings of Sandwich Columns,” H. W. 
March compares theories of surface wrinkling with each other and 
with experimental results. D. L. Holl describes a plan for attack- 
ing the problem of “Dynamic Loads in Thin Plates on Elastic 
Foundations.” 

By a systematic expansion of the stresses and displacements 
with respect to the thickness of the plate, K. O. Friedrichs succeeds 
in throwing new light and obtaining new results on the old problem 
of “Kirchhoff’s Boundary Conditions and the Edge Effect for 
Elastic Plates.” G. F. Carrier and F. S. Shaw present a remarkably 
brief and clear paper on “Some Problems in the Bending of Thin 
Plates” in which they describe an ingenious method for obtaining 
quick, approximate solutions for plates which are, or can be 
mapped into, regions bounded by a pair of intersecting straight 
lines and a closing curve. This is followed by an abstract of a 
paper on “Prestressing a Plane Circular Plate to Stiffen It against 
Buckling” by J. J. Stoker. A paper by C. L. Perry “On the Bend- 
ing of Thin Elliptic Plates” describes the early stages of a solution 
in terms of Mathieu functions and another in terms of exponential 
functions. 
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Alexander Weinstein presents a very thorough and enlightenin 
study of general theorems on inequalities and methods of obtainin 
upper and lower bounds in his paper on “New Methods for the 
Estimation of Torsional Rigidity.” H. Poritzky, in a Paper on 
“Stress Fields of Axially Symmetric Shafts in Torsion and Related 
Fields,” gives solutions for an amazing variety of boundary shapes 

The remaining four papers, by W. Prager and P. S. Symonds 
Sir Richard Southwell, N. Coburn, and E. H. Lee, are concerned 
with effects of plasticity. 

On the whole, this book must be a source of gratification to 
those men who have been attempting to stimulate interest in 
elasticity and applied mathematics in general among mathe. 
maticians in the United States. Publication of a few of the Papers 
could well have awaited completion of the authors’ researches, but 
their premature appearance is not unusual in books of this type 
as distinguished from the periodical literature. , 

R. D. Minpuw 
Columbia University 


Theory and Application of Mathieu Functions 


By N. W. McLacutan. Pp. 401+ ix, Figs. 49. Oxford Uni- 
versity Press, New York, 1950. Price $13.00. 


The purpose of this book, as the author states in his preface 
is to present the theory of Mathieu functions and to demonstrate 
its application to representative problems in physics and engineer- 
ing science. The author further asserts that the book has been 
written for the technologist and is not addressed in any sense to 
the pure mathematician. The reviewer chooses to take this advice 
more as a declaration of purpose than as a literal fact, for it is 
unlikely that any technologist, however capable in his own field 
but naive in the ways of mathematics, could more than begin to 
appreciate the wealth of detail which this book places at his 
disposal. On the other hand, the reviewer thinks it equally unlikely 
that any mathematician whose “pure” interests lay near the 
theory of Mathieu functions would find uninteresting the extensive 
development of properties and applications of this class of special 
functions contained in the present volume. 

The book opens with a historical introduction tracing the evolu- 
tion of the Mathieu function theory from the time of Mathieu’s 
first memoir (1868) on the vibrations of an elliptical membrane. 
This section is followed by a sequence of thirteen chapters denoted 
as Part I—Theory of Mathieu Functions. The opening chapter, 
numbered II, develops the periodic solutions of the first kind for 
the canonical forms 


(d*y) /(d2*) + (a+2g cosz)y=0 


of Mathieu’s equation, together with their orthogonality and 
normalization properties. Chapter III develops recurrence rela- 
tions for the coefficients of solutions of integral order, studies 
convergence of series representations of solutions, and asymptotic 
behavior of coefficients as g—>0, or g>~, or n—>~. Chapter IV 
opens with a discussion of fundamental properties of the complete 
complement of solutions of the second-order linear differential 
equation with single-valued periodic coefficients. Solution func- 
tions of fractional order are introduced, and relations between the 
various forms of solutions are established. Chapter V follows 
with methods for obtaining numerical solutions of the Mathieu 
equation, illustrated by numerous examples. Chapter VI discusses 
Hill’s equation and develops those cases in which the solutions 
involve Mathieu functions. Chapter VII develops the nonperiodic 
solutions which complement the periodic solutions of Chapter II 
to form a basis for a complete family of solutions. Chapter VIII 
relates the Mathieu equation to Bessel’s equation and develops 
the expansion of Mathieu functions in series of Bessel functions. 

In Chapter [X the two-dimensional wave equation is formulated 
in elliptical coordinates. The usual separation of variable tech- 
nique leads to the canonical forms of the equations which came to 
bear Mathieu’s name. The sequence of Chapters X-XIV develops 
numerous integral equations and integral relations satisfied by 
Mathieu functions and their modifications, together with asym- 
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ptotic formulas, studies on the location of zeros, and expansions 
in series of Bessel functions and products of Bessel functions. 

Applications are explicitly discussed in Part II. In Chapters 
XV-XIX is given a succession of topics including amplitude dis- 
tortion in loudspeakers, frequency modulation, vibrating strings 
with periodically varying end-point position, tension or mass, 
vibrations of elliptical membranes, plates, or water in elliptical- 
shaped lakes, viscous flow about an elliptic cylinder, and electrical 
and thermal diffusion in systems with elliptic shape properties. 
Chapter XVIII features the development of electromagnetic wave 
guide theory with particular application to guides with elliptical 
cross section. Chapter XIX studies the diffraction of sound and 
electromagnetic waves by elliptic cylinders. 

The limiting forms of the various Mathieu functions as the 
fundamental ellipse degenerates into a circle or into a parabola 
are discussed in Appendix I. Characteristic numbers of a limited 
number of periodic solutions of integral order are tabulated in 
Appendix IT. Appendix ITI classifies the various Mathieu functions 
according to the canonical forms of Mathieu’s equation which they 
satisfy. An extensive bibliography is followed by a collection of 
new results obtained after the original manuscript had gone to 
press. = 

The reviewer considers the writing of this book an impressive 
achievement in working out and compiling that inevitable accumu- 
lation of detailed results which accompanies any class of special 
functions which become important in scientific and technological 
applications. The dilettante will not long browse in the pages of 
this book, but the serious worker whose interests lie in or near this 
field will find the book indispensable. That the author has written 
so well and the publisher produced such an attractive volume will 
make the use of the book all the more satisfying. 

PauL E. GUENTHER 
Case Institute of Technology 


Cloud Physics 


By D. W. Perrie. Pp. 119, Figs. 7. John Wiley & Sons, 
Inc., New York, 1951. Price $4.50. 


During the past few years considerable interest has been aroused 
in the field of cloud physics, particularly in connection with the 
possibilities of controlling the weather by means of artificial 
nucleation of clouds. This book apparently was written to present 
to its readers a review of some of the theories, old and new, con- 
cerning the physical processes involved in the formation and 
dissipation of clouds. The introduction of a chapter on induced 
precipitation, one of the first to be published, adds interest to the 
book, although many new advances have been made in this field 
since publication, and the reader should keep this in mind. 

The first chapter is devoted to a detailed description of the 
various cloud types according to standard classifications. Ap- 
parently to help illustrate these descriptions, a section of 30 cloud 
photographs precedes the chapter. 

Next, the composition of clouds and the physical processes by 
which they are formed are considered. Water droplet and ice 
crystal clouds are defined, followed by a discussion of the formation 
of clouds due to various lifting processes such as thermal, oro- 
graphic, and frontal lifting and by other means, such as mixing, 
contact cooling, and the addition of water vapor. 

Following this, there are chapters describing the various types 
of condensation and sublimation nuclei, natural precipitation 
processes, and methods of inducing precipitation artificially such 
as with the introduction of dry ice or silver iodide crystals into 
clouds. The list of references indicates that all sources of informa- 
tion on nuclei and induced precipitation had not been exhausted. 

A chapter on the observation of clouds should prove valuable 
to those studying or observing clouds. Methods of determining 
cloud types are discussed, along with the methods used in determ- 
ining cloud heights, velocities, etc. A section on cloud photo- 
graphy may be helpful for those interested in taking cloud pictures. 

Practical application of a knowledge of cloud physics to fore- 
casting various cloud formations, particularly in so far as aviation 
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is concerned, is then brought out, and the last two chapters deal 
with the rare noctilucent and mother-of-pearl clouds and the 
optical and electrical phenomena associated with water droplet 
and ice crystal clouds. 

The appendix contains useful charts of cloud characteristics. 
All pertinent information concerning the various cloud types is 
given in a handy reference table form. A glossary and extensive 
list of references complete an interesting book. 

The author has attempted to cover a broad field in only 97 
pages of text; consequently, most subjects are dealt with only 
briefly and in simple language without going into great technical 
detail. Nevertheless, Cloud Physics should prove useful to many 
readers, as a brief review of the subject to those who are estab- 
lished in meteorology, and as an introduction to the subject by 
those who are students or about to enter the profession. 

RAYMOND E. FLACONER 
General Electric Research Laboratory 


Microwave Electronics 


By Joun C. SLATER. Pp. 528+xiv. McGraw-Hill Book 
Company, Inc., New York, 1951. Price $7.50. 


This book is particularly welcome because, until now, there has 
been no unified treatment on an advanced level of the electronic 
devices associated with microwave techniques. Included in this 
treatment are discussions of such devices as the klystron, mag- 
netron, traveling-wave tube, and various particle accelerators. 
The author assumes a certain amount of mathematical sophistica- 
tion on the part of the reader. For example, he solves the wave 
equation by use of expansions in orthogonal functions, but does 
not employ variational formulations or solutions in terms of 
Green’s functions. In the discussion of particle accelerators, he 
derives the equations of motion from a Hamiltonian function. 

Professor Slater has effectively divided the book into two parts: 
one half concerned with microwave circuitry and the other with 
microwave electronics. In the first section, he develops the solu- 
tions for the electromagnetic field in wave guides and proves their 
orthogonality properties. Then he considers the transmission 
line equations and from these develops the impedance concept and 
determines the power and energy relations. He presents a particu- 
larly complete analysis of resonant cavities, including in his treat- 
ment cavities with two or more outputs and problems connected 
with the coupling of cavities to wave guides. A logical extension is 
then made to the case of many-coupled cavities, i.e., the period- 
ically loaded wave guide. 

In the rest of the book Professor Slater deals directly with the 
interactions of charged particles and electromagnetic fields. After 
he describes the general properties of oscillators, amplifiers, and 
accelerators, he considers the specific example of the klystron. 
Here he develops the simple theory of bunching and discusses 
coupling of the bunched beam to the klystron cavity. In the sec- 
tion on the linear accelerator, the relativistic equations of motion 
are derived and the energy transfer expressions are developed. 
The problem of transverse stability of the electron beam is briefly 
discussed. For the traveling-wave tube, the propagation constant 
of the wave is found using a self-consistent field treatment. 

Professor Slater discusses the magnetron at greater length. He 
considers first the electron motion in the static magnetron for 
both the linear and cylindrical case; then he discusses the space 
charge configuration quantitatively for the static magnetron and 
qualitatively for the oscillating magnetron. The many failures of 
the theory, including violation of the Hull cut-off condition, 
differing theoretical predications of the space-charge distribution 
in the static magnetron, etc., are not indicated. In the final 
chapter the author describes the synchro-cyclotron, betatron, and 
synchrotron and derives the relevant equations of motion. In 
addition, he discusses the stability of the particle orbits. 

The conversational style and omission of many mathematical 
details make this book a very readable one. To pay for the latter 
advantage, the thorough reader may sometimes find it necessary 
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to spend considerable time between successive equations supplying 
these details on his own. 
F. Kart WILLENBROCK 
Harvard University 


Physical Properties of Glass 


By J. E. Stanwortu. Pp. 224+-vii, Figs. 107. Oxford Uni- 
versity Press, New York, 1950. Price $4.25. 


It is refreshing to find a book of this sort in a field where so much 
of the literature is descriptive. The author discusses structure, 
fracture, mechanical strength, diffusion of ions into glasses, 
electrical properties, surface characteristics, viscosity and surface 
tension, annealing, and devitrification. In all cases, the basic 
theoretical work in the subject and allied fields is critically con- 
sidered. For example, the Griffith flaw theory is discussed in con- 
nection with mechanical strength. The volume is too small for an 
exhaustive examination of all the topics included, but the book 
should make an excellent starting point for a technologist who 
desires to learn. In this connection, numerous references to original 
literature are given. Typography and binding are of the usual 
high quality of this series of monographs. 

F. B. HopGpon 
American Lava Cor poration 


Structural Theory 


By H. SUTHERLAND AND H. L. Bowman. Pp. 394+-xiv, Figs. 
11.10. John Wiley & Sons, Inc., New York, Fourth Edition 
Revised, 1950. Price $5.00. 


The fourth edition of this widely used book covers the essentials 
of the theory of statically determinate and indeterminate struc- 
tures. The material has been partially rewritten, some topics have 
been extended, and a few have been added. The problems are un- 
changed. This book represents the approach used in most American 
engineering schools in the teaching of structural analysis, and it is 
to be lamented that a more advanced viewpoint with more 
emphasis on energy theorems is not more widely accepted. 

M. G. SALVADORI 
Columbia University 


Laplace Transformation 


By Wittiam T. THomson. Pp. 230+ ix. Prentice-Hall, Inc., 
New York, 1950. Price $3.75. 


This book is primarily concerned with applications of Laplace 
transformation to problems in mechanical engineering; as such, 
it should be of great interest and importance to the students in 
this field. From the standpoint of a physicist, however, the presen- 
tation lacks clarity somewhat. In particular, there is a noticeable 
lack of mathematical rigor in the proofs of the theorems; for 
example, in general there is not a careful delineation of such 
concepts as equation, function, and integral (cf. pp. 14, 24, and 38). 
In addition, there is some ambiguity in the use of concepts of 
analysis including reference to the Dirac function (cf. pp. 6, 25, 
93, 95, and 167). 

R. J. SEEGER 
Naval Ordnance Laboratory 


Response of Physical Systems 


By Joun D. Trmmmer. Pp. 268+ix, Figs. 11.7. John Wiley & 
Sons, Inc., New York, 1950. Price $5.00. 


In this book Professor Trimmer has presented a lucid generalized 
treatment of dynamic response from the differential equation 
point of view. The book begins with a philosophical introduction 
and a chapter devoted to definition of the terms employed. Chap- 
ters 3 and 4 treat first- and second-order linear systems in con- 
siderable detail. Sinusoidal forcing is discussed, and the inverse 
problem of finding the system parameters from the response to a 
known forcing is considered. A number of examples of these sys- 
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\ 
tems including a,simplified version of a nuclear chain reactor are 


. analyzed. 


Chapter 5 discusses sinusoidal forcing of linear systems jp 
general and introduces the ideas of transfer impedance, distortion 
and Fourier analysis. ; 

In Chapter 6 an approach to the study of higher order linear 
systems is presented. Third-order systems are covered in some 
detail. The problem of stability of higher order systems is con. 
sidered. Several examples are treated including the nuclear reactor 
having a number of delayed neutron groups. 

Chapter 7 is a discussion of measuring instruments as physical 
systems. Various characteristics of instruments are considered 
including accuracy and error which are treated in some detail. 

Feedback systems are covered briefly in Chapter 8. The remain- 
ing chapters deal with parametric forcing, distributed systems, 
and nonlinear systems. The Laplace transform method, while 
not employed in the text, is outlined in an appendix. 

The list of problems included as an appendix seems rather brief 
by comparison with the scope of material covered. The extension 
of this list together with a categorical arrangement of the problems 
would no doubt be helpful to those interested in using this book 
as a text. 

The emphasis in this book is placed on the approach to the 
problem and the interpretation of the results. Particular attention 
is paid throughout to careful definition and use of terms. A unified 
system of symbols is used to emphasize the mathematical simi- 
larity of a wide variety of physical systems. This volume should 
prove particularly valuable to scientists and engineers who desire 
a comprehensive yet Compact introduction to the growing field of 
“system response.” 

RoBertT I. StRouGH 
Pratt & Whitney Aircraft 
Ultrasonics 
By P. VicoureEvx. Pp. 163, Figs. 74. John Wiley & Sons, Inc., 
New York, 1951. Price $4.00. 


The discovery in gases of dispersion of sound velocity and 
anomalous bands of absorption at ultrasonic frequencies, with 
subsequent explanation in terms of intramolecular processes, 
initiated in recent years a wide interest in the use of sound as @ 
means of studying the physical properties of matter. The author, 
who has had a broad experience in acoustic research, has chosen 
to confine his attention to this specialized, but highly interesting, 
phase of ultrasonics, the measurement of absorption and velocity. 
There is a need for a review covering work in this field during the 
past ten years and the author has made a welcome contribution. 

Chapter III is an excellent, although brief, account of simple 
theory to describe attenuation and dispersion due to viscosity ther- 
mal conduction and intramolecular processes. Scattering and re- 
fraction are also mentioned. Molecular absorption is treated in a 
simple manner by giving part of the specific heat a time constant 
and deriving the frequency dependence of the specific heat from 
an electric circuit analogy. The frequency dependence of attenua- 
tion and velocity is then analyzed in detail and presented 
graphically. 

The meat of the book is contained in the last two chapters, V 
and VI, where measurement work on liquids and gases is reviewed. 
Solids are not discussed. Calculations of the molecular heats of 
gases are presented to show that, at least for simple molecules, 
attenuation and dispersion can be predicted with fair accuracy. 
The work of Hall, describing absorption in liquids due to a 
structural relaxation, is presented in some detail. Here one regrets 
the lack of reference to the work of Eckart [Phys. Rev. 73, 68 
(1948) ] and Liebermann [J. Acoust. Soc. Am. 20, 868 (1948); 
Phys. Rev. 75, 1915 (1949)] who have explained absorption in 
water by the usual hydrodynamic theory, taking into account a 
bulk viscosity, which they have measured, as well as the shear 
viscosity. In view of this work the statement (p. 126) “Thus at 
present only the monatomic liquids are left as instances where 
absorption is accounted for by viscosity---” is somewhat mis- 
leading. 
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BOOKS REVIEWED 


Chapters IT and IV (Chapter I is an introduction) present, in 
accordance with the author’s purpose “to indicate general prin- 
ciples rather than enter into detailed description of apparatus 
or of experimental procedure,” a sketchy but palatable description 
of experimental techniques and equipment. That classic friend of 
the acoustician, the piston radiator, is mentioned. Quartz crystal 
and magnetostriction transducers are adequately treated for the 

urpose, with some attention to motional impedance analysis. 
Among the methods by which. velocity and attenuation can be 
measured, the interferometer, optical diffraction, and echo pulse 
methods are selected for discussion and comparison. 

For details not included in this brief review and for material 
of a more general nature, there is appended an extensive bibliog- 
raphy covering work from January 1, 1939. A notable omission 
ig reference to the interesting work on gases at low pressures 
where the wavelength can approach the free mean path. Green- 
span has given references to this work [J. Acoust. Soc. Am. 22, 
568 (1950) J. 

BERNARD D. Simmons 
National Bureau of Standards 


Electromagnetic Waves 


By F. W. G. Wuite. Pp. 108+-viii, Figs. 25. John Wiley & 
Sons, Inc., New York, 1950. Price $1.25. 


This book is a recent, fourth revised edition of a monograph 
of one hundred small pages. It gives an efficient description of 
classical electromagnetic theory, starting with the basic experi- 
mental laws and Maxwell’s equations, with emphasis on the 
Lorentz theory, and on refraction, absorption, diffraction, and 
propagation in an ionized region. 

The choice of topics and the approach reflect the older rather 
than the newer trends. For example, no mention is made of the 
guiding of electromagnetic waves by mental and dielectric boun- 
daries, nor of antennas, nor of propagation in the presence of a 
perfect or imperfectly conducting ground. Magnetic poles are 
used in the derivations. MKS units do not appear. The biblio- 
graphies at the end of each chapter include the classical texts and 
articles on the subject treated. No reference was noticed to articles 
written after 1934. 

The quantity of material covered could hardly be greater for 
the size of the text; but, with the newer contributions more 
strongly influential, a monograph on the basic theory probably 
would have been differently written. On the other hand, the new 
material is now so commonly available in books with similar titles 
that it is worthwhile to have also this little text with its neat 
summary of the classical theory. 

Simon. RAMO 
Hughes Aircraft Company 


Principles and Applications of Waveguide Transmission 
By Georce C. SoutHwortH. Pp. 689+xi, Figs. 12.5-5. 


D. Van Nostrand Company, Inc., New York, 1950. Price 
_ $9.50. 


The uniconductor wave guide as a means of microwave trans- 
mission was rediscovered and first put into practical use in the 
thirties by the group at Bell Telephone Laboratories and Dr. 
Barrow of M.I.T. It is appropriate to have a book by one of the 
pioneers treating the subject and the related topics in a com- 
prehensive manner. Although enough basic and elementary mathe- 
matical theory is given, the main emphasis is on the applications 
of the principles of wave guide to various microwave devices. 

After a brief review of the history of wave guides, a detailed 
summary of the principles of networks and transmission lines is 
given. The next three chapters cover the wave guide theory. It is 
followed by descriptions and quantitative analyses of wave guide 
elements and components essential for a microwave transmission 
system. The second half of the book deals with the applications 
of wave guide principles to microwave antennas, electron tubes, 
and modulation and demodulation devices. 
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This book will serve as an excellent reference because of the 
extensive coverage of microwave devices presented mostly in 
descriptive form. Many of the devices were not well known to the 
public. The bibliography is fairly complete. 

L. J. Chu 
Massachusetts Institute of Technology 


High-Speed Computing Devices 
By THe STAFF OF ENGINEERING RESEARCH AsSsOcIATEs, INC. 


Pp. 451+-xiii, Figs. 15-5. McGraw-Hill Book Company, Inc., 
New York, 1950. Price $6.50. 


This is a good book prepared by the staff of Engineering Re- 
search Associates under a contract with the Office of Naval Re- 
search. Material was collected by interviews and visits to the 
groups working actively in the computer field. 

The book covers components and physical techniques of com- 
puting machines and is carefully done and technically sound. It 
does not attempt to treat the applications of computing machines 
and only briefly the subject of the complete machine. There is a 
chapter on numerical analysis. The book has an extensive bibliog- 
raphy divided by chapters. 

Part I on Basic Elements of Machine Computation discusses 
counters, switches, and gates. Part II covers computing systems 
from desk calculators through large scale automatic digital com- 
puters. There is a chapter on analog computing; most of the book 
is on digital devices. Part III on Components and Methods dis- 
cusses computing, storage, and analog-to-digital data conversion. 

There are few books on mechanical and electronic computa- 
tion, and this fills one of the vacancies by treating basic physical 
techniques. 

Jay W. FoRRESTER 
Massachusetts Institute of Technology 


Electromagnetic Fields: Theory and Application. Volume I: 
Mapping of Fields 


By Ernst WEBER. Pp. 590+xiv, Figs. 34.2. John Wiley & 
Sons, Inc., New York, 1950. Price $10.00. 


Mapping of Fields is a text designed for graduate students of 
electrical engineering, but also intended for physics students. It 
treats the various theoretical methods for determining static 
electric, magnetic, and electric current fields. In the first two 
chapters the principles of electrostatic and magnetostatic fields 
are explained, while in the third chapter static electric current 
fields are described. and brief mention is made of other physical 
fields. In the remainder of the book numerous problems are solved 
exactly or approximately by various methods, and many results 
are quoted from the literature. The methods of superposition, of 
images of inversion, of conformal mapping and separation of 
variables are described and applied. Graphical field plotting, nu- 
merical methods, and experimental mapping methods are also 
explained. 

Although the book is quite long, much of it is cramped for space. 
For example, the solutions of many problems are merely sketched 
with references to other texts or to the literature, for complete 
solutions. Many topics are discussed so briefly that no idea of 
their use or value can be gained. It seems that the attempt to 
present the subject from scratch is incompatible with the attempt 
at completeness. On the one hand the elements of complex 
variable theory are developed beginning with the definition of a 
complex number. On the other hand many problems are followed 
by lists of texts and articles employing the same or similar 
methods, giving graphs or numerical results, etc. The latter infor- 
mation is invaluable to those already acquainted with the subject, 
and especially to research workers. But it seems out of place in a 
book for beginners. 

In summary, the book is a good attempt at filling an obvious 
gap in the textbook literature. 

Josern B. KELLER 
Institute for Mathematics and Mechanics 
New York University 
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Linear Computations 


By Paut S. Dwyer. Pp. 344+xi. John Wiley & Sons, Inc., 
New York, 1951. Price $6.50. 


This book is concerned with the problem of solving systems of 
simultaneous linear algebraic equations and related problems on a 
desk computing machine. No mathematical knowledge is assumed 
beyond elementary algebra. First comes a treatment of the 
machine performance of various arithmetic operations and the 
first-order errors which result. This is followed by several chapters 
which contain descriptions of various methods of solving systems 
of linear algebraic equations, these methods having various de- 
grees of practical utility; and the relations between the quantities 
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fi 


computed in using the different methods is considered in detail, nd 
Corresponding methods for evaluating determinants are a 
described; also the evaluation of linear forms and the relationshin | 
between the solutions of systems of equations having certain _ 
similarities are considered. The next few chapters have to do with | 
the calculation of the inverse matrix and the characteristic equa- 
tion, after which there is one on the calculation of the first-order 
errors involved in carrying out the processes previously de 
scribed. Finally certain results previously obtained Pertaining to . 
machine calculations are applied to various processes arising in 
statistics. The book contains many numerical examples. 

Prescott D. Crout 

Massachusetts Institute of Technology 
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